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1A TOIINEOAEUITE TABAIEXAIINOE
TAIAT EEANNA AUDIZAAPUEONR

Aiiioasey. A isinosaifioad Lp(S), aadl<p< +1 &S isiecaisuiay (adaie-
+aiiay eeeé idiasdaie+aiiay) 1aéanou n-iadilal daéeeaiaa iginodainoaa Rn, effiea-
a6aofy Toiliieoaeniay 1asaie+aiiiion 7ailal éeanna 466638 ai6eaglins iasaot-
d1a i +anoidie istecaiaitie i4aeaddaaioial aéaa aoneadal i oyaea. Effiedaca-
104 114820180 €idpo anodiaiita atdleddied aaiel anaé asai 200 fagafoe S, e
a0dTeeadied i1 éasedié iacaseneiié 1adaiaiité 6asagoadecda ofy A iMiaip dag-
00 66iéoee.

A 5a410a0, Tibaeeeiaaling daida it yolio iaidaasdiep, 140+ il Aifa+aéa ca-
434260y effedacdiné Niacacid a taeanoe S & caocdl a yoié jaéafioe Tiddadeyeeni
poiedee, fi iMiuip &fol06 5adac0AdRCopORy AlSieadiey &y 00e0RAION] efi-
fieaacaital 1iadacioa. Yoe aoiesee eidee 1aeiadiaia imadad ied aaeéce adaiedn

=

adAaiaii
ia1. & fafowL

a fafofytaé daaiod Taeanou S & ddievee, 8101304 Gadae-

it 3acii iacaaeneidi
A To8e+e4 10 yo

0ABecopO aldieadiey & 320154, caaapony a

iada 4803 fi 48041l & i84aileadaaony adileiaied oneaey ia dozediey., aadaaifl-

ai 0aidd 1. E. Eeciogeinl. 1de yoii 4666404i6e868iTH00 66ié 0eé, f iitudp

6101800 Ti6aadeyaony aldieeadied enfedacailal 1asacioa, ia 083406401Y.

Effieaaiaaied ioiifieodélité 1asaie+aiiinoe 46606808iveas Uitd Tiasaoisia

yaeyaony faiél ec 1iifaid iaidasedieé 0aidee oaéed 1iddao 1614, & dacoeuoa-

00, Me6+aiita a yoii iaidadeaiee, €idpo gediéld iseidiaie 4 a odisee aei-

aediey i161ea81aaiins idiiodaiioa 4608846804106 66ieve ¢ 111480 1adaiai-

06, 0didee dacadeeiiioe 4660ad8aiveasuils Tiadaoisia, i aéodaeuiié oaisee

46060a06ai0eaeuils Niddacisia e o.a.

DOI: 10.25587/SVFU.2018.1.12764

Eep+4a04 fefaa: 4600a04ioeacuiné 1iddaoid i +anoidie idiecaiaitie, ianoa -

13iifd atdleeaddied, 1oiiieodeliay 1adaie+aiiiiou Tiadaot 814, dacaedied aaeie-

oa.

0. Ad&adied

Paaioa iinayuaia ennedaiaaiep ioiiieodéuiié tasaie+aiil fioe faiian
éeanna 46066a6ai6easnins 1iasaoniaia i ~anoidie isiecaiaid & i4a844034i0-
a1 aeaa a idiecareuiié (1adaie+aiité eee idiasaie+aiié ) 1aganoe S n-
1461141 aaéeeaiaa istnodaifioaa i ianoaiaiill atdieesaiedi fa Adaieoa 1aea-
foe & idifodaifioad Ly(S). Dacoetuoasd 1a foiiieodsnié 1asaie+aiiinoe aeo-



635AI6LABIING6 TIA0A0TSIA IBIAIYPORY A 0&TOEE BAcARGEIIR 08 Ae00ADAIBE-
ABUI06 TABAOISIA, OATBee Adieaiey (15ie1aalN6 TBIH0sA ifoa 4806ABAI-
58564106 6618086 111486 AAUAROAAING TABAIAING, AIAOsA &UiTé 0a15ee

beaBUis T1A5a0151A (fil., faideias, [1 17] & &idp UGPAY A 165 A84-

16R00 g (x), j =1;2:::;n, 1id4&4ediitd a S ileleee0déitd ooievee. 1-

Eieel ..ng()= ..gq()( ), 888"> 0e¢ )=(an():g():::0()
[d4aiieadadony, +of iifeedfiodl S e 66iévee g (x), j =1;2;:::;n, fdycail

(A) Nou&noascdo iiolyiiay "o > 0 0aéay, ~of 46y andc 2 S jadaeedsdie-
88 ..ng () Aa&dcee0ny &S 48y andd" 2 (0;"o)

Onetagd (A) yaeyaony aiaetal oneiaey iadoesediey, aadaadii  1al a [19].
A yoié 6aai0a daéaed danniiodail i6eiadl 1aeancdé S & éleee0delind ooié-
68é g (x), j =1;2;:::;n, 6aiaeaoaidypued oneiaep ifadoaediey

panfiiodel 4eéo66adaiveasiita é)?éélaeéiéé

L(x;Dy) = a(x)Df  (x2 8); @
jkj or
334k = (ki;Kko;:::;Kky) 168UOGeIAAGH, jKj= ki + ko + i+ ky A&éfA 168U-
0eeiadena,
pk 1@ " 1@ 1e "
I @x I @x i @x%

ei lielay aaeieoa

Neiaieli  B(;9;S), 448  iélee@0d80ila +enél, Taicia+ei esafn nei-

X 3
L(x;s) = ac(x)s* (x28;s2Ry)
ik 2



fi eciddeilie &lydoevedioaie, 6aiacaoaidypueie fedadpuéi oféraeyi
()] ng;]sszn jL(x;s)j= 60

. KO k0 k0 K00 . .
() ja()sj g1 " ()G " (X) 111G " (X)JL(X;8)]
aey ér“#;"i(”)x 2S,s2Rp, k= KO+ k% kg0, jkj 2r;
(1)) j(ac(x)  ak(y))sj jL(x;s)j 4éy anasds 2 R, & anadx;y 2 S
0a6ed, ~oljx;  yjj<"2%g(x),j =1;2:::;n," 2 (0;"0).
Adadi iehnaol L(x;s) 2 B( ;9;S), afnee
L(x;s)2B(;9;S); Dlac(x)2 L1 .0c(S) (lj j ki 2r);
& atiieiyaony 14l ec NEAAGPURS OfEiaee:
(IVA) L(x: Dy) Reiiaose-AfeTa 4200403i08a81ITA A00AAIR;
(IV4) 2ia&o 1&fioT 1A0aaAIR0AT
X 00 00 00 . .
Dya(x) gy ()G (x) 20" (s JL(x; 8)]

1+ k O+ K 00= i;
k0080 ; jkj 2r

48y anaox 2 S, s2 Ry.

[adyao i ae66adaiveasuill atdasediedl (1) daffiiodel 46604 daive-
aé0i14 aloaaeiied
X .
L(x;Dx) = b (X)Dy  (x 2 S) @)
jkj 2r
i iaidasnaitie élydooeoeadioaie bo(x) (x 2 S, jkj 2r), 6alagdoaidypueie
jAdaaainoao
X koo koo k00 ko . .
B (X)g1* (X)8% (X) 110" (X)s NjL(x; s)j 3)
k O+ k 00= k;
jkj 2r

48y anddx 2 S, s2 Ry; N i&éloiday iéieeeddéiiay inotyiiay.
Oaiddia.  16fol AoNAR0aodd ~efiél > 0 0aéld, +of
10 Coj =12 (4)
g (¥)
46y anady 2 S & anaox 2 ...g (y), & i6fou ie idéioisti  { > 0 adieiyaony
jadaaainoal X
jac()s i { iL(x 9)] (5)
ikj 2r

S, s 2 R,. I6f00 dadeed a0iEiyaORY adaadinoal  (3). Oiaaa
T o= ormp;{;)>0 1<p< +1,0aéia, +oi aiée L(x;s) 2
< ,, 00 48y andd u 2 C} (S) adileiyaony iaoaaainoal

b(X)Du(X); Lp(S)  MKL(x;Dx)u(x); Lp(S)k; (6)
jkj 2r



6 1. A Aaai&a, O. N. Endiéia

384 M = M(r;n;p; {;N) [4éioiday ieieeeddéiiay inoiyiiay. Anee ad
L(x;s) 2 B(;8:8), 0< < ,, of 145244if0aT (6) &14&0 14M0T dadeed &6y

anasu(x) 2 Lo (S) 0aéed, +oi L(x;D,)u(x) 2 Ly(S).

aiiiel Ti6&a864iea Tofifieoaenié 1asaie-aiinoe ada 074 & 4aia-
612006 i310daIN0AA5. (6ol X, Y & Z 4aiasiad idifodaifivaa e A : D(A)
X1 Y,B:D(B) X! Z i[aé1015604 i&iof 5344841104 8eiaéi0a 1iada-
0150, Ti432016 B fac0aadony tasaie+aiial oifieodsuit iadaoiaa A (e8¢
A-iadaie+aiiol ), afee D(A) D(B) & f6uanoacpo inowiiod 0, > 0
03684, +of

kBu;Zk ku; X k+ kAu;Yk
48y afadu 2 D (A).
i6RO0 TiA6a0180 (i (1), (2))

L=L(;D); D(L)=Cj (S); & L=L(;D); D(L)= C} (S);
afionéapo caidéaiea a isinodainoad
Lp & Lp MilI0AROA0ARIT. Odaa & 67ié
aneeL(x;s) 2 B(;9;8), 0< < , O 1A5244if0AT (6) &
u(x) 2 Lp(S) 0a8ed, 07 L(x;D,)u(x) 2 Lp(S), & &c yolal iadaaar
&0 T382IC+ IO 118820188 L (p) T0MMEOAEIN 118820168 L p A
Lo(S).

2. Aléacaodeinoal

Toidoei, +o7 486068daiveaciita 11adaoida L(x;Dy), fAeiaiéd
iBeiaacaaead e6anno B( ;g;S), 5aida eco+asehl a 5aaioad aaoisia [18, 20]. Oae
4 Gaé a yoed daaioad, caanl ideiaiyaony oadieéa, iiilaaiia y ia nedadpuaé
G114 1 dacaediee aaeiesn 1aeance  S.

E&iial (Al [17, 8&lia 1]). i6fol Taeafon S & ieteeodsiita o6ieoee
g (x),j =1;2;:::;n, 641a8404aidypo foidioeediaaiill aled 6fsiaeyi.
Oia4a AOUANROAOPO 1&T00e6a0aElINa Boiévee 1, 2;::. €¢ éééﬁﬁaCé (S)
oaéed, +oi

H .
1) 2x) 1 (x29)
m=1 .
2) ilednoed fsupp mghl, Tasanoe S eid&o élid+iop edaoiion  f(n; ),
daa élinoaioa e¢ oneiaey (4);
3) aey epaial i6euoeeiadéna k foUAR0A6A0 &1id+i1a ~efél My > 0 0aéia,
=01
DY m(X)  Mikg () ()19, " (x) (x2 8);
4) a8y anadx;y 2 supp m, m=1;2;:::, adieiyaony iadaaainoal

XooYi<ttg 0 j =120



5) &4y epaié ooievee f 2 L4(S) fidaddaeeal imoilgdied
xt £
m(X)f (x)dx! 0; N! +1;
m=N 3
334 n(x) Oasdaeoasenoe+anéay Géiédéyiﬁaeéﬁ(‘)éa sSupp m.
i6fdl L(x;s) 2 B(;9;8)é0< < o, 838 o= omrp;{)>0 (\)E\;’tA
a4 iélaee0diind +enel, eaé a [20, odiddia 1]. Oidaa Atagani 7 yoié 0aldai
caiGiéaied L, Tiddaoida L = L(;D), D(L) = Ct (S), a isifodaifioad Lo

-

fi6UAaR0a6ao e eidao ianoi 6aaainoar (fi. [18, . 21])

Lo Fo )-E+€<p)? )
A48 €, caileaied a  L,(S) iasiolaial Tiadacisa € 2 ,[3] oasial, +of
k€kp 1=2, & e yoii D(§p) = Lp(') Caanu e aaedad neiareln  p[S]
faicia+ail i8tnodainoal éﬁ°6 €eiaéins Tiasacisia, adénoa 6pued e¢c C} (S)
aL1(3)\ Ly (3), caiteaiey &ioio0o & idM0dAIM0AE Lo (S) yaeypory 1adaie-
+aii0ie fiadaoisaie.
faifiiei (fil. [18, f. 8]), 01  F(, caieaieda  L,(S) 1iadacisa
Xl
F= m m m: D(F)=Cj (S) (8)
m=1
834" 1, m = 1;2;:::, iNdaataeoo6asaioeascuiné 11adaoid a R, i Agiaien
“m(9) = Lp'l(s) e
X
Lm(s)= a(x(MkNysk  (s2 Ry); (9)
jkj 2r
fx(Mk):jkj 2rg (48101804 6eénediaaiind oi+ée e¢ supp m,m=1;2;:::.
ieaed aicasedi iddaaaifioal
kb D¥Fk, Cip<+1; jkj 2r (10)
Efileucoy daadinoal
X1 X1
bKDkF: mbekAm mt [bek; ml m m;
m=1 m=1

a8 neiaie [ ; | Taicia~ado emooaotd [ Ti;To] = TiTo  ToTy, id&af0AA8I Tid-
32018 kD¥F & aeaa

bD¥F = FY + F; (11)
aaa
Xt Xt
F(k) = mbx” 91() m; F(k) = [bKDk; ml m m; (12)
m=1 m=1
~ (K) - s xs s o

m’ IfAAaTae6048ai6eaéuiné Tiasand a R, fi figiaien  skL,,'(s).



16aiei 1816 Tiadacisa ) Asy yoial isaanoaae fiasacis  F®) a aeaa
) 1 )1
FO= 7m0 BXMONTE e b)Y
m=1 m=1

8&1&iyY [18, 8alia 2], e6+aal
kF®k, M1(Cix + Cox); (13)
aaa
Cix = sup  m(x(x) b(x™)~ I b’
m=1;2;::

Cox = sup  mb(x(™) {9
P
Oageed fi iMilaup [18, &&lia 2] ieactaadony, o1

m(B)  B(X™O)T 0 n Magsup (b(x) b (xMO))sEL,Y(s)
A yoed i4daadifioadd a&odiyy adaii 44d&ofy it x 2 supp m, s 2 R,. 1ofipaa a

fieeo [aidasnaiinoe éiydboesedioia  b(x), jkj  2r; e oneiaey (3) nedasdao, ot

m(B(x)  b(xMN~ G0 o Mu (14)
438M, (88701074 é1ia+11a 11élee04éuila +enér.
Ec 6figtagy (3), a +anoiifnoe, nedasao, +oi

(s NjL(:s)i; jkj2n
a8y andox 2 S, s 2 R,. Nedaraaodeuit,

b (x Mgk NjL(x(™);s)j; ki 2n m=1;2:00;

jL(x;8)j  2iLm(s)j 3jL(x;s)j; S2 Rp; x2supp m; m=1;2;::::  (15)
’I‘\

ofipaa fieaacas, ~of

L™ 9)j 2iLm(s)]  BL(x™);s)i; s2 Ry m=1;2:0

liyofio
bo(x(MN)SKL Y(s)  2N; jkj 2 m=1;2:::; (16)
46V afiads 2 R,.
Toid08l, ~07 A fieso [18, &aiia 3] 46y MiGi0 iNAAAIAE0045&IGE ABUE
fiasacisa ~ &) &iado 140l AEAA6PUAS (AGAAAINOAT;
~ (k) o Mp sup s“L,Y(s) :
s2R,
Tofipda & &¢ (16) MEAA6ED, +0F
m b (x MKy~ 2N (17)



aey anasjkj 2r,m=1;2;:::.
16acaiiis 1A0aaaifioa (14), (17) éc (13) ieé=&i figda  6pudp T64i-

A feéo &
86 aay iaia fiasaciva  FM
kF¥k, Myp(My+2N): (18)
48851481  16aiéa 1180 Tiadacisa (fi. (12)) FO . Oae eae

[BD*; m]= B()D( m(X)  m(¥)bB(x)D*;

X X
F(k) - C(ko, kO(jh((X) 51"1(0)’\ l(“rll(OO) m
m=1 kO0+ k00=;
k 080

O A A rAO LA kO 0 A (K?) inoAnaiaaag
328C (K% kY Tinotyiina + & )(x); DX n(x)e fno’ faaaiaeo0a-
daioeasine Tiasaoid a R, i neiaieli  s< L I(s). 1ofipaa & fees [18, &aiia 2]
fie&da6a0, +o1

[¢))
=13
D:
o

X
kKFOk,  F2P(n; ) Clidby: (19)
Kk O+ k00 i;
k 960

daa
(20)

A fes6 [18, eaiia 3] eiaal

b(x) D sup sup ) (x)SK Ly (s) :

P x2supp m s2Rn

i5&1ayY [A5aA4if0AT (15) & 1. 3 8ali0 1, iTe6+ei

sup sup  KVx)b(x)s<L,,1(s)
X2supp m S2Rp

0 0 0
Mo sup  sup b(x)gi (x)gs?(x) 11 g (x)sK L (s)
X2supp m S2Rp

0 0 0
Mz sup  sup b(x)gf (x)g5*(x) :1gn ()s<L (x;s) :
X2supp m S2Rp

Tofipaa & AeEs 6fETaey (3) NEAA0A0, +0f
. 0 00 .
sup  supj G 00B(X)S Ly N(s)] MpN< +1
X2supp m S2Rp
Oaéei 1adach (fi. (19), (20)), AGUATOAGAO ET18+i14 iTéTeee O]
1<p< +1, 04614, =0l
kF 'k, Mgy (21)

aey anao i6eloeeiadénia k oaées, +of jkj  2r.
866 idaan0aAEAIY (11) &¢ (18), (21) fEaa680 185AAAITDAT(10).
iofol u(x) idiecalaliay 66ieoey ec eeafna  Ci (3). Olaaa AOUAR0A6AD
66ie6ey (. (8)) V(x) 2 CL (3) 0asay, +oi Fv = u. Efilélicoy 83a4in0al (7),



10 1. A Aaaiaa, O. N. Efsiéia

81841 Lu = LFv = (E+€)v: 028 8aé€ 2 ,[S]ekek, 1=2,01v=(E+¥€) Lu:
Tofi

\\\\\\\

kbD*u; Lp(S)k = Kb D¥Fv;Lp(S)k  Cipkv; Lp(S)k
= Cipk(E + €) Lu;Lp(S)k  Cipk(E + €) tkpkLu;Lp(S)k:

Qaé éaé E + €) ! 1avaie+aiiné 1iadaois, ol
koD u;Lp(S)k  CopkLu;Lp(S)k (u2 Cj (S)); (22)
384Cy, TMETee@OAUIAY iTROTITAY. Nedaiaaodeur,
b (x)DKu(x); Lp(S)  MKL(x; Dy )u(x); Lp(S)k
jkj r
&y anacu 2 C} (S), o. 4. 14daaainoai (6) a fie6+adu 2 C§
Oaéei 14dachi, iadaay +~anou 60addeeadiey ifiitaiie o
aléacacdelnoaa aoigié ~anoe aalael idifiodaifioal  Wp. (
6 66i86eé u(x) 2 Ly(S) 0aéed, +oi L(x;Dy)u(x) 2
idaaaeyaony daaainioar
Z Z 1=p
ku; Wp. (S)k = jux)jPdx+  jL(x;Dx)u(x)jP dx

~ 0
toay
=]

Qo

S S
Anee L(x;s) 2 B(;9;S)e0< < o, 884 o= omrp;{) >0 oa-
é1a aed ielaee0delila ~enel, éaé a [18, oaidaia 1], of iAlagani 1 yoié o0aidaia
caileaied L, Tiasaoida L = L( = ), & iBIA0GAIR0AA L o(3)
fi6UAafi0a6as. 16folu 2 D(L(p)- Oia43 441a20460i1TNo0 66iéveé
ur(x);uza(x);::: éc éeéannacy (S) oaséay, +oi y; Lpu: E¢ (22)
fedasdo, +of

£
-
c

kbD (Ui u);Lp(S)k  CopkL(ui  uj); Lp(S)k: (23)
lyolio aey idiecaieninal "> 0
KDX(ui  u)Lp(Sk! 0 (i) ! +1); (24)
44S- = fx 2 S :jb(x)j >" g Oaé éaéy; !p u, &¢ (24) nedaodo, ol a
Af0acAd TaTAUAIaY idlecataiay  DXu(x) a fiaRea N. E. Niaieaaa. Tofipaa a
feeo idiecaieuiinoe "> 0 é ididadnaiifioe & ' iKj '
4640, +0i 1afanaiiay istecalaiay DXu(x) & Aiofed N. E. Niaiedaa
i .
!

Q: c
id
o<

ileediiodd So= fx 2 S :b(x) 6 0g. O+200aay yoi & 1adasiay & i
+1 aiA044&IN0AA (23), TE6-el

—

kikD¥u  bD¥ui;Lp(S )k CapkL(u  ui); Lp(S)k:

Tofipaa a fieeo isiecaigiiinoe "> 0 eidai

kbkD¥u D ui;Lp(S)k  CopkL(u  ui); Lp(S)k:



Ta 1oilfieodéiie 1asaie+aiiinoe 11

Neaataaodedin, anee 1ad&otaeol é 164ade6 idé j | +1 aiadaddinoad
X - -
b (X)Dui (x); Lp(8)  MKL(x; Dy)ui (x); Lp(S)k;
ikj 2r

of 66+l 1852A4IM0AT (6) 46y AMA0 U 2 D (L (y)
ieaed aléazedi, +01 4 OME1aeyd 0AIBAIN 1agadony +enel  to = t(rn;p;{)

04614, +0of &fee 0< <t o e L(x;s)2B(;g;S), o
D(L(p) = Wy (S) (25)

ja)sy  {9LAxs)i (x2S s2Rn);

ikj 2r
253{°=4{ +3¢& al(x) eiyooesedion ficiaiea  LIx;s).
Oasel 14dach, & 486083Ai6eABUINI T1&3A0T3AI L = L(x;Dy), D(L) =

aidi

Cl (3), & LO= LYx;Dy), D(LY = CZ (8), el i3e1A1€0U GACORI0A00 DAATON
[18], Alaeanit é10180i ifeeil Maiadaol iélaeéodeina -

0aé14, +of anee L(x;s) 2 B( ;g;S), of (fl. [18, fi. 21, 22])

R(Lp) = Lp(S); kerLpy = ?; R(LY)) = Lq(S); kerLy, = ?; 1=p+1=q=1:

-

Tofipaa a feeo [2, ediia 2.6, i. (8)] eaa0ao daaainoal ( L?q)) = L. liyoli6
é¢ [2, édiia 2.6, i. (8)] Neaasdao, +oi u(x) 2 D((L?q)) ) = D(L(p)) Ola&a e oieuél
01443, &1a4a u(x) 2 Ly(S) & 1aianaiiay 6oiesey
X
(LG Dy)u)(x) = ax (x)Du(x)
jkj 2

e
y 04idaia aiéacaia.
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ON RELATIVE BOUNDEDNESS OF A CLASS
OF DEGENERATE DIFFERENTIAL
OPERATORS IN THE LEBESGUE SPACE

M. G. Gadoev and F. S. Iskhokov

Abstract: In the space Lp(S), where 1 < p < +1 and S is an arbitrary (bounded
or unbounded) domain in Ry, we investigate relative boundedness for a class of higher
order partial di erential operators in non-divergent form . These operators have non-
power degeneracy on the whole boundary of S and degeneracy with respect to each of
independent variables is characterized by di erent functi  ons.

In the earlier published papers in this direction, as a rule,  rstly the operator is
dened in S and then functions characterizing degeneracies of the oper ator's coe cients
are de ned in this domain.

In contrast to that, here we de ne S and these functions related to each other while
ful lling the immersion condition introduced by P. I. Liz orkin in [19]. In addition,
di erentiability of the functions by which we de ne degener acy of the investigated
operator is not required.

Study of relative boundedness of di erential operators is 0 ne of the modern direc-
tions in such operators theory with results having a wide ran ge of applicability to the
imbedding theory of di erentiable functions of many variab  les, the separation theory of
di erential operators, the spectral theory of di erential operators, etc.

DOI: 10.25587/SVFU.2018.1.12764

Keywords:  partial di erential operator, non-power degeneracy, rela tive boundedness
of operators, partition of the unit.
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Aiifoasey. A beseiade+anelé 1asanoe idinodaifioaa Rl aey 6oaaidiey mia-
@aiiial ogia a0is1al ioyaéa it iidéodaeliti 1adaidosdii eg 6+aaony iadaay éda-
383y casata. Aey 682aidieé MAgaiiial oeia A0IBIAT iTdyaea 3aida anee Neo-
+ai0 eegll 8a¢6EU0a00 dagdageiiioe dacée+ild é5a3a0d casa+ 4 440130i1é 1aéa-
fiog. Tifoaitaes é10oaeoiié esadaié casa+e aéy 6oaaiaieé fi agaiiial oera aiad-
a4 ivdaeieeee A. 1. Adaaia. Taiel ec oneiaeé éidsaeéoiifnoe ya éyaony onetaea
jAlodevacdenifioe Aidéodasninal iadaidoda. A yolé daaiod aiaeecedoaony neo+aé
&iiTal iadaidoda. 16e Ti6aadediias o néfaeyod ia éydoe-
aiey ieo+&i0 aioeisind faige. N &6 imituip & éacaia oadidaia
oataaiey e aaeifioadiiiioe dagaiey 1adaié ésadaié caa a+e 4 yiasadoe+anen
166+ai0 4ifoaci+ita onetaey 68aaaieuiiaié sagda @eiifioe 1adaié éda-

Od3aaleiiTaa 5acoaseliiol e523a06 caaa+ 46y 65aAiaiee AIA  walllaT oe-
ia Al AiAe05a8UI0l TA0AIA0T eco-asanu af iiaes daaioas [ 114]. A iA-
Al &i0AGARI0A BACOEIOAON AlEe Te6-AI0 48y 1TAR&UIN6 6 3aaiaieé Aia-
pailial oeia it AiAcOdASUINI 1A5aIA051 A Teélfoe [1,4, 5. ise yon
6f0AITAGAIN OATBAI0 A4eifi0AAITTH0e GAcAieé 60A8A06 caaar A8y 6daAlaieé
Ridgaiiial ogia fif Aideodaenitl adaiIA05M, Acaaia fitano 441104 cia-aiey
& ATAR0AAITNA 66ie0ee YO&s casa: aey MIADLABHTNS T48af0aé | a jelRéifioe
[agaieaa feioh aéaseiasasep i aaiiié 0Aia Vel iadoe a [1 ,2,4,5,9]

Efficaaiaaiea Aiacosastios caaas, Alcieeapled ide enfiedal Aaiée Bacoa-
geiifioe &16asUI06 & 1A6TeA8UIN6 60ARAN6 caad+, 1D&AN0AAEY  A0RY a800a8l-
i0i, iifefeues aiciecapued caaa+e &iapo Traaiinoe, ia i caleypuea ide-
1810l EcaAROI0A BAC6EUIOA0T

Padioa aditeiaia ide Maaddeeéd DIfNeEnéial oliaa ooiaaiai 0a8uind efnnedaraaieé
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A aaiité 624108 enneaacaony 1adaay e0adaay caaa+a a6y 6daaiiey fidgai-
a1 0eia aoioial ifoyaéa fit Aldeodasuiti 1adaidodi a iita Nadili Ae6+aa.
i8& yoii Aidéodasiiné 1adaidod yasyaony eiiiedéfnitl +enst i

iofou S Tadaie+aiiay taganoia R" i 40aie6déS2 CL, S, = S f tgaey
0Ot T,S=S (;T), Q=S (O;T):

A seeejase+aneié tasanoe Q danfiiodel 6daaidied fidwaiiial oia

Lu u = f(xt); (1)

Lu  k(x;t)ug eu + a(x;t)uy + c(xX)u;

2C,u=Reu+ilmu:
Adadi ivdaineadaon, ol elydoesediot 4e66adaiveasiinal
L &auafnoaaiind aifnoaoi+it A6aaéed doievee a Q.

Q ~ AN

Aaaadi iifeedfioaa

[ iadaoida

Py = f(x0):k(x;0)? 0;x2Sg;, Py =f(x;T):k(x;T)? 0;x 2 Sg:
EsaRaay casa-a. [aéoé Andied 603aidiey (1) A 148afioe Q 0a81a, ~oi
Ujs;, =0; Uji=o =0; utjsg =0; quT =0: (2)

6ot C.  éeann éfiiedéniicia+ind a6ieéveé eg W2(Q), 641aeaoaisyp-
Ueo o6nétaeyi (2). xadadg C Taicia+ei éeann éfiiedéniicia+i

W2(Q), 6aiaedoaisypued iiidyaediiti e6aa

A AN

a1 6néaeyi

Vjs; =0; VJEO =0; Vji=1 =0; vtj—; =0; 2)

Lv k(xt)vgy o +avi+tcv; v2C_ ;

a =2ki a; c =c+ky a&:
pafifiiodel ecadfnioiia idifiodaifnoal Niaiedaa W1(Q) [15] AT fieasyaidi

fi
a

idtecadadiedi
" #
z X
(Uiv)s = uv + Ux, Vx, + UV dQ; kUk% =(u;u); 8u;v?2 Wzl(Q),
o i=1
e ioinodainoai L,(Q), a &ioian
Z
(u;v)=  uvdQ; kuk?=(u;u); u;v2 Ly(Q):
Q

iorion Wi(Q) (ifoadonoadiii WA(Q)) ififeiaied esaffa  C. (C. ) ii iisia
isifosaifoaa Niaieaaa Wi(Q).
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Tiodadedied 1. Odiesep u 2 L,(Q) a6adi iachaaou neeuili dagdied
édadainé gaaa—e(l) (2), &néeé R6UAan0asao 1MMeaalaacdeniinon 66iébeé uy, 2 Cp
0aéay, +

Iilm kum uk= Iim klum um fk=0; f 2L,(Q):

Tiodadeaiea 2. Ooiesey u(x;t) 2 Wi(Q) iactaadony 1aiavaiiti 63oa-
ieal 1A6aTé esadaié caaa+eé (1), (2), anee aaieiail eioaddasuiia oleeadnoal
a(u;v)  (uv)=(fiv) 3)
48y 6pats v 2 Wi(Q),.f 2 Lo(Q) e
z 30 #
a(u;v) kuivy + Ux, Vx, +(a Kkiuv+ cuv dQ:
Q k=1
Aiagiae+il aapony Tivdadediey neeuilal sasaiey & 1atataii a7 sagaiey

filidyeediiié eédadaié cada+e aéy odaaiaiey
Lv v =g 092L2(Q);
A edadadie 6nsiasyie 2 ).
A ne

~a A

2806 daadifoaa
(LU'v)=(U'L v)' u?2 CL; v2C ;

\\\\\\\

fi04aL »(Q). A&y iMéleee0dcuild ~efidé 1; € ¢y AAd&ai iileeanioal
D(1;;C0)=f 2C:Re ¢ ! 2Im )*> Re 0g
Ediial.  16fio0 8lyo6e6eaio  c(x) aifnoaoi+ii aiéligié é adileidia one

K(x;T)<0; co(Xx) 2co; a =k > 0

Oilaaa AGLUAN0AGPO Tieleee0acnild ~eéfiéa 1, €188 2 D( 1; ;c o) €idao ianoi
i&daaadinoat
kuk; ckAu uk;, c> 0; 4)
A6y anas 06iéoeé u2 D(A E ):
Aléacaodeinoar. Z&éy épaié 66ieveé u 2 C_ danfiiodel alidasedied

(Lu u)( (ue+ (Hu)dQ;

Q
EEE (t), (t) faiodesaoadenita 4anéiia+it 4606a0aivedo
ficd e Zo Addedtaaiey i ~anoyi i 6+ z%(‘)i 06 6neae
Re (Lu u)("u+ u)dQ= a

Q Q

1, X 1, 1, .
* EI ' k=1 JUXkJZ+ Re é ! * é t ¢ JUJ2

+' Im Im(uu) +[(a ki) k {JRe(utu) dQ+1; (5
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aaa
1Z t=T
=3 K' juj?dx
s t=0
AG4ABAI +efeT To 088, =01 k(xit) ko> 0,t2 [To;T], To < T. Adadl
fi-e0aol, o' ()= > 01880 t To,'(T)=0& ', O. iiaied
1
= ' +1
2 t
Aaead, atadsal  oaé, +oial
max jKj > 0 (6)

Oldaa a neeod oneiaeé saiid 1 e iddaadinoaa Eige eiddi

1 1 .
a Ekt' k +§'t minf ;k og= 1;

Z 1 Z Z
simoIm(uw) = Am)? juifdQ+ - jurj?dQ;
Q Q Q
Z Z
(@ k) k JReuudQ  juj’dQ
Q Q 1Z
+_1 [(a ki) k J%juj? dQ:

Q

0 ,'la k) k (> 2>0:

Oidgaa id¢ 2 D( 1; ;co) &c Afoilgdiey (5) NEaacao aiseidiay 1vaiéa (4).
a 1 aiéacaia.
Aaaaai iiieeanoal
D (1 ;%)=D(1; ;%)
ioé k(x;0)< 0,k(x;T) < 0;
1 2
D (1 ;¢)= 2C:Re G —(>Um )
1

ide k(x;0) 0,k(x;T)<0:
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Edlla2.  l6nou élydoecedio c(x) aifioaoi+it aiéugié, adieidia onei-
aey 3
a Ekt >0 c(x) 2¢
& 1340 1anol 1aéi é¢ Nedadpued neo+aaa:

k(x;0)< 0; k(x;T)< 0 éeal k(x;0) O0; k(x;T)<O0:
Oigaaise 2D (4; ;c) €iddo 14noi iadaaainoai

kvki k(A E)vk; ¢, >0 (7)
48y ANAD 00606 v 2 D(A  E ), i08+al 1adaidodt .,  AGAGSAPORY &
caaeneiifioe 10 algaiacaaiits neo+aaa.

Aiéacaodeinoal Agy 06ieveé v 2 C_ 1ined eiodadesiaaiey il +anoyi
i 6+4971 €324A05 6NeTaes (27) eiddi
3 1 .
Re (Lv v) 'w+ v)dQ= a Ekt "ok 5t jwij?
Q Q
1, X 1 1 .,
MR jvi.j?+ Re tSer +Scc iviz " Im o Im(vv)
k=1

+[(ke @  k (JRe(wv) dQ+1; (8)

B I 1Z k' jvij2d o
Zg Vi) tho
pafifilodel feo+aé k(x;0) < 0, k(x;T) < 0. AD&Adal +enel tog < T 0ae,
+0tat  k(x;t) k> 0,t 2 [0;tg]. 16f00 66i€6ey ' (t) 6AT1acd0aTdya0 6riETaeyi
"(0)=0; 't O "(t)= ; to t T,
ide+di 48y =  Aadilei&i (6). Metaeei =1 +1
Nifaa eiaai iddaaainoal
a §kt ' k }'t minf ;k 1= 1:
2 2 ’
A6adi fi+e0aou, +0of 4y ¢, adileiaii onelaed
o (1) 'k & k. J* 2>0
Oaéaed eidai z
l= - K jwjldx O
St

OQ&iddu idé 2 D ( 1;;c,) ec filioilgaiey (8) iMed+adi aiveidiop 16aieo
(7). ) i

I6fon eidao ianot ieo+aé k(x;0) 0,k(x;T) < 0. A 8aaadifioad (8) ieiaeel
()= € ' (t) 0. Adaedsadi > 0 0aé, +ofad

3
a =ki+ k == ;:

X 2 t ) 2 1
A yoii fieo+aad iifaa eiddi | 0. Oidaa aideidiay ivaiéa (7) neaasao ec (8)
agy 2D (4 ;¢). Ediia 2 aiéacaia.
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&iai0 oneaey ean  1,2é

2D(15c0\ D (17 ;6)
Otaaa agy epaie 66iesee  f 2 L,(Q) NOUAN0A0A0 ¢ ideoli 44eiioadiila fiesnid
dapdied 60aaaié cadase (1), (2) &¢D(A E).

Aleacaodsufioal.  Ec aiseisié i6aiee (7) iedasas, =of N(A E )=0.
fofipaa i&ilioAaR0AaIT 81881  R(A E )= L(Q). N ad6aié foiaia, a fiees
aiseisiié iaiee (4)

R(A E)=R(A E):
Olaaa 65aaiaied Au  u = f aAcaad dacdaeeil. Aaeinoadiiifion enénial oa-

Toi&oei, +of fieeuila dagdied edadaié caaa+e (1), 2) é¢ D(A E), &da-

daioediaaiité 0aisaiié 1, yaeyaony iaianiiol sasaiesl 6a adaie caaa+e (1),
Ecadaay casa+a, fifioyeediiay & caaa+a (1), (2), eid&o aéa
Lv v =gxt) (xt)2Q (1)

&ai0 ofiefaey &aii 1,2¢e
D(1:¢0)\ D (1; :¢):

2

Oiaaa aey epaié 66ievee g2 L,(Q) GUARDA6A0 & iBedli Aa8if0AAITTA Aesiita
dagdied é6aaaié cada+e (1), (2 ) ecD(A E).

Aléacaocdelnoal  0aidail 2 idiaiaeony aiagiae+il aiéacacdéunoad oai-
daia 1.

Ne&aoy [2], 4444l yiadaaoe+anéed esanna

1 — . 1 —
Vi(Q=D(A E) Vi (Q=DA E)
aey 11adaoisia
A=A E A =A E:

Eéiia 3. ioRod aditeiain ongiaey 0aidaia 1. Oia4a ei&ao 1&not daaai-

foar

Al =(A) L
Aléacaoaeinoal. A figeo 041dai 1, 2 fidaadaceal 6aaaino
(A uv)=(uAv) u2ViQ); v2 Vi (Q):

"= A u = A v
ia TRifaaiee 0a1oai 1, 2 1il ideieiado aea
GA)Y' )= AN =5 AT 2L(Q)
10édaa
(A) ' =(AY ; 2 L2(Q):



,u Au ou = ( ou+ f: (9)

o
N
W)

—~

e
(@]

o

~
—
O

—~

[N

S

ffay ésadaay casa+a (1 ), (2 ) yéaeaaegaioia 1iada-

v=( (A ) V(A ) o (11)

A fiee6 e8iln 3 TAiBIANS 6B2ATAIRA (11) JASYAORY fioyaedii i & Taiiaia-
ifi6 6Baai&iep (10)

Agy dacdageiinoe odaaiaiey (9) ige = | i&1aBiaeiil e ainoaoi+il
adieiaiey ongtaeé iaoiatiaguiinoe

A v =0; j=Tng
Tofipaa iie6-aai
1 1
0="f Al v = A v = k (fivi, )
0
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10.

ON FREDHOLM SOLVABILITY OF
FIRST BOUNDARY VALUE PROBLEM
FOR MIXED TYPE SECOND ORDER

EQUATION WITH SPECTRAL PARAMETER

|. E. Egorov, E. S. E mova,
and I. M. Tikhonova

Abstract:  We study the rst boundary problem for the mixed-type second  -order equa-
tion with a spectral parameter in a cylindrical domain in R"*1  Previously, for the

mixed-type second-order equations some results were received only in two-dimensional

domains. V. N. Vragov was the rst to propose a well-posed sta tement of a boundary
problem for the mixed-type equations. One of the well-posed ness conditions is non-
negativity of the spectral parameter. Here we analyze the ca se of complex spectral
parameter and receive a priopri estimates under certain con ditions, using which an exist-

ence and uniqueness theorem is proved for the rst boundary p roblem in the energy class.
Also, we obtain su cient conditions for the Fredholm solvab ility in the energy class.

DOI: 10.25587/SVFU.2018.1.12765

Keywords:  mixed-type equation, a priori estimate, inequality, equal ity, orthogonality
conditions.
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OAE 519.2
IDEIAIAIEA TDIADAIITAT OIBAAEAIER
N AABIROIINOUP 1 AER IAEIOIBUO
CAAAx OEIAINIAIE IAOAIAOEEE
A. A. Easa+aifiéay, A. 1. 14odtaa
Aiitoaoey lieraied aéiaieée 136161006 6&iaiftatd fAtaioeé ilaedd atou
fiaycail A foidafioe+anéeie aeooadaiveasiinie 6daaiaieyi e Eof (NAO). A sa-
a0 danfiacdeaapony 6eiaiftada iiadee, 6101604 eiapo neod +aéi0a aigiouaiey,
alicaaiind aeidsianeel & jéanftianasl isicannaie. Tfos aiéd i81asaiiins
idaasaieé fi agdiyoiiioip 1 (ONDL) Riaal fa ifiyoee iada Ta7 eidAAdAGA A8y
fioidarioe+anéed aeiaie+anéed nencai aeéoodceliiial oeia it fiéa+éaie, Tierdaa-
&l06 6daaidieyie Eol. A ea+anoad ideiddia inostaiey PCP1 & anfiacdeaapony
444 aeaa 6efaifiians 1tadedé: 1iadel eiaanoeoeliiial 1soo aéy (aeododacetiiay)
& 114460 18168i0i00 AoAAIe (42600celiiay fil iea+eéaie). 1ae 4444ii04 iveiasn
fitiialeedapony ~eneaiiti iladeesiaaiedi.
DOI: 10.25587/SVFU.2018.1.12766
Eep-aa0a fetaa: i514641111a 6idaacdied fi aadiyoiifiotp 1, 486006¢eliia
0daaidied EoT Al fita+éaie, 180a0é eidaadae fenodit 6daaiai &é Eoi, 1148l ei-
aaioeoeliial 100aay, iiadel 516410106 foaale.
Aadaaied
[Tadaaied 64aéuilal 1auaéoa, 66ieceliedopuadsl a 6neiaeyo anoanoaaiias
@014, 6adaéoadecédony iaéioisié iatidaadeaiiinoup, ésl ia 01al, & féfoaiad
oidaaediey nelaeilié nenocaiaié 140+ 6+anoaopo epae, aey é 101600 Oa-
daeoadia iaeioiday ianadadeaiiinon madadiey. Tienaiea 0aéed fiefoai ive
e adoadieienonéed Madiaia ia anaaaa 100aeado 44éfoa  e0adéuiop éasoe-
i6 6oieveTiedtaaiey 1andéoa [1]. Anee 430&dieiedtaaiiié i fadedp istoanna
yagyaony aeo6adaioeaciita 6daaiaiea
dX (t) = A(t; X (1)) dt;
of aey ifed+aiey ifadee, efiiotaapudé feenitd aiciouaiey, alcaaiiod
48000cedé e néa+eéaie, alcileeil 164aN0aacaied a aéad Taland  iiial [oida-
fioe+&néial 4e00adaiveasuiial 6daaidiey Eol (Aed00cefiit al 6daaiaiey it
fiéa-éaie)
Z
dX(t) = At X (1) dt+ B(t; X (1)) dW(t) + Gt X (t); ) (dt;d ); (1)
A3 W (1) aeidaianéeé 1816ann, (t;» ) foaiaasoilé idanniitanéeé ioi-
oann.
c 2018 Eada+aifiéay A. A., 1aodiaa A. |
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3ie4 fiefodl Gidaaeaiey i aciadiaceeie & icanfiiia  Aeeie aicio-

Daieyie Ta0RETasaN jase+eal 486008 p6i1a dacee+iié eioaif eaiifioe & oal
628011, +0f & fe6+a6104 INAI00 Ad&iAie fiefiodia iledd efitd 08200 fiéa-ee.

liefiaied aeiaieee 46101306 O6iaifiaNs Alaloeé itedd anoi fayca-
il /il AoiGanoe+aneeie 460033ai6easiitie 6daadieyie Eof ( fil., f2i3ei4s,
[2 4]). Taganou ideidiaiey NAO TR0 dafo&d: oefaifia ay 1a0&iaoeea e
yéiinesa, caaase 6idaasaiey [5 7], idaoenoe+aneay oeceé a[s, 9], yeisiaey [10],
456864 10630004 fiefioait & o. &

Taycao&suia cdaiaied (i aadiyoiioup 1) i&1asiaeios ia  16fioa, eioid0a
el Banfiaodeaaol 6aé 145404 ei04A5a60 fAoldanoe-+aneed i efodl [11,12], ide
8pa06 AEEUIN6 ATCIOUAIEYE 40840 Tid&AAEYOURY i31AdaIIINI 6iaasaieal i
aaaiyoiinoup 1 [13]

licaagediedal  [14]. i31aGaiii0) 6idaasaiedl i A48WoOIROUp 1 (PCP1

Programmed Control with Probability 1) 46481 jac0aaci 0aé 14 6idaasaied a
foisanioe+-afelé fenodla i Aesuitie alcioudieyie, 6101314 A A&dIyoiifioup,
daailé 1, 1a4Mia+eaado MHONYIfoAT 6a0360836M088, caaehiy 1ed 10 iéiseaiey
fefioain, & epaié Naio adaiaie

Oaiddia 1 [16]. i6fol F(tX;! ) fes+aéiay 6oiesey, F(tX)2 57 &
X (t) dagdied fefodia NAO
Z
dX (t) = A( X (1)) dt+ B(t; X (1)dW(t)+ G(t; X (t); ) (dt;d ); t  O; @
X (0) = Xo;
d38aX 2 R", n 2, W(t) m-iddité aeidsianéeeé isioann; (t;» ) Taii-
glaiay it iada leanfiia, aeiasianeed i616anna Wi (t) & ivanfiiianéay idda
([0; T]; ), caaaiita ia aasiyoiinioiii idinodaifioad (S; ;P), (-&ciddeil
aey epatd t > 0 e ifleednoas €¢c -a8a3adl B Aaidaeaanéed iileednoa 16i-
RoBdainoaaR"’ & acaeiil idcaaenain. 16fot  H(tX) 1208863 feadacpuasi
aeaa
2 ) i ) 3
@HtX) @KALEX) ... @KtX)
@t @x T @x%
H(tX)= E f20 far ol fon z; 3)
frno fo1 e fron
aaa
fij =1 (EX)= @ILX). - 2n; ) =1In; fio=fio(tX)= ontx)

@x @t
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idlecaielind ooiesee. Anee neo+aéiay 060iesey F(t; x;!) yaeyaony roida-
foe-Aneel 1A0A0I ei0AA0AGT REROAID  (2), of Bly00e0Aaidn 6daaidiey  (2) &
janeo+aéiay ooievey F(t; X )Y Aaycait nedaopueie ioilgaieyie:

1) ély6oeoediol

X1 —_—
Bik(t;X) = b (t; X)a; k=1;m;

i=1
foleaod iaodest B(t;X) i8eiadeasmeac iiieedfiodad o6iéoeé B(t;X) 2
fopo detM (t; X )g; G48M (t; X ) iéiid, fiffoadonoaopuee yedidioo Pn+1 ;0 120-
3860 (3):
2) elyooetedio  A(t X ) ideiaasldaeed ifieafioas 06ie6es, Tidaaasyains
oféiaeai (
1 t; X
Atx)2 REx)+ 2 GREXD gy
2 - @X
43aR(t; X ) 1a08eva-fioieaao, éiniaion éioisié ri(t; x), i = 1;n, 1i64aaey-
pofy fiedadpuei Tadach:
x

C MtX) detH(tX)= &+  ri(tX)e;
i=1
C(t;X) aeadadae+anéia aiieidied yeaiaioa & 1a0deold H(t;X) edetC(t;X)
80; ZBUX)  ja03e0a BeTae a6y A4G0ISIE 00iedee  By(tX);
3) élyd6e6eaio

Q

X
GtX; )= G(tX; )e

i=1
ide T6anfitiianéié 1asa Tidaaaeyaony idaanoaacaiedi
GtX; )=YEX ) X

aaay(t; X; ) oaeaiead fenodil aeo6adaiveaslind 6daaiaieé

2
& K
@F(tY ( @KLY () @HLY ()
. @¥ . @Y,
g 31(tY( ) a2(6Y (5 ) an(tGY (5 ))é,
Y (G a2t () " (BY ()
64T1aca0aisypuad ia+aéuiio oneiaep Y(EX ) =
Toilneoaéli 1diecalénins ooieveé fij = (X)), "5 = "5@®Y( )
ieéasaal, +oi 1ié adadait oaéei 1adacii, ~ofal éase4ia naidé fioal 6o6ieveé
fi , ', 1I64adéyaiia oneiaeyie
@f(t; X . @ity
fx)= S vy = 0D,
X @y
DA reo+ad, &laaa danfiiaodeaddl élieddoiop ddasecasep, o. a. iadaiaod | & aasuiaé-
@4l 14 aeeyao, ianes+aéidp 6o6ievep F(t; X ) Tieeil f+eo0aou adoadieiesiaaiitl iddadi

éioaadacii foidanoe+anéié nenoaia.
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fitioaaeyer aianoa n o6iéseaé F(t; X ) ATalédiiinol iacaaeneils 66ieseeé.

Paida danniiodaiind cazae '|T~c‘)<’§“é|'éy PCP1 f1oiliiéeent é ca &atai i
oidaacdiedl a adoadieiesiaaiiié ~anoe, i8e yoil iifeeéoadee ide aeiadia-
fiénl 1676anna Tiddadeyeenu ide iiodtaiee fefodit foidand  e+anéed aedda-
daiveaenind ooaaiaieé [13,14]. Trtaaiiinoup alelueeifioda fioidanoe+anées
iiadeaé a yéiilieéd yaeyaony of, +of a iéd ecadnodi élydodesce  4io aeddocee

ey al 1 [EEEN aeai @4 +anoi 461aeo é
a &eb0oceliiiop +afnou
xXn
dXi(t) = (6 X (t);u(t; X (1)) dt + ik (6 X (t); u(t; X (1)) dWi (t)
kzl
+  g(tX(t); ) (dt;d ), i=1;:05n; (4)
+0f Aaycaiil i aicileelifiolp dadoeediaaiey aieaoeéuiinioe, i yoiié danniio-
dei casa+e inoataiey 181adaliilal gidaaeaiey n aasiyoiii olp 1 aéy iiaia-
06 6efaifitais i1adeaé

. U fié
Gdaaidieé éééé (4), 3aaw(t) = ka(t)k, Wi (t), k =1;:::;m,

14iM&0I08 Acaaenind aeiddianaea isi6anfa, (t+ ) ROAIAABOAY T6ARMT-
ffafieayiasa, A(tx)= kAi(tx)k Ai(tx) 2 &2, B(tx) = kBi (tx)k, Bik (t;x) 2
2, GEx ) = kGi(tx )k Gi(tx ) 2 o2t Aree ooiesey F(tX (1),

F(t;x) 2 tlx;z, Aléeeia i0e épald t ideieiacl cia+aied, daaitd  F(to; X (o)),

fa epatd 0dadéoiseyd dagdieé odaaidiey (4), of aiciieeil |Tﬁ06Té’1 ied 18-
a6aii00 didaaeaieé i aasiyoiiioup 1 aéy yoié nenoaia. ise yoii iaéne-
1aelita ~enel 6idaacaieé aaoadieiesiaaiité ~anoup daail n, laéneiaenita
+@fél oidaacaieé ae6606¢eliiié ~anoe nm.

Aléacaodeinoar. A&y iinodiaiey i61adaiiital oidaaéaiey i 4adiyoii-
gle eao idadediey 1aii-

fiolp 1 & yéiilie-anéié iiadee aeaa (4) idiasiaein ai éﬁé’l :
a0aiaiil & noivanoe+aneop e aaoddieiesiaaiiop +anoe. Odié  6ep F(t; X (b))
(65 aaiaies Eof[15].

aoaa| e|0a6|6aoe6|aa0u éaé |a6aue e|0aa6ae yoié fenoai

dX (t) = (X (t);u(t; X (1)) dt + (t;X(t);U(t;X(t)Q dw/(t)
+ gt x(t); ) (dt;d ). (5)

iB0ee F (L X (1)), 08a800AITE 648 145A06 iAABAE fEn0-

i0 NAO Eof [15], fiodieony fiefiodia 6daaidieé a AMoadoncaee i oaldaiié 1:
Z

dX (t) = A X (D) dt+ B(EX (1) dW(t) +  GEX (1); ) (dtd ):  (6)

Niiifioaaedied élyooeseaioia 6daaidieé (6) e (5) (a4 feeo aai feiaiey
orietaeé ﬁél]éﬁbé?ééiéy é éaéiﬁ(‘)é\é ﬁ 6aza|ey NAO (6)) T caieyao 1ida-
PN 5686



adoadieiediaaiiié ~anoe, oaé & éiydoeseaiol a 4eo66a6c¢eliil € +afioe. A&y
aicileeiiioe i8eididiey 0aidaia 1 aac eciaiaiey 16 yoii Aid fiéa endiaié
655 . 5310 18146 . 2oV A H40 PO

. e ,
aéy adodoieiesiaaiilé ~anoe daail  n. A :
B (t; X (t)) fi n yeaidioaié oiifeeadofy ia  m-iddité aeiad

[t adianéeé isioann - W (t).
Panfndaeaay aiagiae+il 19440400410, el 1aiaddaeeou, +0f 1 auaa éTéé+é—
fioal Neadadine a noidanoe+anéié +anoe a6ado daaitnm. Oaéei 1adaci, i
fielagéliia éiee+anoal 6idadedieé a iai 46ado  nm.
2. Oidaaedied eiaanoeseliitl 1Moooaeai

Panniacdeaadony aiciieeliiol ideiaidiey isiasaiiital 6id aaeaiey i aa-
aiyoiiiolp 1 [14] a8y cada+é Oefaifiiaié iacdiaceée. A&y nod  aoddee aoa-
gediaaiey itadee adaaiey aeciana e aoaeedopuadai 11s06aey, iesé+aiiié éec
gsanfe+aneié iadee Asyéa @ioéca [4] & iddanoaaeaiité ien  0aiié noidanoe-
+8féed 6daaiaieé Eol

dS(t) =[ (S Y (1) + Za(t; S(1); Y (1))] dt

+[ 2t S Y (1) + Za(t; S(1); Y ()] dW(D);
dy(t)=[ 2t S(t); Y (1) + Za(t; S(t); Y(1))] dt

+[ 206 S();Y (1) + Za(t; S(); Y (1))] dW(D);

(7)

A3aW (t) Roaiaadoiné aeidsianéeé isivann, Y(t) = X (t) aeéiaieéa éi-
adnoeoeliinal moosaey X (t) ide g‘aan € nodaodaee , S(t) oaia aéoeé,
(S Y (), (5S@E);Y(), i =1;2, cazalitd o6ievee, iaiasiaeit -
fiodieol PCP1 0aéid, +of 48y eépaial t
F(S(1); Y (1) = F(0;S(0); Y(0))
aéy caadaliiié 66ieoee  F(t; S(t); Y (1)).
A fifioadonoaee i 0aidaiié 3.9 éc [14] fia+aea iinodiei fienod 16 Aoidanoe-
+anéed aeod aé i0€aelilo 6daaidieé, a éa+anoad 1adaial eio addaea éioidié
aicuiai i6aeidp 6oiésep, iaideias, ionol

F(tsiy) = ye * e F(6S(t); Y (1) = F(0;S(0); Y(0)) =

An A Nii O

O° éau a nfoadonoaee i 0aidaiié 1 nodiei 1acdesd B (& aaiili ned+aa
-0 iifiéteuésd W (t) 1ailiasité aeiasianeeé isioant):
B = ao(e °(;2v(t)e V),

9

A3a o = qoo(t; S(1);Y (1)); & Tidaaaeyal aoidia neadadiia:

@Rt; S(t); Y (1) _ 2e 25(t) 0 .
m - 4Y (t)e 25(t) 9@ 2S(t)
@R S(1); Y (1) . _ 2te 4SO
~@SOY M) B(t; S(t); Y (1) = o 0
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Nodiei iacdesd H é al+eneyal aa Tiddadéeodel
2 3
® € ©
detH =det4 0 2Y(t)e 250 ¢ 25(05
f1 fa f3

=g (2Y(t)e 0f; e 25Wf)+ g e 25Uf; + g 2Y(1)e 25Wfy;

aaaf; = f(ESE);Y(), i = 1;2,3. OEaa ageoid A = A(t; S(t); Y (1)) 2iado
aiiaagiaod

- 2 . -
U= N+ f, Mol TN &= ST

o P
1

ide ofnefaee 2Y(t)fs + f, 6 0 e fefiddia fnoidafioe+anéed aéo6adaioeaenitd
6daaiaieé €iddo aea

— fa 2 4S(t) 2S(t) .
ds(t) = N+ T, O+ 13 205, te dt + gooe dW(t); ©
_ 2Y ()1 25(t) .
dy(t) = N Ot 1o O+ T3 dt+2gp0Y (t)e dW (t):

P

Nedaiaaodedi, idedaaieaay élyooeseaion 6daaidieé (7) e ( 8), iféo+adi
aldamaiey a6y 6idaacdieé aey adoadieiediaaiiié ~anoe:

LSOO = oo 2dte SO aESOY )

2Y (1)1

Zo(5;S(1); Y (1) = N(Ofat s

2(tS(1); Y (1);

e aedoocéliiié ~anoe:

Z3(tS(); Y (1) = qoe 25U (5 S(1); Y (1));
Z4(tSH); Y (1) =2 oY (e 250 (;S(1); Y (1):

Oaéei 1adachi, enélieé iaald 6isaasdieé iaéaai.

Agy idladaaiey +
[18,19] dawgdiey nenodl

iTéfeeéi, +01

eneaiinal iadeedtaaiey A miuup 14o0iaa Y éeana
i0 NAO & 1iddadediey cia-aieé niodaly  aité o6ievee
ds(t) = [S(t)e S + Z1(t; S(t); Y (1))] dt

+[S(t) + e '+ Za(t; S(1); Y ()] dW (1);
dY(®) = [Y(1)S(t) + e 25U + Z,(t; S(1); Y (1))] dt
+e '+ Zy(t; S(0); Y ()] dW(D);

(9)

Olaaa eidai iaais oidaseaieé

f
Zi(ES(); Y (1) = Wz”z 2¢3,te 4 (e SO,
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oY (1)1
2Y (t)f 3+ fo

Zg(t, S(t), Y(t)) = (o€ 25(t) S(t) e 21;
Za(tSE):Y () =2 00Y (e 250 et
A éa+&noad idlecalelind 66ieveé  fi(t;S(t);Y (1), i =1;2;3, & qo(t; S(t); Y (1)

adéeé acyod
f1(t; S(t); Y () =sin S(t) +cosY (t); fa(t;S(t);Y(t)) =cost+2;

fa(t; S(t); Y (1)) = Goo(t; S(t); Y (1)) = S(1):

Zo(5S(); Y (1) = Y ()S(t) e 20,

1 .

Y(t)
3. Oidaaeaied aaoiy tageaaseyie

iofiol 11806460 fATHOTe0 eg 4300 Tacedaceé, 1M4540eediins aic  adénoaep

fi 810 e adgapluied néa+éeé ia adénoaedi 1 Ganiil

dRa(t) = %(I;Rl(t);RZ(t))"' Z1(tR(t); Ra(t)] dt 1 (t; R1(t); R2(t)) dW(t)
+ ot R1(t);R2(1); ) (dt;d );

dRa(t) = [ %(I;Rl(t);RZ(t))"' Zo(tR1(t); Ra(t)] dt +  2(t; Ra(t); Ro(t)) dW (1)
+ Gt Ra(t); R2(t); ) (dt;d ); (10)

A3aR;(t) idi0dioiay foadéa taeédacee i = 1,2, Wi(t) &adiadiné aeia-
olaneeé isioann, (t;» ) foaiaadoiay idanfi 'a gay iasa ia [0 ;T] R",
i(tR1(1);R2(1), i(tR1(t);R2(t), i =1;2, caaaiind ooiésee. iaéadi oa-
@ed Gisaaeaiey, ~0lal i 4ddiyoiiioup 1 66iévey deféa  F(t;R1(t); Ro(t)) Al-
odaiyéa Mnotyiiia cla+aied, cadeényudd 10 fa+aéuitd aaii 0: R1(0) = 0O,
R2(0) = 0.
1600 F (t; R1(t); Ro(t)) = Ra(t)e 2R + e 2, 5ia4a

F(tR1();R2(1) = F(0;R1(0);R2(0)) =

A filioadonoaee i 0didailé 1 fia+asa ideeil MMROdICOU AEROAI6  AdIBAROE-
+anéed ae60adaiveaclind 6daaiaieé, agy &ioigié odievey F(t;R1(t); Ro(1))
yaeyaony adoasieiesiaaiitl 1adani eioaasast.

Ec 00a&daeadiey 3 0810ai0 1 1iddadéeel &lyooeseadio idve idani ifanéie
1404, Aey yoial fia+aca iaéadl +anoida idiecaiai

04 66ieoee F(t;s1;82) =
T FAOQ 0 X030

ififaaoaeuina iadaiai-

spe 251+ e 2, (i@ l4po fedacpueé aeéa ( s; és, afi

Ny}

iga):
ts. t s
@Ru@S;,SZ) - Zsze 231; @R:@S;.SZ) - e 231: (11)
Olaaa " #
@& R1(1);Ra(1); ) _ w _ e 251

@ - w T 2se %
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Pagay yooé nenoaié, ieé+aai
1
s1(t;Ra(t); Ra(t); ) = 5'”(2 +2C1(Ra(t); Rz2(1)));
S2(t; R1(1); R2(1); ) = Ca(Ra(t);R2(1))( + Ca(Ra(t); R2(1)));
& A 6-8011 (A+A80106 4aif06, 0. & s(tR1(t);R2(1): )j =0 = R,
C1(R1(t); R2(t)) = %GZRI(I); Co(R1(t); R2(1)) = 2 Ro(t)e 2R:(®)
eee
s1(t;R1(t);Ra(t); )= %m(z + e?Ri)y.
sa(GR1(1);Ra(t); )= 2Ra(t) e 2R+ Ry(1):
Neaataaoaed,
1
tR1(1);Ro(1); )= ZIn@2 + &) Ry(1):
a1(t; R1(t); R2(1); ) > n( € ) 1(t) (12)
R(ER1(t);Ra(t); ) =2Ry(t) e 2R:():
Aa8aa fnoaiel 120066 B:
B = ao(e *R1(;2Rz(t)e #11);
884000 = Goo( ) = Goo(t; R1(t); Ro(t)), & Tiddadeyai

@r) _ 2e 2Rui(t) 0 _
m = Qoo 4R,(t)e R 2g Ri()
@3) 5 Ze 4R1(I) 2r2 e 4R1(t)
-~ B = = 00
ary SO % g 0.
O&iadu fodiel ‘éabéébé H é ad+eénéyai aa Tl'é%aééébé’léu:
® € ©
detH =det4 0  2R,(t)e 2R:() g RS
fi fo fa

= &( 2(3Ry(t)e ) fe i)+ g(fie )+ g(2f 1R, (1)e M),
3381, = f,(tR1(1): Ro(t)), | = 1:2:3. ENGAIA00 4860188 A = A(t: Ry (t): Ra(t)

0aé1aa:
al - fl 20508 4R1(t); 2f1R2(t)

p= ——
f2 +2f3Ra(1) 27, +2f3R,(1)
e onetaee f, +2f3Ry(t) 60, & fefodia 6daaidieé Eof iddo aea

j (6 Ra(t); Ra(1) ) et
Ra= RO R 2 @RI RAOR) P U
Fagoe AW+ ZinE + ENO) Ry (dhd );
o (13)
AR, (1) = 2f 1(t; R1(t); Ra(t)) Ro(t) dt

fa(t; R1(t); Ro(t)) +2 fs(ti; 1(1); R2(t)) R2(t)
+2qoRa(t)e e dw(t)+ 2R, (t) e 2R (dt;d ):
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pefi. 1. Dagaied ifodtaiiie NAO (8) & cia=aiey o6iéoee F(S@):Y (1)
15
1204
12
Ry
R et N
2 o]
oP» ® 4l WW P it e Y ]
et Pt e AN PR
03
0133
DD 0l 02 03 04 03 06 07 08 05 1
0 t T
Deéfi. 2. bagaied inoastaiiié NAO (13) & gia+aiey doiesee F (R 1(t); Ra(t))
Efélia iileednioal gidaaeadieé adoasieieaiaaiiié +afoup 1M eo+ei ec ni-
iHoaasaiey 65aaidieé (10) & (13):
7,0) f1(t;R1(t); R2(1))
fo(t; R1(1); Ro(1)) + 2 f3(t; R1(t); Ra(t)) Ra(t)
2g5,e “R*M (R 1(t); Ra(1));
2f1(t; R1(t); Ra(t)) Ro(t)

Z = t;R1(t); Ro(1)):
0% R0 Ro(0) 2 Fa(6 R1(0); Re()Re() 20 Ra(DiR2(0)
Nm”oaaéyy o0daaiaiey (10) e (13), aeaei, +oi iatadiaeil aa afioé afie-

i@04elil oisaacdied a 4e600¢eliiop ~anolu &iddaéoedopuea ooiévee:
Z3() = moe R:M (R 1(t);R2(1));
Z4() = 2qoRz(t)e (R (1); R(1)):
Agy +eneaiinar inadeesiaaiey alcuiai

1(GR1(1);R2(t) = Ri(t) + Ra()+ € %5 2(t R1(t); R2()) = Ri()R2(t) + € 2;

1(ER1(1);R2(1) = () (G R1(1); Ra(t)) = €720,



fa(tRa(DiR(D) = =~ Go(t:Ra(D:Ra(1) = Ra(t):
Ra(t)

Eaé aeail éc def. 1 & 2, ideadaaiiné agaideoi iiodiaiey PCP1 aaénoae-
0aéull 1icaiteyao i aasdiyoiifioup 1 & epaié iiiaio adaiaie fid daiyol cia+aied
06iésee, casenyuaé 1o i8inodaifoaaliTal Meleediey aéiaie +&nété nenoaid

4. Cagep-aiead

lifiodtain id1asaiiina 6idaasaiey i aadiyoiiioup 1 (BND1) & &y iadee
@iadnoeoetiinal Md06aey, a 0adsed Aey 11adeeé N 4401y 1aéeda oeyie. Ai-
éacaia 0aidaia 1 daciddiiioe PND1 & 11adéyd, eiapued 6idaae aiey éaé a
adoadieiediaaiité, oaé e a aeoo0ocetiiié ~anoe.

x@figaiita adeesiaaied ddeaiey nenoadl NAO 4240 aicileeiii ol iadeya-
iTal iddanoaagaiey odadéoiseé nenoaia, Tientaapuaé eciai aiéd 6acials ia-
dAIAII00 ide fase+eé DND1, & fil0adofioacpudd yoiio iadaai ép fiodaiaied
caaaiial cia+aiey iaéioiaié ooiesee
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MODELING OF THE PROGRAMMED
CONTROL WITH PROBABILITY 1
FOR SOME FINANCIAL TASKS
E. V. Karachanskaya and A. P. Petrova

Abstract: The description of the dynamics of some nancial events can b e related
to lb stochastic dierential equations (SDE). In this pap er, we consider a nancial
model aected by random disturbances which take the form of W iener and Poisson
perturbations. The construction of the programmed control ~ with probability 1 (PCP1)
is based on the concept of rst integral for stochastic dynam ic systems of di usion type
with jumps which are described by the Ib equations. Two typ  es of nancial models
are considered as examples of the construction of PCP1: the i nvestment portfolio model
(di usion model) and the interest rate model (di usion with jumps). The given examples
are accompanied by numerical modeling.

DOI: 10.25587/SVFU.2018.1.12766

Keywords: programmed control with probability 1, stochastic lo's e  quation with
jumps, rst integral of system of the b equations, invest  ment portfolio model, interest
rate model.
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T DPAAGERDPIINOE DAGAIER A CAAAXA

T BAAITAANEE TEANOEIU OENGAIEI,
NIAADAAUAE IAEEINIOP OPAUEIO
l. 1. Eacadaa, O. Eoid,
I. A. Néaoaa, E. I. Oédiilaa
Aifioasey.  Efifieaacaony casa+a 1 daailaaniee 6idoaié odaifiaadnasiii-6  cioaiiié
isafioein (itaaee Oelisaisl), Ataddeealaé Reaiciop iasetii 6p odauI6. N+eoa-
aofy +of 0dAUIA 18 ANGIASO fa Al&sibp 40aie66. A ensiam Al Rofyiee 1daai-
saaadony, +of idloeaTisieila 420452 OBANST ATIBEEANAPOR y 4064 A ad6all. 13e
yoii 0B&UeTA Tien0AARORAY A Miulp 11A456(H0e, &ioiday 64 12680413y0 15844
BAI0I TdRaTeTeAyl. (2 600416, canaplaé 0BAUEI6 A fdaae iié Tsinainioe,
Foaaeony 60AAATA GRETAa & AeAA A0AAAINDAA, TieflaabUaa |  Aidiiesaied idive-
ATii6Teei06 430841a 0BAURIN. (A Aldeiaé A0AIGOA caaail fafl 37ai0a ofetaey
Aedesea. Onoaiiasaia eieasiiay aliisiedasiiay asaasinol Bdagaiey it idaaiaiep
A caaaiiié 4 Aadeadeliiie 6idi6eediasa ide TidaaaeAaIno of 6128y 2 112406
fifiol, caaapudp 0dauei6. Aleacaia aafélia+iay 4600854168 B36AITHOU O6iedes
dAgaiey 1d¢ ATiEie0ABNINS TdAATEIARyE ia 06idoep, cad apuép aiagied
ia806cee, & 04t fa cia+aiey 66/e0eé IA0AIANAIGE AdBECE 83 eaié, Tiefoaap-

0aé 08aueio.
DOI: 10.25587/SVFU.2018.1.12767

PPV AAPIAQ  fO XA A QoA AN N S A0 AR
| | |

a: aadeaoeliiia iadaaaino
figiaey iaisiieeaiey, 8aaoeyadiinou dagaiey.

[@N

a

é1+36), Niaddeealied odaleid, eeanfne+-anéeé 11adia idddiiea &ado caa

4400 onelaeé a aead 6aadinoa ia edeaié, tientaapuaé dacdag ( 0daueiod) [1 5].
A ianotynad adaiy aey iiadeaé ieanoei e 1aiei+aé n odaneiaie ieo+ai ge-
diéeé ed0a BAcOeUnAnTa 46y aeeldéind cada+ i édadadié onel aeyie a 4ead
fiefiodit 6aaaifnoa & i&0aaainoa [6 19] & 48. Yoeé Ofétaey iacasapony ia cia+a-
iey 6oieceé, éioiata Tiefitaapo 1adaiauaiey oi+aé ndaaeiin ¢é 1adsodiinoe
igafiogit (1aiei-ée). N iadaie+anéié oi+ée coaiey fie fiend aapo iaisi-
jeeaied ioloeanieleeild 42044 0dauein. A 8aaioas [6,7,1 4] enneaaiaail
jaeeidéind caaa+e 1 daailaanee iganoein iadee Eeodaioa E yaa f onéfae-
yie iaidiecaiey a&y iageliité 0dauein. 1ae yoii a [6] ofiéla ea faigiieéa-
ey ideaaaail aey odauei, caaaiilio aeaaéié 11adssiinoup z = F(X1;X2), 434



F(x1:X2) 06ieoey, Tidaadeaiiay a (daasiie) isireiioe ( X1;X2). A [7] i58-
ATAeORy A0ATA 6feTay iaidlieeaiey aey 0dAUSIN, £10TdaY ia 81 1068+280MY
10 addoecasuié. E5Mi& o4l & [6,7, 14] efilélcopofiy afite  1©0&8ui0a (fofi-
AeoAsiil 1agee Eedoaioa Eyad) idaaiieiediey T of, ~of ia BAIAUATEY
a7 ANA&6 01+6a0 4354414 0BAVSIN Teell caaAdU A iMTulip 185414 baieé oi+4e,
8220a00 4 NGAAS(Né T6INEIN0e Baf0ei0. A 5a4ldd [16] 46y 1a  OAlace+aneié
iagee T daaitadnee ieanoein Oeiiodiel, Maddealdé as i6p 0dALSIS,
14ifitaaia 61664601HOU, A64AI0 ATTOAAOMROAGPUSA Veaead  8&IDINA Aadeade-
1104 & 46006354i6828UI04 TAdATAGe. ESNA 04T, 46y 1ai aaiial fieo+ay
(4a6ea fi 1Ae8Til dacdAch) Te6+aiT Alaseoe+aReia dasa &4 & efifieaaiaain
11

aiita naténoaa.
A aaiiié 8a4iod enfnedasd

ot
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o
X
=
o
(9%
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=
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@
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o
=
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=

> ap
: g’; Q.
, D
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ox
Qo
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o
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:
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H I m,
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<
=3
D
@
Do
o

o = (X1X2;2)jjzi  hy x=(X1;%2); Xx=x  zZ (X)tg (X); X 2 & ;

888 (x), ] (X)j< =2,x2€ 00668y 4260 AGAIAITA6 (efi. 1).

A AN O N~

X 2 € THoadony iaeciaifi

n(x;z)= n(x;0)=( (x)cos (x);sin (x)) 8 =x z (X)tg (X); jzj h:

=1}
o
v (D
N
1
o
@
Qo
Qo
o
Qn
D
Q-
Q.
D
O
<
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gaaf =20 0 @iyooesedio nadeaa, 1Ta6él nadeda a iéinaa
: c 0 & ieanoein. isdailea aaai, +of a
aiénoaa iéanoéia, ot yiid.
Niaiedaa, HYO(S.) &al M4idinodainioa,

804 Tadauapofy a i6eu ia aide | 0

H(Sc)= HY(S0)% Kk k=K kyes,):
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6ol = (W;w; ) 2 H(Se), =(W;W; ) 2 H(S,). liddadeel aeeeidéiop
fo][e][o]
Z

B(; ) ckkis, 8 2H(S) 3)

c i caaenyudé 1o 1Aoiité ¢ > 0 [11]. Ooviéseliaé ildaiveasuiié yidoaee
aaoisiesiaaiiié ieanoeit eidao aea

Z
1 .
()= EB(; ) F 8 =(Ww; )2H(Sc); (4)
Sc
A84F = (fq;fo;f3; 15 2) 2 L2(S.)° 436010 caaaiind aiaeied iaddscie.
ia aioidé adaiedvd @ Scasasei 80adalad onétaey aednoéial cauaieaiey:
=0 ja @S; a4 =(W,w; ): (5)
Eaé ecaafioil, a itadee Oeiigéiél 1adaidndiey (x;2) = (W (x;2);W(x;2)) aey
o146 ieanoeid, 1onolyues 10 Nadaeiiié 11adasiinoe ia dann oiyied jzj h,
altdaaeapoiiy i Mitip 1adaiavaieé a ndaaeiité Madssiinoe (x;0)= (x)=
(W;w) & 68€1a 11418104 iidiaguitd na+aieé = (x). I8e yoii fiidaddacead

fedaopuea o618i6ed [20]:
W(x;z)= W(X)+ z (x); Ww(x;z)= w(x); jzj h; x2S

0 Té (x) &inoaoi+ii iae i8¢ andd x 2 €. Iddailéleedi, +0i 14daia-

+8ab ( x;z) 2, (ia A3daaab odaueid) ilaeil atndaceol i iMiiuip
ficdaia o6ieoeé W(x), w(x), (x) ia éseaié €, nedadpueié daaaifoaaie:

W (xz)=w (x); W (x2)=W (x)+z (x); jzj h x2%€; (6)

dadx=x z (x)tg (x).

Onetaed iaioiieéaiey 430441 0daueil caéep+adony a ofl, +0 1 daciiiou
iaddldvdieé  (x;z)* iaiieleecaelin adddad , " & (x;z) fa, aisidéoee
fa fisiaéu  n(x;z) aféeeia 4000 faiodedacagité (ii. [16]):

( (x2)"  (%2) ) ((x)cos (x);sin (X)) 0; (x2)2.:
N 6+801i (6), lafioadéyy yenoddiaséiiod cia+aiey z=h,z= h, iadiaei
[W ]cos hj[ ]jcos +[w]sin 0; x2%&;

i [VI= Vigr  Vig, - la8eedi
aea iaisiieéa iéy aey iaéeiiité odaueid

W l+[wltg  hi[ I x2&: (7)
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- Q

1adatiaaony a ecaanoiia one

Caiaoei, +of i6e 0 iadaaainoai (7)
i, AfaAdeeaneony a ieanoeiad  i1aaee Oeil-

jeéaiey agy addoeeasuins odauvei

2Aaiél [17,18]. Afee sed 46y 6a€1a 1141610 Aacece 0daueid ati  1éiypony Afo-
|“ paiey aeioach ¥4ioyind iidiasdé, Eeddaida Eyaa: itw;;i=0,i=1;2,
o (7) 16eieiado aea 6neiaey iaisiie éa iey aey iaééiiiié 0da uei( aieanoeia
Eedoaida Eyaa[7,14].
Caaa+a 1 daaiiaaneée iganoein, niaddeeatdé iaéeliiop odauei 0, 610i6-
6e3030My 4 aéad ieidiecadee 6oieveliaca yiadaee [16]
inf ..(); (8)
aaa
K=f H(Sc)j =(W;w; ) 641a680aiayao (7)g
iifae&noal anionoeins ooiéseé. Ecaanoil, o cada+a (8) éi 440 4aeinoaai-
A dadedied = (U;u; ) e yéaeaaedioia nedaopudio aadeacetiiiié iddaaai-
foao: 7
2K; B(; ) F( ) 8 2K: 9
Sc
E6Ai° 01al, i8¢ origiaee ainoaci+ité aeaaéinoe dagaiey daoeaoeiiité cada-
& (8) 66ieoey 6a1acdoaioyac nedadpudé aeooasdaioeasnité i Thoailaéa, fi-

AAAQ ~

ﬁc‘) iyuaé éc 6daaidieé saaiaaney (10) (12) & adaie+itd onet  aeé (13) (17):

iy (U)= fi; aSq i=1;2 (10)
mi () g(u )= §; asS¢ i=1;2 (11)
G;i(u; )= fs &S (12)
U= =0; u=0 ia @S; (13)
[ I=[m]=0; [ ]=[m]=0; tg =q fa%; (14)
=m =0; [U]+[ultg hi[ ] h jmj ia€; (15)
+ %m (U 1+[ultg +h[ D=0 ia &; (16)
%m (U 1+ [ultg h[ D=0 ia £: a7
E ia1a1a10, ainoaoi+il aeaaeay 66ievey = (U;u; ), 6aiacaoaisypuay (10)

Q N~ s

(17), yaeyaony daga |‘é| aaoéaoeiiiié caaa+é (8) (Ai. [16])
2. Aé 46IM0U dagdiey A feo+aa
i6ed 6 fiéatoey odaueil

I Q ~ £ ~

A yoiil dacadéa dafnniacdeaadony afi 6Tﬁ T daaceysiinoe daegai eé. Al fed
18 16a4aileadasini, ~of 44daaa 0daneil a0 dansiaeouny.  16fiol 04iddu daf-
@o00ea 08ateil a iaéioiaié 1édanoiinoe oi+ée x% = (x%;x9) 2 € yaeyaony

81484 Tleeil caiénaol a aeaa

[1=0 ia (xO)\ €&:



O&iddia 1. i6fdl F 2 CL( (x°)5e[]=01a (xO\ & OEaa 2
Ct( (x%)*:

Aleacaodsufioal. it ofielaep 0&IS&I0 &idpd 1&foT fAlofisdiey
Ul=[1=(0:0),[ul=0@& (x°\ &. Reaaaaddsii, aaieiypony mio-

i~ Or

iigaiéy (Ai. [21])

e

U; 2HY x%)% u2H( x%):

Agy ia+aca danfiiodei 6daaidiea (10) & iodaitaei, +oi 1it ad eiyaony oaeé-
@4 a1aganoe (x0). Ec aaseaseliiial iaoaaainoaa (9) imanoailtaéié i6iaiad
06icoeé asaa =, GaiABROAIOYUSS = (W;W; ), =0, W=0,iie6+8l
Z Z
i (U)Wi;j = fiw; 8w 2 H&(éc); i=1;2:
S. Se

Tofipaa, iMAiya faeanoe eioaaoesiaaiey i Scia  (x0), ieell 68481 le6+eou

daaainoaa 7 7 7 7
i (U):j= i (U);;= fi = fi
Sc (x9) Sc (x9)
agy epatd 2 C} ( (x9), i =1;2. Aaiida fitioilgaiey ide i =1;2 e Tida-

486ypo AITEIAIe4 5aAA&IN0AA & (10) & AIOMNEA dafidaaleaieé & Taeafoe  (x0).
Afagiae+ii eg (9) ieo=ei

Z Z
mj ()5 + Ggu; ) = i i =152 (18)
(x°) (x9) (x0)
Z Z
g(u; )si= f3 (19)
(x0) (x°)
agy epaié 2 C} ( (x9). lineaaiea iioilediey igia+apo, +oi 6daaidiey
(11), (12) adieiypony a AiGnea danidaaacdieé a taganoe (x9): Iddanocaaei
odaaiaiey (10) (12), aditeiaiita a (x9), Ae&adpuei 1adaci:
LC)=ru (15 2); (20)
M(U) = (fa;f2); (21)
Nu= fs f i; (22)

AMMoAA0MOAAINT. CAARl L, M, N yeeeioe-afieea fiadadis.
Aae8a eRTElcoAl BACOEINA0N T AIGOBAITAE A6aasifoe dAsdie & yeseioe-a-
fees 6daaiaieé (Al [22]). Ec (21) fiedacds, ~of U 2 C ( (x9)2. iieacedi,

|-
9;

2 Hipo( (X0 u2 Hjge( (x%) (23)
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E&aé1isiadseoi, +01 46y aadaaiilé aled 66ieoee ' Toladaeedied G : H(S) !
o by é/

G =p+ - " P

Ai6oaIya0 iAjodecacdeniné ciagé ia €\ (x0), 0. & &feep Oia €\ (x9), of
G(p) 0 ia&\ (x°:

Adénoaeodsiit, asy x 2 €\ (x°) &idai

' 2(x)
2

eeidéiinoe:

2
PO+ = 2(x)e p(x)=(1 " 2))p(x) + [p(x e)+ px+ e)] O

NN ,~\A,I\

EdNia 07al, ileeil caiaoeol fiedaopudd naiéno
G(Ap1 + Bp2) = AG(p1) + BG(p2)

48y 6pasd iRowiias  A;B 2 R. [iféleues  6&1asaoaidyad ia €\ (x0)
3024417040 (24), 601868y = UyiUpu ;45 , & fiees faiénoa loiadaseaiey

[u]+[u ]tg hil ,li fa €\ (x%:
Neaaiaaodedi,
[(U) ]+[u]tg hil( ) 1 ia &:
584046084 daRfdaeadiey Ticaleyhd cadep=eol, ~of 2 K. Tiafoaaei
a 420ea0eTii1a 1A0aadifioal a ea+anoad idiaité ooievee. A éo  1aa ieé+aai
jadaadinoal
hmii ( );"i (2 Dic+ hij (U);" (2 Ui
2hF; ic.

+hg(u; );( %4 u)i+t %4 i 5 . (25)

434 +adad ; c aey 6atanoaa aicia+ail neéaeysiia 16iécadaaied a niioadon  0ao-
bﬂéi 0TA0daifioad Lz(éc) (aéy idaaié +anoe a L2(§C)5). ltaeil 1614400,
01 BAciiiol 14eead atsaceaieyie

hiyj (U);"j (%> U)icé h j(d'U);"(d'U)ic
fieedd 4000 T6A1&ia A&006 13aa1é ~AROUp AEAA6PUAAT AAGAA 18 OAAAINOAA (26)
(fil. [23]). Aiagiag+ii saciifiou 1aeead

by ()" (% Dice hmy(d*' )"i(d" ic
[EEE)

husi + (24 )i+ %4 qice h(d (u)i+d ( )i(d Cu)i+d ( i))ic

\\\\\\\\ -

iTeed0 400U 04ésed 16aidia NAdd00 07é sed adeé+eéiié.
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[o0)}
Qo
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bmi (d (" )):"j (d (' )ic+ hj(d (U )" (d (U ))ic
+fhd (Cu)i+d (0 0))i(d (u)i+d (C i))ic (A+Bkd (0 kus,)); (26)

-

aaaA; B i1élee€0acuita adee+eil, ia caaenyued 1 . loeiaiyy aey ea

ié

af )2HE):

Ui 11, Ui12, §11, i 12; |

=1;2; Uj11, U;1p i0efadedeead
AA4inoar (10) ifeedd 4000 164AM0aAEAIT 0Aé:

N

=1
<
o
@ -
ox

U=~

1) f M
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10.

ON THE SOLUTION REGULARITY
OF AN EQUILIBRIUM PROBLEM
FOR THE TIMOSHENKO PLATE
HAVING AN INCLINED CRACK

N. P. Lazarev, H. Itou,
P. V. Sivtsev, and |. M. Tikhonova

Abstract:  The equilibrium problem for an transversely isotropic elas tic plate (Timo-
shenko model) with an inclined crack is studied. It is suppos ed that the crack does
not touch the external boundary. For initial state, we assum e that opposite crack faces
are in contact with each other on a frictionless crack surfac e. Herewith, the crack is
described with the use of a surface satisfying certain assum ptions. On the crack curve
de ning the crack in the middle plane, we impose a nonlinear b oundary condition as
an inequality describing the nonpenetration of the opposit e crack faces. It is assumed
that on the exterior boundary of the cracked elastic plate th e homogeneous Dirichlet
boundary conditions are prescribed. We establish addition al smoothness of the solution
in comparison with that given in the variational statement. We prove that the solution
functions are in nitely smooth under additional assumptio  ns on the function of external
loads and the functions of displacements near the curve desc ribing the inclined crack.

DOI: 10.25587/SVFU.2018.1.12767

Keywords:  variational inequality, Timoshenko plate, crack, nonpene tration condition,
solution regularity.
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ENNEAATAAIEA NTAIANOITNOE
IADATIDAAAEAINTE NENOAIU
AER TTATADITAT
OPAAIAIER TAEEIAEIE
OAIETDIAIAIINOE (IAUEE NEOXAE)

4800a0ai6eaduind 6daaiaieé n +anoidie i@
4464aiié nenoain 4e60adaiveaduind odaaiaieé i
dagaieé. Tiyolio aéy onoaitacdiey 6aéoa ol
ed idiecaiéa ioia
iié 140aii64aaeaiiié nenodit a
1Al ennedaiaaiey 1Meo+ait éaé 2
onelaey niaianoiinoe 1adandaadeai
+anoitie idtecaraitie. fa i y
ey Eeoaeesy & 0aidaia 1 o]
a0 oi+i0a dlodesaodséuind dagaiey if
gnisiaiainoe. Tieil yoial ineo+aid
aeeideind yane

al

oeail foaiyony ii-
y ideeiaéie odi-
a0&iiina sazdiey
&idéiié oieiiai-

& cdiey a86iT

iEpOeNiineg odaaidieé Aaiesuoiiz
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&y Adeeciaa, fayclaapued ddediey effedacainal iinal 1381181 68aaiadiey
oaienidialainoe N dlanocaaiitie iaeeidéitie yaiepoeliia ié 6daaiaieyie.
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faied ideeiaéiié oaietisiaiaiinoe, iaee -
i&+fay fediou Ganisif oBaiaiey aiciouaies,

A 3a4i0a fi eniéliciaaiedi 6oaai 0 7 ia14o1-
aeiil & atnoaoci+in onetaee imoaiveasiiinoe 44&o18ial i &y [3, 4] eécéasaao-
fiy 114814, Mcatéypuieé a dyaa fneo+ada élinoddeoeant noaieo U ifa0a of+ita

Paaioa adileidia ide ~anoe-+iié oeiaifialé itaaadeeed DOOE ( 51480 » 15 08 06680)

& Niadoa it adaioal 1d4ceadioa pififieénéié Oaaddavee 4&y Alf 64a0MoAAIie Taaddaeee aa-
&060e0 ia6+i06 géle (I 8081.2016.9).



iaiodeoaodelita dagaiey iifanasiial 6daaidiey idéeiaéi 1é odietiaianaii-
fioe fi éiid=+iié néidinoup danidinodaidiey aicioudieé [5 7] , +afnou é¢ 101600
ia yaeypony eiaadeaioitié i oi+ée ¢daiey addii 0i+a+ito 1d6a 140aciaaieé e
3001 Ee  Ajéediaa [8, 9]
2. 1i1a0i&diia 6daaidied ideeidéiné
oaieniotaiaiinoe i iayaiti atdieeadiedi
banfiiodei 1i1aiasdiia 6daaidied ideeiaéiié odietisiaia iifioe
> —+ —+
u=r (Kuru); u=uxt):s R ! R ; (1)
~ s O ~ AL N AN e =t N O
aaax 2 R"; S R" faeanol; R* =(0;+1); R =[0;+1); u(x;t) 0 oai-
O X AN XN ~X QA A LIt Nar Ax 0 20 s O s e wax N A SO =t ex
1adaooda ndaaa; K (u) 0oiévey, Tioadaéaiiay ioé anad u2R ;K(u)> 0ioé
Y O~ — AR AANNO s 70 i N70O rsAs
u> 0, ide+&i K(0)=0; K(u) 2 C3(R*)\ C(R ) e&lyooeseaio iaeeiaeié
odiglistatainioe. Odaaidied (1) aigieéado af iilaed iveee a4i0d cada+ad e
idefagedeeed € éeannd oaé iacliaadilo idyail atdisedapuediy i adadiee+a-
fieed odaaidiee. Noaiaay jacdiaoe+aneay odidey yoed 6daaid ieé addao fala
ja+aél & Noaaieoasiin idaaaied 5aaloas [5,10 12]. Afpad ay olé daaioa 1oii-
fieodéuit 66ieévee K (u) adaai idaaiiéasdaou, +of
al
K (u
(u) du< +1: 2
u
0
: iaeidi é ainoa-
oi+i0i 6iéTaeai éiia+iié néidinoe danidinodaiaiey aigiou aieé aiaioa
N A AN ONA A~ 7 AN AsZ7O /7N ON = ~\ O N AA O ~ hY — by A~
iiéfildaaild 6odaaiaieai (1). Ediia oiai, anéé K (u) 2 C?(R*)\ C(R ) ¢ ao-
iieiyaony iadaaainoal (2), of 6daaiaied (1) Mmeii 116N a fanoaoceiiasiié

uetr (uf(x;t) =0; ®3)
K (u
f(x;t) = KW,y 4)
Refiodia 683aMAIe6 (3), (4) JAGYAONY IAOATIBAAAEAINE (+6fi &1 63AAIAISE 154
aingiaeo +enel enénisd o6oieoeé, iacdseaved Tiddadeadiep) 1 oiifiéodenit

| = ft <t< +1g; S i818€6ey G a R". 1+4aeail, +0i 6 14daNda-
adeaiité nenoain odaaiaieé (3), (4) iieedod aiaua ia nouanoa 1420l dagaieé
[iyo1i6 4ey éroaitacaiey 6aéoa fivuanoaiaaiey dagaieé e foa 1aié ed islecai-
éa iatadiaell 181adnoe ennedaiaaiea e aiaéec naianoiinoe 1adailisaaaeaiiné
fienoaid (3), (4). 140140 effgaaiaaiey Ataianoiifioe iadari 824464ii06 nenoai
400A0AIGEABING 6BAAIAIeE i +afoilie iBiecalaitie ecéle &i0 & [16 19]



T0i1a081, ~07 65aaiaiea Taseiaéiié daieTataalifoe (1) & & 8186118 48004-
B3ai6easniia 65aaiaiea fi +anoitie idlecaaitie AdATAT 115 yaga (3) vieeft
Bafifiacseaadl eae fefoalo 65aaiaieé i ac60adAIBRAENNE fid Youp (4). 88
yoli 18014 4600804168280I06 NAYcaé [17 19] AGUAROAAIT &R  1T6lc6ad OAidep
AialafoITOS AeR0Al 4600A5AI6CABITN6 60aaialeé. A[20,21 ]daffiaodeasifi
iBesieeaied yOTal 180148 46y 65aaiaiey (1) AT AOAIAIGI &1Yy0 68684107 OAi-
sfisTaaifoe.
isaaiieieeel, <of  f(x;t) 2 CHG ! R"), oiaaa AMoiioaiea (3) ide caaai-
16 a86015-06i608e  f(x;t) yaeyAoRy 60aaiaiedl Eesacssy [1,2] Tofinedasnrt
u

v
K

“(u) = KOg4. v o ~(0)=0 (5)

0
[Tieil yoiat aaéao iioliiinoe " (u) fGLAROAGAD Tadadiay doiesey ~ 1( ),

i8e+ai 0 <" (1) +1
Caid+aied 1 A 3a4ioa [22] 16124441 effeaalaaied ftaianoiioe iada-

iM M fe 628 f(x;t) =

A(t)x B(t), aadA(t) ]
B(t) = (bu(t);:::;ba(t) 016-0164406; a; (t), b(t) 2 CY(R*);i;j =1;2:::;n.

neéé+ay, éiaaa adéois-66ieéo ey f(x;t) 2

é

[adaéaal é sanniiosaiep Taudal neo+ay, &1as
R" 641a880416y&0 acsp+aiep f(x;t) 2 CL(G! R").

3. EAfiedaiaaied naianoiioe iadanisdadeaiié
fenoail 6daaiaieé (1auéé neo+aé)

A yoii dacaded e Tioaadeaiins ivdainelsedieyd 10ifieoae il adéois-
ooiesee f(x;t) 2 CHG ! R") e i efiélciaaiedl 0&ldain 1 iloaiveasuins
Ti80201680 [3, 4, 23] 6R0ATAAEEAAROAY, +0T HEAEYBIAY 6616 &y u(x:t), TIBAAAEYA-
iay ec Aiioiigaiey (4) e 6aiacdoaidypuay édaaiaiep Eedaeee ¥ (3), yaéyaony
o101 BAgaiedi 111aNadiTal 6oaaiaiey iaeeiaéiné oaien araiaitnoe (1) f
AR NS o an .

O&iddia 1. Tofou admeidin onetaey (2), (5) &
ey f(x;t) 2 CY(G! R") Aaycaid ilioiigaieyi
@ @ o
—fi(x;t) = —fi(x;t); i6j i =1Ln: 6
@x j(x;t) @x i(x;t) iob (6)
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Oidaa 66iéoey
~ YF(x;t) ataeanceF(x;t) > 0
ury=  (FOGD) aacanoe Ry ™)
0 a14éanoeF(x;t) O;
71
F(x;t) = (fC x;t);x)d; 8
0
Tiddadeyaiay ec (4) & 6alagdoaidypuay odadidiep Eeocaeeey  (3), yaeyaony
o1+i01 ialode6a0adelill dagdiedl odaaiaiey idceéiaéiié oai éfiotaiaiinoe
(1). 18 yoii adieiypony flioilgaiey
F. = R(F)*F +jr Fj?% (9)
d 1
—In"> YF)= —_— 10
dF (F) R(F) (10)
R(F)= K( *F)); (11)
fo=r (R(F)r f jfj?): 12)
EoNia 014l 60aaidied  (9) (fidadonoadiii (12)) yaeyaony ainoaci+iai  (i&iaoi-
aeidi é ainoaoi=iai ) 6fetagal ilaianoiinoe 1adatidaaaeaiiié 1oiifieoaeuit
o6ievee u(x;t) nenoaid (3), (4).

Aléacaoaeinoal. iddze4d anaal 10idoei [23], +01 aey imodiveasuiinoe
aaeoisiai mey  f(x;t) 2 R", 1iddadéyainal 6isioeié f(x;t) = r U(x;t), iala-
6iaeil & aifoaoci+it, +01al aal éniliaion 6ataeaocaisyee il foiigaiep (6).
i8e yoii Affoadonoadpuee imodiveas U(x;t) Tidaadeyaony niaeanit odidaia 1
T0&i6eaéuins 1148a0idad it 618166

71
Ux;t)= (F( x;t);x)d + (1);
0
334 (t) 18tecateuiay 66iéoey, caaenytay 1o 1ddaiaiié t. N 6+40fi 610-
1680 (5) 68aaiaiea (4) ileedod 400U caiénail a aead
r- ()= f(x;t): (13)
N ado6aié noiania, oaé éaé anieiypony daadifioda (6), Atagan it 0a416aia 1 1i-
04i6eaenind 11adaoidasd ec noilgaiey (13) iedasdao, ~of
71
“(u)= (f( x;t);x)d = F(x;t); (14)
0
aad (; ) feasyoilaisiecadadieda R". Niioilgdied (14) ideaiaeo é fidadda-
eeainoe 616i16e0 (7), a éloiaié ~ 1 poiesey, 1asaoiay é ", AGUAROAGpLAY
a fneeo inioliiifioe iihedaidé. E¢ 6i0ioe (13), (14) eidai

r F(x;t)y= f(x;t): (15)
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llanoaaeyy 66iedep (7) a 68aadidied Eeoaeeey (3) e ideidiay a 1 aiéiaiea
6i8I660 (5), (14), iGediadl & iaseiaéiio yaiepoetine 68 aaiaiep oeia
iaseiasiié oaiETisiaiaifoe (9) & fAtofieaiep (10). i3é yo i 65241484 (9)
yaeyaony aifoaoi+idi ofnétaeadl nfaianoiinoe
r @u = —@r u
@t Ot
1A6aTI8aa464i1é 10iiiedasnit 66iésee u = u(x;t) nenoaia
i Ei2
Ut = % u; (16)
p— u .
us= K (u)r F; a7
ifeo+aaiié éc (3), (4) i 6+a0i 618i6en (15). Aadénoaeodéuil , oanientaay
6fieiaca ftaiafofifioe Aefodia (16), (17) & 6+e00aay, <0f u(x;t) 6 0, ife6+&i
r @@y @@{ u= ﬁr [Ft R(F)F jr Fj2:
i5& yoii 6131680 (7), (10) idEATAy0 & 6Ai-64 5aadifioa
-~ 1 . — dF
u(x;t) = (F(x;t)) =exp m (18)
Eaii& 0141, &¢ fiTiofizaiey (10) A 6400 613168 (5), (7), (14 ) AE&A680 idAAA-
82aNoU doieseliasuiial Afoiteaiey (11). 1oidoel, +of e fiodia 6daaiaieé
(3), (4) 1880 daGaRA 40614 T0AANOAABAIRA
u= r + i u; (29)
K
u
ru KW (20)
[Téazedl, +01 6daaiaied (12) ia 43é018-66ie6ep f 2 R", 4701811 F 1iddaaey-
Aony 1MRdaanoal 618i6ed (8), yaeyaony iaiasiaeii & aifioa o1+i0i 6netaeai
fitaianoiinoe 1adaiidaaaeaiité foitneoaeuit o6iecee u = u(x;t) Nénoaia (19),
(20). A faili 4363, dafiefi0aay 6R&TAca fTaiaRofNnoe AeRd&l O (19), (20) & &fi-
éép+ay é¢ dannilodaiey odeaeaeliia ddgaied u(x;t) =0, éidai
r g&‘ @@{ u= %[ﬂ r (RF) £ j f):

o

Eoae, afiee fefodla 60aaidieé (19), (20) Ataianoia =
f(x;t) 6aiagaoaisyao odaaidiep (12), e iaiaidio, anee  f(x;t) 6aiaéaoaiayao
65aaiaieh (12), of Aefiodia (19), (20) Ataidfoia. 18e yoii A
(17) & (19), (20) yaeypony idaladaciaaieyie Adsesiaa [24],  fiaycOaapueié fi-
10230M044iiT dagdiey u(x;t), F(x;t) & u(x;t), f(x;t) 6daaidieé (1), (8) e (1),
(12). EA467 151285801, +07 061868y (7) AsyaORy Saoaiedl 68 aaidiey (1). Adé-
foaeoaelit, ianoaaéyy (7) a (1) & éniéucoy 6i8idea (9) (1 1), (18), i&oda6aii
648aeouiy, +01 6daaidied adieiyaony oleeadnioddiil. O&lda ia aléacaia.
1018081, =01 138  n = 3 6AETAGA (6) Tcia=ads, =of r  f(x;t) = 0, o. &.

Aéoiditad ifed f(x;t) Adcaeboaaia.



EAne&aiaaied aianoinoe iadansaadsaiiné nenoaia 55

Nedarioaed 1. AnéeR(F) > 0, o 6daaidiey (9), (12) caieedony oaeé:

Fo= F +jr Fj% (21)
fo= r(r f)r fj% (22)
& ya&ypony inanasitie aiagiaaie [25, 26]i4iTIA511AT 653aiAiey ApaaasHa
Up + UUyx = U xx
334 2 R* &ly06esedio 4e666cee

149400, 1iT aéep+ado a naay oeie-iop fadeeidéiiiou i oeie+it aiefan
06cedé e Tyolio iieedd danfiaodedaclny éaé iaeeidéiay aaon ey éeiaéitan
6daaiaiey odienaiataiinoe. Ai-4018006, yoi 6daaidied iiee ii A+eodaou 1aii-
iadiié 84a080e4¢é 14 14i44 cadnoind odaaidieé laaua Noién a, 0aé éaeé i
a 161N0déwaé é¢ aiciieeilio 6181 Tieflaado aaeaif ideead iaeei aéiai éfi-
4380RAIGI (+6A1 UUy) & ABNNGIAGRAINT (+8AT U ) idI0AARAIE. A-08200é,
+07 didacal caia+aodelida, aaiiia 60aaidied iieedd alou éei  aadéciaail i6e
ifioe ecadnoiial ivaladaciaaiey Elsea Ofica. Eana ofai , & yoed daai-
040 éacail, +01 1auad dagaied 6daaidiey Apdadsna ieeil il eo6+eol a yail
aeaa

pagaiey 63aaiaieé (21), (22) Raycail 61i68ié (15). Tneit yolat a
daffiiacdeaadiii eé+aa fioilgdiey (19), (20) ideieiapo a ea

Ug = 1jfj2 rof u rus Lo (23)

Ner N QresimexA AR PNVEN

1enor afaiinoe

ide+ai |

Z1 X .

F(x;t) = xifi( x;t) d + 2R,

o i1
A44F (x;t) 00ievey, 6alacaocaidypuay 6daaidiep (21). Oaé éaé 1auda o aga-
ied odaaiaiey (24) 6idigi ecaanoil, 1t 6idioeal

F(x;t) = Inu(x;t); f(x;t)= r Inu(x;t)
ileell iaéoe 01+i0a dagdiey 6daaiaieé (21), (22). lofou R(F) > 0, 0laaa
00iéovéy
0 I 1

14 %
u(x;t)= exp@ = xifi( x;t) dA; 2R*;
o =l
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yaeyaony ol+idi iléleee0délill ddeaiedi 6daaidiey (24). E& fia ofal, aae-
015-06ievey f(x;t) 2 R" 64iagdoaioyao odadidiep Apdaddna (22), a a0idia éc
filfoilgdieé (23) iddladaciaaied Eicea Ofida, faycoaapu aa dagaiey

f(x;1), u(x;t) odaaiaieé (22), (24).

Neaanioasd 2. i6fiou R(F)= F , oiaaa (9), (12) ideiéiapd fiioadonoaai-

il aeéa 6daaidiey ideeidéié oaienisiaiaiioe
Fi= FeF +jr Fj>, 2R"; (99
& [aeefaéinan eiodasiae6oadaioeasinal osaaidiey
0 2 1
r @ (fF(x;t);x)dr £ jfj?A (129
0

f0iiiie0déuil adéois-06ieévee f = f(x;t) 2 R". I8¢ yoii 68aaiaied ideeiaéiié
[ ) fitaé di6ed  (18) éiiedaoecedddoiy & caiesdony a
u=r (uru; u=uxt:8 R ! R*; (19
d84x 2 R"; S R" 1aganol; 2 RY.

AN A RPN

04l faidil ¢ 04184l 1, 2 daaion [22] & 0&idait 1 Aaiilé fdaoue f €344a064ao,
+07 6daaiaiey (9 9, (129 1aeaaapo yaidie oi+idie dagaieyie

Foot= 2uoat) ; fa = uoGt) I uet):

i8e yoii  u(x;t) i&lodevaoaeuiia 6éﬂéléé 6daaidiey denoié ndaad (iano a-
6eTiadié 6eeiodaee) (1 ), e6+Aiiia 4 5a4T0a [22].
Oaiddia 2. 16fol adileidin onetaey  (2), (5) (6) & éfiitiaion adeois-
iiar ey f(x;t) 2 CYG! R") 641aed0aidypo iiioiigaiep
f X @f
r X;t) = —fi(x;t)=0: 25
(x;1) @x i(x;t) (25)

i=1

Oiééa 6 6iévey u(x;t) aeaa (7), (8), Tisdadeyaiay ec (4) & Gaiagaoaisypuay

ron

o0daaidiep Eedaeeey (3), yaeyaony oi+ili iai0de6acdeinili dagaiedi iii-
aN&di00 4eeidéind yaiepoeliind odaaidieé oeia Aaieéior ja Réfae é
oaietigianainoe
K
U = I(Ju)Jr uj; (26)
K?(u)
= . 27
Ut K(u) uKqu) u 27)
888K qu) = XKW K(u)6 u, 2R*,ide+a aditeiypory ftiofisaiey
=jr Fj% <F =0; (28)

fo= 1 fj? (29)
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d

—In" YF)s ——+—; "~ YF :

R ey F)eo (30)
E&Ni& 01a7, 00aaidied  (28) (A0adonoaaiil (29)) yaeyaony aifoaci+iai  (idia-
éiaeidi e 'Tﬁc‘)a()‘—lm )oneiééé’l‘ fitaianoiinoe 1adalisaaaeaiité 1oiineocaen-

~ e~ s fAAN AN Q

Aleagaoaeunc‘)é Dannoaeaay, @aé 16e aléacanadelinoad 0aisaid 1, 16ea6i-
4éi é fidaddaseainoe 6idioe (7), (8) & (13) (15). 18e yoii il fofigdiey (6)
yaeypony iatasgiagiaie e aTﬁoa(‘)T;imé oneiaeyie aey olaf, + ofal aaéoiaiia

CAN O i NN i sAN TX N SANAY ~MAAN A D N NN A L

ifed f(x;t) 2 R" a0&1 iodiveaguiti. 18 yoli Alioadonoasdpueé iModive-

aé F(x;t) Tiddadeyaony nasanit (8). N adoaié foidiin, a neesd onetae v (25)
aaéoisiia mea f(x;t) 2 R" ﬁ gaileaaedii (iafieeiadil). A nayce i yoei e
01816& (15), (25) nNeaaddo, ~oi 66ieédey  F(x;t) yaeyaony dasilie+anéié, o. a.

F (x;t)=0; x2S R"; t2R": (31)

Oaé eaé ec danfilodaiey efiesp+adony 0deAAsUNA 5A0AIRE u(x;t) = 0, 6Baa-
iaieéd (31) caieégaony a aeaa
K(u L
K@wu = 9wy o (32)
gee, +of of aea naiia,
Ku 1.

u + — =0; K 60: 33

Ut R u FutE0r KW (33)
itafioaasyy 66iedeh (7) a 65aaidied Eecasssy (3) & ideidiay & T aiciaied
6131086 (31), 66+l 6dAaiaiea (28). Niloilgdiey (5), (7) , (14) ideaiayo &
fidaddaeeainoe daadifoaa (30). Ec 6idide (13), (28) fie&dadd o 6daaidied (29).
Aledd 6daaidied iaeeiaéiié oaienisiaiaiinoe (1) i 6+aofi f ffoitgaiey (32)
leedo alou idatadaciaail & ideefaéini yaiepoeliiti 6daaia ieyi (26), (27).
E&4é1 i61addeoi, +01 00ievey  u(x;t), Tiddadeyaiay maeanii (7), (8), 6aiaéa-
0410y&0 6daAaidieyi (26), (27). 1aéli&o, ajagiae+il, éaé é a 041daia 1, aiéa-
claadony, +01 6daaiaiea (28) yaeyaony aifoaoi+idi, a 6daai aied (28) iaia-
oiaeidi & aifoaoi+iti 6netaeal nfaianoiinoe 1as Té" "ééé iité Aenoaia (3),
(4). Odidaia aiéacaia.

Caid+aied 2. 101808, +of 6daaidiey (28), (29) yaéypony fifioadonoaai-

it écadnoinie 1Manasitie iaeeiaéitie yaiepoeiiidie 6da aiaieyie Aa-

ieéliolia Réfae e aiéia beéiaia.

Oriétaey 0ardaid 2. Olaaa o66ievey (7),
1i64adeyao éeann oi+it6 iaiode6a0aeiins
odaaiaiey (33), T(‘)Clﬁéeéa ai0d ec éaaa-

(8), vatagaoaisypuay 6

dagaieé jaeeidéiial yeeei c‘)e anél
8a0060d

Nedafoaed 3. i6fol
fiél

T (u)= md =F u O (34)
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A34F aadilie-anéay o6iesey
Aiéacacdelnoal. A nidaadaseainoe yoial dacoeivaca 6adaeiny iainoda-
foaaiiié mmanoailagié ooievee (7) a enneaadaita odaaiaiea (33). Eoaé, ita-
fioadeyy (7) a (31), idediael é ddaaiaiep
R K¢ Y(F)) 1 . .
< M)+ = = r° YF)ji*=0: 35
0aé éaé eiado ianol caaeneitnou
d (F)
~ 1 —
r (F) aE r F
e 06ieoey F = F(x t) dasditie+anéay, o. &. 6a1aedoaisyao odaaiaiep (31), of
fidaadaeead iiiofigaiey
dZA l( )
o 1 = ~ 1 =
(F)=r1 (" *F)= ——ir Fi%
. . d YF),.
i~ ez =1 Epye pp2

Aagad, ilelcoyni Tidaadediedl o6iesee, oaiacdoaidypuaé n  Toilgéiep (30),
jagiaei, ~of

a '(F) _ =~ YF)
dF  K( (F)’
@ MF)_ "~ XF) KA (F)) ¢ YF)Z:
dF? K2(" Y(F) K3(C X(F)) '
O4i faidi, efifeucsy iMeo+aiina 61di6en, iaodoail 6adaeoi fiy, ~0f 6daaia-
iea (35) adieiyaony ofeeaan Oéé'l’ Iaeliao éc 0ail+-ée daa ainoa (34) nedadao
fidaadaeeainon 61ai6ea (7). Nedanoaed aiéacail.
15eidd 1. T6fol K(u) = u, 2 R*. Oldaa ideeidéita yeeeioe+anéia
652aiaie4 (33) caieoAdny eaé
u(x)eu (x) +( jir ux)j>=0; u(x) 0, 2R": (36)

Sc 6424040600 (34) TT66-8l, 0 65aAIAIRA (36) 14624240 O+ (01 1AT050A-
04éuili ddwgaieadi

wpy= (P ODT ARt > o
0 a faéanoeF (x) O;
443 F (x) idlecaieuiay aaditie+aneay o6iévey. 18e yoi F (x) Aaycaia fi
06iecedé f (x) oiaioeré (15) lofioll  n =2, aicuiai Aadifie+anésép 6oievep

fio
aeaaF (x1;x2) =3x2x,  x3. Olaaa 60ievey

3x2x, x3 7 afaeanoe x%x; >0
u(xa;X2) = o ) .
ajaeanoe Xgx, x3 0
yaeyaony oi+ili dagdiedl 6daaidiey (36) a aaociasiii éiidae faoifi iai-

fiodaifnoaa.



ERAneaaiaaied maianoinoe iadaiioaadssiiné nenoaia 59

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

aaiéyo meacali, +of 0i+i14 dawaied 6daaidiey
1 dg(u) 2
=0
2g(u) du o Y
Ti5a4aeyaony éc 6aaadaodsd
Zu
(9( N)*?d =v;
0
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RESEARCH OF COMPATIBILITY
OF THE REDEFINED SYSTEM
FOR THE MULTIDIMENSIONAL NONLINEAR
HEAT EQUATION (GENERAL CASE)

G. A. Rudykh and E. I. Semenov

Abstract:  We study the multidimensional parabolic second-order equa tion with the
implicit degeneration and the nite velocity of propagatio n of perturbations. This
equation is given in the form of an overdetermined system of t he di erential equations
with partial derivatives (the number of the equations excee ds the number of the required
functions). It is known that an overdetermined system of the  di erential equations may
not be compatible as well as may not have any solutions. There fore, in order to determine
the existence of the solutions and the degree of their arbitr ariness the analysis of this
overdetermined system is carried out. As a result of the rese arch, the su cient and the
necessary and su cient compatibility conditions for the ov  erdetermined system of the
di erential equations with partial derivatives are receiv  ed. On the basis of these results
with the use of the equation of Liouville and the theorem of th e potential operators,
the exact non-negative solutions of the multidimensional n onlinear heat equation with
the nite velocity of propagation of perturbations are cons  tructed. In addition, the new
exact non-negative solutions of the nonlinear evolution of Hamilton Jacobi equations
are obtained; the solutions of the nonlinear heat equation a nd the solutions of Riemann
wave equation are also found. Some solutions are not invaria nt from the point of view
of the groups of the pointed transformations and Lie Backl ~ und's groups. Finally, the
transformations of Backlund linking the solutions of the m  ultidimensional nonlinear heat
equation with the related nonlinear evolution equations ar e obtained.

DOI: 10.25587/SVFU.2018.1.12768

Keywords:  multidimensional nonlinear heat equation, nonlinear evol ution equations,
nite velocity of propagation of perturbation, exact nonne  gative solutions, Backlund
transformation.
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CAAAxA EIGE AER OPAAIAIER

Aiiloasey. Effeaacaony caaa+a Elge 46y 6daaidiey danidaadeaiinar iid yaéa a
4aiaoian i8inodaifoad n asiailé isiecaiaiié Addaneiiaa Faioor & fi eeidé-
i0i 1a0aie+Aii0l 118040181 4 16aaié +afoe. iaoiaaie o&ioe ¢ idatadaciaaiey
Eaigana iaéadin ongtagy nouanoaiaaiey & aaeinoadiiinoe o4 gdiey casa+e 4 ioi-
fi03aifioad yenilidioeaguil danoouesd ooieéseé. Dagdied idda fi0aasaiT 4 ac4d &ii-
005141 iddadasa 10 da¢ietiadion 1adaie+aiitar Tiadacida fil fiéfeeill ad&614i-
ofl, Ti64a46yai0l aeall dafiddadesaiiie idlecaaiié. Alea cafa afageoe=iifiou
ieo-aiilal dagdiey a idaaié iecieingifoe éniedéniié ie Héifoe. Teo+ai-
i€ 1aueé dacoeioad efilelciaai ide effigédaiaaiee casa+e Ei geé aay faié ei-
0440614200854i62a80I¢ Mefdail 6daaidiee, idaaay +anol & 0151¢ 138aM0aaEYA0
fitaié éfifcedeh eiddadasuiial i isifiodaifioadiinl 1asa &ff0i & eeidéiial

N ARANIN 2 9 A AQ AN~

idaladaciaaieé iaecaanoiié adéois-ooiecee.
DOI: 10.25587/SVFU.2018.1.12769

ép+aa0a nefaa: yaiepoeiiia odaaidied, adiaiay isiecaiaiay Aadaneiiaa
1601

aio

T me

Qrrama

, cada+a Eige, 66aaidied daniodadeaiiial ioyaéa.

Odaaidiey c dafivdadéaiitie asiaitie idiecaiaitie anoda+ apofy ioe
jacdiaoe-aneén itadeedsiaaiee neieild fiefiodl [17]). NOU&R 04640 aleugia
giee+anoai 6aaio, 1Mnaytaiind éa+anoaaiiiio e +eneéaiilio afaéeco dacee+-
06 odaaiaieé i asiaitie idiecaiaitie, 10iaoei fidaae ied da alo0 aadoioia
aaiiié noaoue [8 19], 4eecéea ii idoiaal ennedaiaaiey e i ayuaiioa ennea-
aiaaiep éa+anoaaiiis anoinia dacodeéiiioe 6dadidieé asi aiian moyaéa a
4aiasians e éleasiil ativeend idainodaifioaas. A ianoiyuaé & aaioa daniniao-
deaadony casa+a Eige a6y 00aaidiey daniodadediinal astaii &l ioyaéa fi isi-
gcaiaiié Adoaneitaa Eaiooi

Zb
P()Dx(t)d = Ax(t); t O
a
a 4ajaotai isinodaifioad. 1iadaoio A idaaiieadadony eeiaéiti e 1adaie+ai-
i0i. Atéacaia 0&idaia 1a iaiicia+ié dagdageiinoe yoié caa a+e aioinoodai-
fi0aa yéiiiiaioeaeuii danoduied 06ieveé, iied+ai aea da dagd  iey, aiaeéoe+a-
figlal a idaaié neoiginéinoe. Meo+aiiaé 1ac fiiféugiaal ioe
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i8¢ > Ofaigia=éi g (t):=t 1=€( )aeyt> 0,
Zt 7t
Joh(®)=(g h)(t):= g s)h(s)ds= (t s) th(s)ds:
0 0

ool > 0, m faeidiliodd 64614 +efiel, 18 dAAINGIASITE +efie
1a0+iay islecaiaiay idyaéa m2 N, D, Aadtafay isiecaiaiay
Eai6o1 [20, 21], 0. &.

rX 1
D, h(t):= DMJ™  h(t) h®) (0) g1 (1)
k=0
6ol X Aafadial idifiodaifioal, Taicia+el ~adac (X) aaiadiai 1oi-

fodaifioal anad eeidéito aidadnaits 1asacisia, adénocadp ued eg X a X:
aépai 04104i0. Taigia+e i
Sap: o = f 2C:jarg( a)j< o; 6 ag T =ft2C:jargtj<’;t 60g;
R. := f0g[ R, . id&14daciaaied Eaisana 66ieoee  x 1R, | X 4644 1aicia+aoi
+48acX.
O&ld&ia 1 [22, 0&1641a 2.6.1]. 167l o
X. Ol3aa fi63a0pued 60addeadiey yeacaasaiol
1. O6iesey R €1440 aiageoe+aneid ioiaieaedied R:S,,. ,! X, ide yoi

8 2(=2 o)9K = K()>08 2Ss. kR( )kx jK(a)Oj:

2. N6UAMoasao oagay aiaseoe-aneay 66ieoey Tt , —,! X, +of
8 2(=2 0)9C=C()>08t21 ., kT(t)kx C( )e*Ret
e P( )= R()i5e anad >a o.
2. 1 dagéiee caaad+e Eigé aey yalepoeriiial
60aaiaiey danidaadeaiiial asiaial iioyaéa

56 A2 (X)daffiiodel caaa+6 Eige

x(0) = Xo (1)
46y 4800A0A16AIITAT 65aaTaIey dafidaaasalial loyaea
7Zb
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THE CAUCHY PROBLEM FOR DISTRIBUTED
ORDER EQUATIONS IN BANACH SPACES

E. M. Streletskaya,
V. E. Fedorov, and A. Debbouche

Abstract:  The Cauchy problem for a distributed order equation in a Bana ch space
with the fractional Gerasimov Caputo derivative and a line  ar bounded operator in the
right-hand side is studied. Existence and uniqueness condi tions for the problem solution
in the space of exponentially growing functions are found by the methods of the Laplace
transformation theory. The solution is presented in the for m of a contour integral of
the bounded operator resolvent with a complex argument dete rmined by the form of
the distributed derivative. The analyticity of the solutio n in the right half-plane of the
complex plane is proved. The general result is applied to the research of the Cauchy
problem for an integro-di erential system of equations wit  h right-hand side in the form
of composition of an integral operator with respect to the sp  atial variables and the linear
transformation of the unknown vector-function.
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0adaeoada aal elioagoa i iaieieodsdl. A ea+-anoaa iaiteieo aey +~anot atnoo
iapo ofieed aisiéia (aéep+aiey). A faip i+ad3au, itadeesdia aied adaaiey
A1eiéli 1laedd 400U Baci(i i of+éeé ¢daiey iacaiaoe+anéié iia aee; iae yofi
@a+anoai iiadee neeuil aeéeyao ia élia+itné 8acéetoao. A Tifie  Aaied alad ao-
i8iail Aléligia ~efél daalo, a 101000 11adadied aréiéli i entaaaony ia -
flad 11adedé aasie Addioeee Yéeana e Oeilgdiét e dacee+itd EEEEII)]
1laaeaé, 1Me6+adiis inea 1adasiaia é 164aaeo i1 6ece+aneée i Tadaidodai
[15]. 18 yoii alioieasini fonsiaied aieiéali 1o faycopuds 1, +of fi of+ée
coaiey 1a0aiaoe+anéié itadee icia+ado iace+ea 8acdaca (08 Aaueil) a jasanoe
dagaiey. Eae €cadnoii, eeanne+anéeé 1Madia é tienaiep 08au & 4 4306161e806-
406 046ad 6adacoadecodony eeiaéitie edaaadie onelaeyie i 4 43043306. 10é
yoil 1fadéeé alionéapo acaeiila idiieéaiea 4addaaia, o 18l 084a104+e0 idaeé-
0&éa [6] A 0éacaiitd alwad daaioad, Toiifiyuedny & ofiéel aéeé p<aieyi, ia
4308330 00aUe] caadaaceni 1aceiaéina e5adana oneiaey, ia afioneapued aca-
eifial idiiecaiey 4384aia. A yoii ie6+aad danfiaodeadditdc  aaa-e 1diiiyony
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@ éeanno idtacdi i idecaanoidi iilsedfioan éficaéoa. Ii ial a6 dacee+ind
€8234a00 casa+ 0adidee odauel i édadadnié onetaeyie acaeiial iaigtieeaiey
4804414 Tieell 1482080URY & [7 23]

Nouaioaopo & 496aed iiasial, efileucoaind aey Tienaiey aéé p-aieé a
6i563e6 0a8a0 4ac TORETaIey [24 28]

Nedaodo oaéeed iMa+a06i60l 0d6aiNnol 100féaiey 65a8a0d 6fé 1aeé a oi+éd
alidaéoa aéep+aieé. Oeacaiind oi+ée yasypofy oi+-éaie iiio yeediey, 1yoiié
aéa fiifoadonoadpued 66a4anc 6neiaeé caaeneo 10 11aaeaé, eniieicéaits aey
fiefaiey aéep+aieé. 1oidoei aiéiigia +enél 5aaio, a éioiand enneaaiaagena
caaa-é flidyaeaiey 6as a fie6=aa ofiees adep-aies, 0aé & A 4864 &b fe06aseyd
[29 37]

A aaiilé daai0a ennedacaony cada+a nMidysediey 4400 01iéed & éep+aieé,
daniéleediins a 6id6al 0&ed. Eaé ansi 10i&+ail, ivdadedia EREGEGEURT)
iadai&0dal 48y aéep+aieé Addiceee Yéeadda e Oeilpdiel idea 1ayo é oac-
ge+i01 108a480i01 11aaéyi aey olieed aéep+aieé. A +anoiino e, Tieeil 1i-
@60l fanéleuél dacitd i of+-ée cdaiey itadéediaaiey iiedee anoéesd aéep+a-
jeé. 10 danfiaodeaadi ned+aé iledaeanoeial aéep+aiey, imeo +&iial éc 11aa-
ée Adoideee Yéedoa ide 1adaoiad 1adaidoda aanoéinoe é aané fia+inioe [3].
Oeéacaiiay 11aael fladdeeed Taleéitadiila 466640ai6easiing 68aaiaied +ao-
44007141 iidyaéa aey Tidaaaeadiey idiaeaa oiiéial aéep+aiey fi i0aaié ~anoup,
6+e00aaplaé aeeyiea 1édozeapliddi 6id0aial 0aea; éanacaéui (a 1asaianaiey
O1iG1aT aéep+aiey ide yoii éiapo caaaiidp fod6E0686
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iINOU dadeadeiiite e iihoaitaie. iaéaai 0 6néefaey nay-
aediey a 01+e4 éiioaéoa olieed aéep+aieeé. A daca. 2 1ainilaai  a aigileeiifiol
I64aaéuiial 1adadiaa i 1adaidodo aednioéinoe 6id6aial aéep +3iey e iaéaail
onetaey nfidyaediey a 0i+éa élioaéoa
I6eaaadi 6idiceediags casa+e daaiiadney 6igoaiai odéanaa oy oliéeie
agsp-aieyie. fonou S R? iadaie+aiiay 1aganou n asaaéie asaievdée €,
S;S =Sn; &4
t=( L0 f 0y s=(031) f 0 = [ s[f(0:0)9g
N+eoadi, +0f Nddaeiiay eeiey oliélal 6idoaial agep+aiey il diagado n ¢; a
s MaTaaado il nodaeiilé eeiedé Mecaeanodial aeep+aiey. Oaé & 1adach,
ileeil danfiaodeaaol éaé iaiaiidiaiia aéep-aied, Alnoiyua a ec 4466 +a-
fiodeé (; s. Oid6AIA 081 1de yoii caieiado 1aganou S (8eh. 1). Aey Tiena-
ey Gid0ATET Aéep+aiey efiiélicodony iadel aasee Oeiigaié T (Ai., iaioe-
148, [38]), a aey Tienaiey feozeanoéial aéep+aiey iladed, ieo+aiiay ec
aagée Adoicsee Yéeada 10aadenini 1a0asian 1M 1adaidodo e anoéinoe [3]
ool = (0;1) aaeie<ité adéoisd isiaee é a =(1;0); A = faju 9,
i
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X,

pef. 1. Oid0AIA 0861 A aéep-aieyie 1 s

A = ajw = awij 5 Bkl =1;2; a2 L (S);

aju 'k Cof' [° A8y an&d' j = ' ;co=const> 0
i1 1a018ypUIAY eiadenal idTecalaeony Adiiediaaied. Ana adee+eil A 4a0-
Iy ieeigie eiagenaie A 4380iA¢oal fi-e0apoAy eiiaode-itie i yoei &i-
ad6nal; f = (f1;,) 2 L2(S)? casaiiteé a4e01d aiagied fee, 436R0a6pues ia
Gid6aTE 0481
AGad i6aAIIEAEA0N, +OT TTeTaee0aiineé (il Tofleaiep & idi age ) aa-
: i AAI0I OBAUSI6 14046 GiB6AS)

éa cada+eé daailaaney 0id0a1aT odea i aéep-aieyie ¢, s Nifoleo a neadasdp-

041 12608 246018 TADAIAUAIGE U = (up;up) @ OAIGD iAidyedieé = f g,

i) = 1;2; Ti6d&4eaiina a S ; e doiesee v;w;', Tiddadeaiing aey , ,
filf0A40n0AaaiiT, a 0aéaed 1MRoNYIioP Cp 0aéed, +of

div =f; A'(uy=04as; (1.1)

wa=[ I Tatvat+ =0, v "a=[ lia i 1.2)

W= Van=[ Jia s; (1.3)

u=0ia € w=u ;v=u ia ; 1.4)

Vi1 = Vo111 = 0ide x1=1; + V.= Wy = ' 1= 0 i6é x1= 1 (15)

ul] o * 0 *=0; "[u]l=0 ia ; (1.6)

v;11(0+) = .10 ); v (0+) = (via+ ") ), (1.7)
Z
v.i(0+) = " (0 ); [v(O]=[w()]=0; w.(0 )=0; =0: (1.8)



caanup]=h* h fiéa+ié 6oieévéeé hia ; aaah
Uiti e 1 4euin 4464320 dacdaca a fifioadono a

iage P [PO)] = p(0+)  pO ), p1 = g=; "(u) = " (u)g
0&icid adoidiacee, i (u) = I(uy +uy), i =1;2;  =(
) o
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Eaeé feacail ieeed, filiofig&iey (1.1) (1.8) & of+ilfoe yéae 43641010 Aa-
3eaveliiné 013106e51a6a cana+é ididiecasee o6ieseliaga v iadaee A iMa-
GiayUAl iieeafioad 66ieoeé. ide yoli doidoeiias yiadaee aca 80 fitaddeead
Reasadind, miioadonoacpled yiadaee adoisiediaaiey 6id6a 147 0Aea, 0a&I0a
afagied fiee, yiadaee adoidiesiaaiey asep-aiey . & yiadaee ecaeaa asep-
~8i8y 5. 150A8441 AA08AGETIIOp 015168851A86 caaa=e (1.1) (1.8) Aa&adl a
3affilodaiea AfiNia0A61I06 b6ie6eTias

FO)= % Wi+ AH(vatt)? o = (viw);



GCaaa+a ffidyeediey 6id0aial aéep+aiey Oeilgaiel 77

aaénoasdpueé eg Hlé )% aR: T'I'éézé.é.ééi 60ié6éﬁéé£{l’éé~éé
1 1
u =5 W fu+rF()* 5 Vig o =(viw'):
§ S s
Caafil & 42644 a8y 65a06THOS ; (U)"; (U) Talcia=aa0fy ~Ad3c (u)"(u). Aadadl
idtnodainoal 66ieveé
H=1f )ju2HYS )% (v;iw) 2 HY( )% 2 HY( )
Vii2HZ()wi, 2R =(viw;')g

O, v=u;w=u ia ;vq0+)= "'(0)g

HYS )=f 2HYS )| =0ia €g
Olaaa caaa+a ieieiecasee:

(U )2K (1.9)

()*(u v fu u+ FY )X )

+ V;]_]_(V;]_]_ V;]_]_) 0 aey anao (J; ) 2 K: (110)

Caaa+a (1.9), (1.10) dacdageia. Asy aleacacasinioad Sacdasiifoe 6asoe-anee

OBAAGAORY 6fiOANTAGOU ETyBOE0RANNOU O6ieoeTasa A iieaf0ad K, 0ae éaé
Reaaday iMe6iaidas0ainon Aiecs yoial 06ieoeiiasa 1-aéai  a. ide (u )2 K
A
e > 0e ‘i“"E z X z

(G )=5 @@  fu+F()+5 VA (2w =(viw'):

S

s

S
da4a006 onelaeéw = u , v = u fa ; i4daadainoaa Eisia & 04idai

é
aelaediey nidaddaceal ﬁéﬁ}ééb&é& ié’léaaazmc‘)al i8¢ 12e006

1
7 (u)"(u) (vi+w?) O (1.11)
[
AffiileticTadagefit &&ié, aleacaiiié a [2], TTed+ei, <o fi6 (&R0AGPO TTFdI-
WI’O% Ci1, Cp, C3; fa %’?lééﬁyl‘.léé 10 Oé§6éé, 0aéed, +oi
(v + w?) + (v2+w2)+é WA+ (v )2
t Z S t

+
NI -

Va1 Cak(V;w;' )KEs( s + CokvkG o ) + cskwkfi yt (1.12)
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Caani it ideieiadl af aieiaied 0io 6aéo, +oi w=constia : Oagel 1adagii,
ec (1.11), (1.12) 40046340, +01
(i )0 +15 k(U dka 'l 5w )2K = (viw');

+07 Tgia+ado elydoeoeaiinon ooieveiiasa
[eced &i6Ac0AAROMY, ~OF fa esaf
(1.9), (1.10) y6aeaaeaida. Yol icia+add,
0&6apod éc (1.9), (1.10) &, 14330, 1A3a44if0
(1.1) (1.8).
ipaasieedied 1.  Oiceesiaee  (1.1) (1.8) & (1.9), (1.10) yéacaasaioid

I

fa éganna ainoaoi+ii 46aaéed dagaieé.

é caaase (1.1) (1.8) &
+of ana filfofiedl &y (1.1) (1.8) ad-
(1.9), (1.1 0) Vieli A044F0e &¢

TRz~ AA AR

Aiéacaodennoal.  lonol adiméiait (1.9), (1.10). Tanoaiiaéié a (1.10)

0A&M01A06 606ieveé aéda (u; )=(u; ) (u;0), u2 C} (S )2, iieeil TTE6+€0U
6daaidied daaitadney (. (1.1)). Aoidia & 08aouad ofétaey & ¢ (1.8) anileidid
a fieed 04idal aeiaediey, 0aé éaé v;w 2 H2( ): lanoaaeil a (1.10) doievep
(u; )=(u; ) (u; ), (u; Y2K, =(v;w;' ) [u]=0ia : leo+ei
Z Z Z Z
(u)"(u) fu+ fwawa+"' 4" g+ (va+ ' )(va+')g+  viavig =0:
5 3 ' .

TN e

+afoyi caani 4ado

N
N =

[( )u] fwpw+(" 0 via ")+ (vt a)vg
t
Z
+ ViV Waw® g+ 0+ (v V0 v viannvig =00 (1.13)

A LAy NANZ AN AN

A0aesay a (1.13) 0anioiaid 6oiesee, 1acaaapued naiénoaaie

v=w="'=017106& x1= 1, w=c2R fa g
(1.14)
"=010é x3=0 ;v=vy=0 i0é& x;=0+;1;
jaéadi
Z Z Z
[ Ju [ ul fwaw+(" a1 via ") +(via+ " a)vg
! Z

+ V1111V + (Wyl\ﬂ)(o ) =0: (115)

s

A feeo idlecaieniiioe u* Teo+adi  t = 0ia : O+eolaay oneiaey u =
W; u =via ; ec (1.15) ifed+ei odaaidiey (1.2) & ao0idia 6daaidied eg (1.3 ).
Alsda ofal, iineleues MAoiay ¢ éc (1.14) A04e0aA0Ry idlecaleuiti 1ada-
¢il, éc (1.15) féaaoao |
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Aééioiﬁy @ oOfeeaanoad (1.13), fidaddacealio aey ana
ooiévee (u; ). A fieeo 6aed Aléacaiitd 6saaiaieé e édadadn

(W@)j 1+ ("2 )%+ (Ve + VPP +(viava)is  (Vaav)ig =01 (1.16)
Al n

(e) aeaéﬁoéé neo+ z‘iéi ﬁ'l'ééééééé fiol 88244006 6neiae é (1.5) agy w;v;'
[

("1")O )+ (vt "IVO ) (Viavia)(0+) +( Vianav)(0+) =0 -

[fnéfetéd v(0+)= v(0 )é&' (0 )= v.1(0+); Tofipaa 6ddeedadiny a nidadda-
geainoe édaaals oneiaeé éc (1. 7) A01518, 084004 & +40a4d0h 6fETaey ec (1.6)
f0aiaadoil aey éiioaéoilo caaa+ i iaécaadnoill iffeednoal é Tidaéoa i ofi-

éeie aéep-aieyie, iyolié €6 anaia éc (1.9), (1.10) Tiérioei (A1. [2,3,10)).
Oaéei 1adach, éc (1.9), (1 10) fiedaopo ana niofigaiey (1. 1) (1.8).
Tadaoit, 6ol adieiaia AMoileaiey (1.1) (1.8). Aléazed i, +01 fAllo-

aaonoasdpued doiecee daiaea é dypo aadeaseiiiiio iadaaai fAoao (1.9), (1.10).

AC&adai idiecaieliop 66ievep ( u; )2 K; =(w;v;'): Eg (1.1) (1.3) fiedaos-

ao, ~of
Z Z
(div  f)u u  (wua+t[ Dw w) (vt a+[ Dv v+
° z z
+ (tatvatr ) )+ (vun [ Dv v)=0

Ei0A50e36y caan it ~afoyi, ifeo+ei
Z Z Z
u"(u  u f(u uy+ [ (u u)

S S
Z
+ o fwa(wa wa)+ 't ) H (vt ) (vt va t)g
z z z
+  vau(vuava) [ Nvov) o [ Jw o w)+[ v v)g
waw W%yl )% (vt (v vi%y
+vann (v Vg viaa(va va)ip =00 (1.17)
N 6+807 6528400 o6fetaeé (1.5), (1.7), 1adaial & iinedaidal  eéc onelaeé (1.8)
A6y atalaa aaseaceliial iddaadinoaa (1.10) é¢ (1.17) &0  aoi+il aféacaod,



fl Mw wy+[ 1v vig 0 (1.18)

Taiaét Aidaadaceaifon iA0aadifioaa (1.18) eaaeél i51addyao iy f ifituup edaa-
a0 onetagé (1.4), (1.6).
Oaéei 14dacti, éc (1.1) (1.8) ife6+adi (1.9), (1.10). i53a  &laedidd 1 iféii-
fioup aiéacait
2. [54adeniné 148406 il 1a0aidods aedfioéinoe A yoii dacaded
aa4adi ifelee@0deiine iadaidod a ifaded (1.1) (1.8). Yoio i a0aid0d 46440 6a-
daeoadeciadoi seafioginon oiieia aeep+aiey .. O&eup i5ialaeins ideed daf-
fidaeadieé yaeyaony Taifiifaaied aicileiifioe i54adeuifal 1a  0&diaa i6é AOBAI-
gaiee oeacaiiial iadaidoda é aafnelia+iifioe. Eoae, 16fol > 0 1a0aid0d
Agy eazedial  ieell iaéoe 44eif0aAiiTa d4odied casa+e
(u; )2K (2.1)
z z
(u)'(u u) fu u)+ FO X )
S S

+ v Va1 Vg 088y aRds(; )2 K (2.2

Caaa+a (2,1), (2.2) ilioadonoasao ieieiecacee odiéseiiae a yiddaee

1 Z Z 1 Z

5 W fur F()+ 5 Vi = (viw');

§ S s
fa 1ileedfodd K & ia éeanna Aeasced dagadieé yéacaacdiola neaaopudé aéo-
oadaiveaeniié iinoaitaéd: iaéoe adéoid 1asaianaieé u = u;u, e 0aicid
jaidyeedieé = ) = 1,2 Tiodadediina a S ;e 6oiédee v ,w, "'
fiddadeadiitda ia , , ¢ fAll04donoaadiii, a oaéeed TiMolyiidp ¢, 0aéea, ol
div =T, A"(u)=04as;
W11 = ; "t vat ' =0 Vi, " a =l lia g
W =G Vi1 = ia s
u =0ia € w=u ; v=u ia;

u 0; 0 =0, flul=0ia ;
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V.11(0+) = "0 ); vy (04) = (vpo+" ) Z);
v,0+)= " (0 ) [v(O]=[w (0)]=0; w,(0 )=0; =0:
Niasaga fieo+el 6816104 16468 davaiey casae (2.1), (2.  2). Ec (2.2)
e > 0 eiddl
Z Z Z
(u)*(u) fu + W;12+ I;12+ V;1+' ?
S S t 7 7
oV f(w)2+(v)2g=0: (2.3)

A fieed iadaadinoaa Eisia, 86adans oneiaeé (1.4) & 041541 461 eediey i6e 128006
&idai Z Z
1 " 2 2
> (u)'(u) f(w) +(v)g O

S
iseialyy Sanficeeadiey, eRifeUCTAAlna 5 Ai6aca0ABUMDAE  ElydoeoRalTRve
ooiesetiasa  ; i3e o> 0 iié6+&i

kukyrsyz € KV w)kyiyz ¢ kv kye( )+ K kg c (24)

& 6aainaosii i
z
W.q 2y 1 4 Vgt 2 c: (2.5)
A neeod (2.4), (2.5) ileeil 1684164400, +01 ide '
u ! uneaataH(S)?% v ! viAgaataH?( s); (2.6)
(v ;w)! (v;w) feagtaH( )% ' 1 ' feaataH?( y); (2.7)
w,=0; '.1=0; vp+' =0ia

siAA N

Nedaiaaodedii, Aouanoaopo 1ioWiild ¢, ¢y, cz 0aéed, +oi
W(x1) = c1; ' (X1)= G V(X1)= CXp+ czia i
181 iifee8R0AT ATI6R0SING 1AdA1ALAIEE a8y 154448 1ITE ca aa+eé
KY = (uv)ju2HIS )% Vi, 2H?(6);vi, 2L( )
uj 2R u]l Ov=u ia ;[vi(0)]=0 ;

R

L(o)=fljl(x1))=ax1+cia ¢; ¢ 2 Rg:
e Tiddadeadiee iileediioda  L( () A+e0adody, +of ifoiild co, ¢ idlecaiéi-
iQ.
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y&aidio ( u;v) 2 K1 : Oldda v(xy) = bp+ byxy
Co 2 R: Méiedi =(v;w;'); 88aw = ¢ ia
= A yoii fig6+ad (u; ) 2 K: lafoaaei yeaiaio ( u; ¢
fofané 6él'é €e 4 (2.2) & 180344 é 1624360 i6e 1 ia
(2.6), (2.7). lie6+&i

cuiai c‘)é adu idiecaieia
R,i=0;1,uj =

(u;v) 2 KL (2.8)
Z Z Z

(w"'(u u f(u u+ vi(via Vi) 088y ando(;v) 2 K : (2.9)
$ S s
Ne&&asao iyfieoul ideiaasdeeiifiol |6éaéél'jﬁ~i yédiaioa ( u;v)iileedfodd K1 :

A +afioiifioe, c‘)ééé'é() iyAiaiey oneiaea [ v.1(0)] = 0: I8¢ > 0 i0 éidee
(U; )2K; a=aioiiioe, v. (0+)= ' (0 ): A fieé6 6eacaiiié ioiaeiifioe v ,
fétaed a6ado adneian & a 164aaéa 16e 'L ,0.4&vy(0+)= '(0 ):

aét (0 )= ¢ via(0 )= o TiyoOlio [ v.1(0)] = 0: E&N& O14f, yiiif, <01

guiié o6ieoee w éc (2.7) 46aai €iaou [ w(0)] = 0 &, oaéei T1adac,

u j 2 R: And ificadiind oneiaey, idlasiaeind aey iveiaasdeeiinoe if

W J
@anoadk ! ; agy iddadeuiial yeaidioa ( u;v) 1+aaeaid.
Eoaé, aiéacail Nedaopudd 60addeeadied.

<
o/
=
o
>

Q.

D
< o
o
Qo
Q:

Q_)o

O&iddia. DAagdiey casa+e (2.1), (2.2) fidlayony idé '1 & Aidnéa (2.6),
(2.7) é dagaiep cazate (2.8), (2.9).

Caaa+a (2.8), (2.9) 1iéfnaado daaitaaned 6idoalal odéa i of iéel aéep+a-
jedl ; @éioi81a Tofeaeaadony fa Mélaeéodéuin aaééé’ Ajeda oiaf, +afiol
aéep+aiey yaeyaony aeanoéié, a +anol s 11edaeanoéié.

Idead4a1 4660adaiveaeliop 61dioeediags casa+e (2.8), (2. 9). Od84a64ony
jaéoeé 43éo0id 1adaiataieé u = (ug;uy) e 04icid faidyaeadieé =f 40 i0j =
1;2; ivdadediind a S ;e 066ievep v;1iddadédiiop ia  ; a daéaed inoyiida
o, ag, a; 0aéeéd, +of

div =f; A'(uy=04as; (2.10)

Vi =[ ]ia s Vi =V =0 16e x; =1; (2.11)

u=0ia € kp=u,; v=u ia ; (2.12)

VO)]=0; [va(0)]=0; Vv(x1)= ao+ aixa; x12( L0); (2.13)
Z

ul] 0 © 0 *=0; *lul=0ia ; =0; (2.14)

4
[ 11 (vu)OH) 10 )+ v (0+) 121(0 )=0aey anasl 2 L( ¢):  (2.15)
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O+éﬁﬂéély 086800806 yeaiaioia idiiodaifioda L( ;); caidoei, +oi oleda-
) Tleeil 148aieéNaol 4 Aéaa 4460 flioiigaieé
Z Z
[ ]+ Vv111(0+)=0; [ X1+ v,12(0+)=0;

>

t t

~ O

8101604 eidpo yiité dece+an

886 MiOAE.
ipaasieedied 2.  Oidiceediase  (2.8), (2.9) & (2.10) (2.15) yéacaasaioid
ia e8afna aioad+iT 4624685 dagaiee.

Aleacaodsunioal.  [6foU AGITEAN (2.8), (2.9). Afclidl & (2.9) 6afid1ach
66iesep ( u;v) = (u;v)  (u;0), u 2 CF (S )% ieo+ei 65aaiaied daaitaaney
(fil. (2.10)). A28 204404 & (2.9) 0&MOTAGD 66iE6Ep a8aa ( u;V) = (U;V) (U;V);
(V)2 KL [u]=01fa : AG4al &iadu oleeadnoal

Z Z Z
()" (u) fu+ Vv.aivip =0:

IS ] s

Toﬁbéé 684640 1Mnea eivaasedsiaaiey it ~anoyi
Z Z
[( Jul+  VanV+ Vaavajs  Vanvig =0;
eée
Z Z Z Z
[ Ju [ Ju [ ul+ vanVv+vavajg Vanvig=0:  (2.16)

A Res6 idiecaieiiioe adee+ei u Tofipaa cadep-aal, +of
Z
*=0ia ; =0:

E5Mi& 0741, &¢ (2.16) iTe6+aa

Viair = ]id s Vi1 = v =000€ X1 =1:

Eoaé, &c (2.16), 1aiciazay u j , ~A84cl, &iaai
z
[ 11 (vua)(OH) 10 )+ v;12(0+) 1:1(0 ) =0 &€y anad | 2 L( +);
o. &. OleeaR0AT (2.15). 3¢ yoii 10 Alfiilciaaeent 0&i, <of  1.1(0 )= v (0+)

Nisaagaseainon 1ioaasesiy 6338400 6fetaceé (2.14) fiidie é 14 A0cHAAO.
. o i

lie Aoaiaasoil 46y caaa+ fi 1AecAAR

afl é1i0aeoa ide fageree
(fii. [2,3,10]).
Eoae, &c (2.8), (2.9) a004éapo afid 6neiasy (2.10) (2.15).

AAAAAAAAA
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Aléaseai 1a0aoil

foflzaiey (2.10) (2.15). Eia-
ai
Z Z
( div  f)u uw+ (vr [ Dv v)=04a8y ands (u;v) 2 Kt :
S s
Ei0R56686Y CAARD Tl ~afioyi, iaciaei
Z Z Z
(W' (u u fu wuy+ [ (U wl+ va(via Xvin)

s

ox
U

[ v v+ Vvanu(v Vig va(va Va)ig=0: (2.17)

i jada  aaifoaa (2.9), ec

[ (u wl+ vaa(va va) [ v V+vaav Vig viaa(va va)jg O

AAAAA N -

Taiaél nicaddaee

6netage (2.14), (2.15).
i58a8TRAIRA 2 Aleacall.

; fgtaey nioysediey aey idaaasii é iaaee

(2.10) (2.15) 52d260AB&COPORY :

(2.15). Aidéciioagiind 1adaiava

a fiééod (2.12) é 6aail hy.
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ON JUNCTION PROBLEM FOR ELASTIC
TIMOSHENKO INCLUSION
AND SEMIRIGID INCLUSION
A. M. Khludnev and T. S. Popova

Abstract:  An equilibrium problem for elastic bodies with a thin elasti ¢ inclusion and
a thin semi-rigid inclusion is investigated. The inclusion s are assumed to be delaminated
from the elastic bodies, forming therefore a crack between t he inclusions and the elastic
matrix. Nonlinear boundary conditions are considered at th e crack faces to prevent
mutual penetration between the crack faces. The inclusions have a joint point. We
present both di erential formulation in the form of a bounda  ry value problem and a
variational formulation in the form of a minimization probl em for an energy functional
on a convex set of admissible displacements. The unique solv ability of the problem is
substantiated. Equivalence of di erential and variationa | statements is shown. Passage
to the limit is investigated as the rigidity parameter of the elastic inclusion goes to
in nity. The limit model is analyzed. Junction boundary con ditions are found at the
joint point for the considered problem as well as for the limi t problem.

DOI: 10.25587/SVFU.2018.1.12770

Keywords:  Timoshenko inclusion, semi-rigid inclusion, elastic body , crack, nonlinear
boundary conditions.
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IMTAAEEDIAAIEA AAEEAIER xANOEOU
A AEIOIAI TIAAIINAIADAOIDA

Aifioacey.  i5e iadaiaoe+anel itadeesiaaiee i5ioaRMa, idiefidiayie 6 & 6fio-
3iéfi0aad TaiaaLAIeY TTeacias eReTiadins, ilyasypory caaa & 1id8aa6aey AA0T-
yoiifioe 1aRoTadieadiey +anoedl ia daal+es 11aaddiinoys 6 FOBIER0A. A iafoi-
Juae 3aaloa a8y dAgAiey MATAING cada+-e 103AGAAAR0NY RoA0E  fOS+Afeeeé iTatH,
o0 & ide TidRadeAiee AASIOMNOS eRiTElCoAONy eaay 1a0THa Reaaria. Dafifiio-
Bai0 3148410 iTadeedtaaiey iBT0ARMA, idientiayues & aic 6o aeiofan
F&IA0A0I08. Dacdaaloall 1adaiade+aneay ifadeu aeioaié i 1245611f0e i&alT-
F&Iada0ida, 11aaee aaemaiey +anoesl, Moiéa (AAcaeiiadeén 0A6pUes +afioed it
daal+aé Taadoilioe AaIAdA0Isa & AeaTdeol Tidaaasaiey &ff baiosases folea +a-
foed. Paffi+eoaiiia afidaaasaied eiiaiodsaces iaacasii 36fi0A0pUes +afioes ia

dadi+aé 11aaddoiinoe ofodiénoaa oleeadnoasydony i dan
PUIN . AP NN i

1anoiiadieeddiey iaiié ~anoeod. Dacdaidioaiiié agdiseo
fi

038 &édiedl aasiyoiiioe
i daadeaiey aasiyo-
fifioe iefeediey +anoeol fa dadi~aé 1Madaoiinoe ifaaiinaia daoida ileedd a0ou
efiiféliciaal éaé yeaiaio aieda fefeeiié 1addiaoe+anéié ifad ée, iaiveidod iaaee,

843 6+-e00aapony acaeiiadénoaey ideead +anoesdaie.
DOI: 10.25587/SVFU.2018.1.12771

2

ép+dala nefaa: aeiofaié faiadaoio, éfvaiodacey, noacénoé+anéeé 1aoia,
6daaiaied aaeesediey, iiolé +anoeo, 1ajaavaied, iaddiaoe+a fiéay ilaaeu.

Aey Tiddaaeaiey Tioeiaeuind 1adaidodia [1], & o6fifaddeaifio ataaiey oa-
Ai+-4é 11adaoiiioe [2] aéiofaial iidaiiidiadacida iaiadia éia dacoaaioéa ia-
odiaoe+aneéié iladee 1816aniia, isiendiayued aicode naiad  aoida [3, 4]. 1ida-
11M&1adaoid i81a6aadony aicaddii i iéxeidé +anoeé 6nodiénoa a [5]. xanoeosd
ianéa, ifaddgay ifa adénoaedi ifoiéa aicadoa adatiacdélila  aaeesedied, 661ayo
24800 & a0adaniaapony ec RAiadacida. E¢-ca iaéélia daai+a é iMadasdiliioe
Oyesedéay +anoeoda fiauadony a 6aiodasuiop +~afou fdiadacida eioadeyaony [6]
A [7,8] idaanoaacadit iadcdiaoe+anéea iiaaee adéaediey ~anoé o0 a aeioiaii fa-
iada01d4. A [9] ennedaiaail i816anna naiadacee a agioiali i 41adaoisd iaoi-
&l 46Mfedaoins yeaiaiota. A yoed enfeaaiaaieyo iiyasyaony  casa+a 1iddades-
iey aaaiyoiinoe iféleediey ~anoeod ia daai+aé ifaasdiinoe a i6T6anfa daaiod
ofodiéndaa. Oagay caaa+a ileedd alou efitelciaaia eaé Thita ié yeaiaio ia-
0diaoe+anéié ifadee éieedéoeaiial adesediey ~anoeo aiidal  Naiadacioa [10]

,

. E., E&44454a E. O., Retagda A. A.

(¢}

N
o
=y
(o]
m
ox
o
:
m/
S
>
Q-
Z

j

Q_J"
o
»»
Qo
Qo
o
>



91

i&4otaa Aeaana [11,12], 0. &. aiafiol 1Tneaaiaacdeiiosd (it a0  &iaie) Ainolyieé
fiefiodit aataeony aifiaiaen, é10180é 18aanocaasyao fiaié nfa  1e6inou ATAOTY-
jeé iiiaed nenoai i Tisdadeaiitie ia+agnitie onelaeyie. ia iAdal yoaia
d8aaio0 Tidaaaeyaony aaeseadiéa 1aiié +anoeol aidose 1iaaiin aradaoisa iia
446M0Aae4] iaidaaeaiinal moTéa aicaoda [13]. A ea+anoad da ai+aé i1adddiinoe
atadaia aeiotaay 11aasditnou i 116434641101 6461 danoais a e aéneaédidi
6aéTi iagélia. ladcdiace+aneay iiadel aaai+aé inadodiinoe aeiotanan naia-
daoisa ied+aia 1aiatiaieal iaaee élie+anéié madssdiinoe [14], 0. &. &l4aa-
éyaony 0daouy aéneaeuiay éfiiiiaioa iigiace é 1Madssiinoe (6ef. 1)
DdaAi&ied aaeaediey ~afioesn eiddo aéa [15]
MR = Fa+ mg+ Fes + N; (15)
33aR = re; + zg 0aAE0M-246016 +anoeol, m  &a iafna,
. 1
Fs=a(vpcos() v )e +a vgsin() vi tg( )v &
tg( )
fiéea aaénoaey ioiéa aicadda, a E@lyooeoedio ftigioeacaiey ive aae-

aedieeé 0aea a alcaogiié AyU ef 3

difoe aaeaediey 0d6a,g= ge ONEIdaied Natalailaliaaa
fieéa odaiey 1 iiaasoiiiot, r danfolyied 10 e iladee ai +anoeod, oaié
Oeéeiade+anéié nenoait élidaeiao, «;e ;e Aaaceiild a3éoidl ceeeiade-
+anéié nenoaia éiidaeiao

iioiagi é daai+aé i1adddiinoe faiacacida Tiddadeyaony i oitgaieai

& = cos()cos()e sin( )sin( )e +sin( )cos( )e;
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884 = arctg 5  Oaié aééiia daai~aé 1Maacdiifioe il aceivoaéuiiio
jaidaaeaiep, 6aie Meodanoaisa éiioniié 1Madddiinoe, o. a. 6aié iaéeii a
iidiaee dadi+aé 1addoiinoe 1l daaeasuiiio iaidaaéaiep

iaiaeu & daai+aé i1addaiinoe 10iifieodenil addoeeasuiné 1 fie ileeil fa-
iefiaol a feadaodpudi aeaa:

& = sin( 1)cos(2)&  sin( 1)sin( 2)e +cos( 1)&;
334 | Odie 1deed0 fidiagup & adsoeéaeniié up, > aceido idiaeoee
iidlage ia aideciioaeuiop 1eifiéiiou,
cos( 1) =sin( )cos( ); tg( 2)= tg( )tg( );
mv? )
N = N(v ;r)= mgcos( 1)+ Tcos( 2)sin( 1) &
fieéa daaéoee faadodiifioe
Ec (1) ileo+aia nefodia 4600a84i6eaéiind odaaidiee i ja+ae  uidie onei-
aeyie
r(0)=ro; (0)= o; 2(0)= zo; v (0)=0; v (0)=0; v,(0)=0;
r=v;
— V .
t
1
z= ——Vv; +1tg( v ;
tg( )
2
Y N N v,
Vi = — —cos( )cos f——t ;
=~ cos()cos() f--ig( )
N . a \aY N v
v = —sin( )sin( )+ —(vocos v f——;
—sin( )sin( )+ —(vecos() V) T fo
a . Vy
vV, = g+ — vpsin( ) +tg( v
m tg( )
N . N 1 1
+ —sin cos f—=— Ve +tg( v
m mv tg(

Yoa fenodia dawadony iaotai Doiad Eo600d, 0ai haidi 1i684aa éyao-
iy caéli aaeeaediey +anoesd il daadi-aé 11adsdiinoe. Efiteuco  y 1ieo+aiiaé
dacoeuoao, lieil 116dadeeolu 08adéoioee & caélil adeasediey €  agy fnenodid
idacaeitadénoaopued +anoes. Nialesiiiiol Aifolyieé idag  aeiiaéénoacpued
+anoeo i6eéieiadl ca noaoenoe+anéeé ainaiaéu. Riil, ~of afa +aéuité ifaio

aTéd ofia Aeiotaié i1aaadiinoe danidasacdied  aadsiyoiiioe 1Méel-
aediey +anoeod Taiidlail. Clay ia+aeuitd oneiaey aey jdacae  i1adénioaspued
+anoeo, iieeli Tiddadeeol élivdiodacep ~anoeo ia aéioiaié | 1a4a6iifoe & 1i-
fiédaopuea inaiod asaidie. 16e noaceiiadiii ieo+aa iied+a aony Tidaaaeai-
iia ia caaenyuaad 1o adaiaie danidaadéaied igioiiioe ~anoed  ia 11adddiiioe
Niaganil 140146 Aeaafia yoi dafiddadedied 10leeadfioaeyaony f daniddadedied
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Peéf. 4. baniddadcdied élivaiodacee a itadeuiié iginéinoe

a 404 faaddo, b aea faieo
6101804 edaead 0TeUéT aidode yoié 1édoeeiinoe
0; oﬁééLi-k >R;
Llix = ex ol
' Lik; efata:
pannoiyiey a1 046 0i+aé, 6101808 edaead aid 18d0aeiinoe, caid  &ypony i8iasai-
ilé. Oadel 1adachl 1Me6+adony aa6odiddiay 1a0deda aaiiad, 1 iddadeypuay
danfolyiey 1o 6aioda 1édoeeiifioe &l 0i+a4é, 8dseaned aivode & &l Yédidiol
1208e060 4aeyony fa cia+aied naied yeaidioia:
L Lix
K ik = :
L 1k
Oiaaa yéadidioaie 1a0de60 yaeypory oieuél 0 & 1. Nedajaaodeu i, fioiie-
86y ana yeaiaiol 1aoseol |
X X
k = Kik
i=o k=0
ifeo+adl éiée+anoal +anoeo aivode 1éddaeiinoe i dece+anéeé a anélia+i ia-
&0i 1a0din. AD4eday éidaeiaol oi+aé jadépadiey e aaday i 10480110aai-
il 0ece+anee aaneéiia+ii 1aena Taeanoe, 1i6adaaeyal eiee+an 0ai ~afoeod aioo-
dé 0aéié yitadeaeilé,, 18d0=iinoe ia anaé ieiféinoe. Eiioaio daoey ~anoeod
Tidaaaeyaony fofigaiedi éiee+anoaa +anoeo é iéluaae 1éddae fifioe. ia oen. 4
1084044641 40adeé &iivaiodasée +afoeo ia itadéuilé ieimeé fioe. Niaeaii
ilaaee aasiyoiinol iadiseddiey ~anoeodn fa yoié ieinéinoe i Tifooetiaguia
glivaiodacee.
Ecélaediité foacenioe+anéeé 140ia Tiodadediey aasiyoiifioe  ieiaediey
+afioeol laedd atou enilelciaal & aéy 400466 6fodiénoa
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UDC 532.5.031

MODELING OF PARTICLE MOTION IN SPIRAL
PNEUMOSEPARATOR BY STATISTICAL METHODS

S. R. Krylatova, A. |. Matveev,
I. F. Lebedev, and B. V. Yakovlev

Abstract: In mathematical modeling of mineral processing, there aris e problems of
determining the probability of the particle presence on the  working surfaces of devices.
In the paper, we propose a statistical approach to solving su ch problem, i. e., the idea
of the Gibbs method is used. We consider problems of modeling processes in an air
spiral separator. A mathematical model of the spiral surfac e of a pneumoseparator,
a model of particle motion, a ux of noninteracting particle s along the separator working
surface, and an algorithm for determining the particle ux ¢ oncentration are developed.
The calculated distribution of the noninteracting particl  es concentration on the working
surface of the device is identi ed with the probability dist  ribution of the location of
one particle. The developed algorithm for determining the p robability of position of
a particle on the working surface of the pneumoseparator can be used as an element of
a more complex mathematical model, for example, a model wher e interactions between
particles are taken into account.

DOI: 10.25587/SVFU.2018.1.12771

Keywords: spiral separator, concentration, statistical method, mot ion equation, parti-
cle ow, enrichment, mathematical model.
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lacaiaoe+aneed caidoee N

f AOO
3iaaou iado, 2018. O 25, « 1

Aiifoasey. Nicaaied itans je1ae+aneed 18104nm1a, 1hiTaaiins ia e fiied-
giaaieé aonieieioaineains oléia yiadaee, atideeaado ise 1iddadediee odiia-
da06dital Aifoiyiey 6+eotaaou éiia+idp AédIRiou danisiio daidiey odiea. Yoio
6+3a0 112edo atou TNOUANOAEAT 18e TMiTue Aeiddaiee+~anéial 68 aaiaiey oaienisi-
ataiinoe, ieo+aiital A. A. EQétail a 6aiéad iadaaitadfiié oainaineiae+a-
fieié oadiiaeiaiece eaé fedanoaed Taiavdiey caéiia Oodua aé y iioiéia e 6daa-
jaiey odisialal aasaifa. A iddemeied daaioas A. 1. Daidanadaa (RS ERE )Y
816N &Niooaceliilal 10éep-aiey yeaéode+anéié a6ae a 16011 110184 daca

fi efilelciaaiedl yolal 6daaidiey. A aaiiié d5aalod dacaeaad ofy iaodiace+aneay
11adeu yoial 18i6anna n alaadeaiedi iasetaa onoié+eaiar a daiey adae ai inai-
0a 10éep+aiey, e caiaiié nodial Aeiddaiee+aneial odaaiaie y 0aieniaiaiainoe
Aeiadaiei-iadaaiee-aneel. Agy ieo+aiiial nidgaiital 6d aaiaiey odieniaiaia-
iinoe &18846e0it 1Mioaacail e +enediil daeapony dya €5adans cada+ a iofaoaii-
i06 fiddaas Oidodal & 1acéaa fi ife6+aidai ile&é 6aiiddanssd, & 10ial fAlaeanop-
QRGAY fi Sidpusieny yeriadeiaioastitie Aafitie.

DOI: 10.25587/SVFU.2018.1.12772

Eép+aal STaa: fiéed odaaiaiey, aerasaiee+anéia 68 aa-

jaied oaielisiaiainioe, nodia iAdaiaiito iaidaseaieé, 68 aaidiey iaand Nofe-

fia, odieiaié aaeain.

Aadadied

i&nitooy ia aleugié 1100 a dacoaaioed énicoaseliins aiad aoia e
énnedaiaaiee igiendiayuesd a ied yeaéosiacaians isioaniia |, fodasediité, a
+afoiiioe, a ilifadadee A. E. 1ieodaa [1], AGUAROAGA0 oy4a 16  Taédl, faycai-
00 i éco+aieal éaacenoaneiiasits & nouanoaaiit iafoaseli adi00 1610annita
a 4634, 1aaoaaaiié 1oléh daca, ficaaiedl 1aotaia dan+aoa & Menéf 160aé
ialgaiey yodaéoeaiinoe a60uaans nenoai aey 6aaee+aiey 0d iéifnaia i yeae-
o0de+anéié aoae

Aiééég daaiol anioneadins a ianolyuda asaiy i8liteéalias a ORiéi-
aleuoing atéep+aodeaé eeanne+anéial oéia i éllicoacedé, i Tidialeedapuaé-
iy aicieéitadiedi acae, 1éacltaaao, +of fie caranoop ia 104 a+apo fiada-
14ii0l odaataaieyi it 6aiaiyi 10&ép+aadiad 0iéia, iaidyaeai eé ia dacala,
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100 A. i. Daisanada, Y. A. Aasiasada
ofi, +of ide dannitodaiee ndaal ia 1fedéoeysil 68iaia aa ia élcy n+eoaodu
figiaiié, 0aé éaeé iasead lieaéocaie iadiaeony naraiana i1 fiodaifnoal

Iseaceacdied niglgiié nddan, adacoiadapudd 6 iad 10néono aed aiéo-
daiiaé nosoeosdad, icia+ado, ~of a ei0dasdaeuits caéiiad o daiaiey aey yoié
fdaad ileell fitaddgaol idaadeliné 1adasia ide fodaiediee 1a Gaia é iéep
Oaéié i6aadeuiné iaoasia iicaleyas imed+eol 6daaidied o daiaiey yiasaeé
4 4800a0AI6RABNIME O101A. N 08ce+ANETé o1-88 cOAIeY YOA TSl  0AA65A (A815-
daéoia, 0aé éaé epaay Ndasa anadaa ninoieo éc¢ 1044&i00 yeadidioia e eiado
faip aivodaiipp 4enédaoidp Nod6ed6ds [7]

A daieéad oadioee odielioiaiaiinoe Eaoocaiai & Adsiiooa [8,9] a 1958 a
&¢ 11edeoeydii-eeidoe+anees idsdanoaacaieé, enieicoy 4¢ 1M0aco T élia+iinoe
[PIENE Uil a i 8 5 diey Tageéiana  1aiainal i01adas

I
-
=
e
.
Do Q:
= @
S
I
Qo

iiedéoe, ~enol yiiede+anée iddaeieeee iia alau 3 &1 0dietiol-
aiaiinoe, a éioiall 1iyaeéinu afiieieodeniia neadaaina %ﬁ, 6+e00aapuad
4eNedaciop 11edédeydiop noddeo6do Ndaal & 10ad+aplad ca éi  asoetiition
odiga. A yoii neaaaain Adaly daeaénacee, o. &. adaly onoaiiagaiey
oaditaeiaie+anéial daaitaaney iasead odietadi ioiéli & as aaeaion oai-
i8020680. Olaaa 1a1avdiiné caéli iadailia caiegaony a neaa oplai aeaa:
%?+ g= AgradU 3)

Yol afiéieo&énita neasaaind, i 1aié fotania, iMcaleyao 1 ficadaodfy ia
081aid 1aédinélie+anées 1adaidodia ndaad ive fienaiee o1 0annta 1adaitna
ifoaioeaea e ia fionéaouny ai 6diaiy iieaéoeyadiié deceée, a fi a0o6dié noi-
atin, 1t 6+e004a40 4enedddiop ROBOEO6AO yoié fddal. Aadad ied yolal nea-
A24114T 04ida0e+anee 1aifiitaae A. A. E0éia [10] 4 daiéad i&d  aailaanité 6a-
ifiailetae+anéié oasiiaeiaieée éaé neaanocaed taiauaiey f foilgaiey 1i-
caddda a&y ioiela. Eeanine+anéed odioee 1adaiina fioaddae ean, anee neidinod
idiodéaiey 1816annTa 1iial 1ailga néisinoe dafnidinodaial gy aigiouaieé a
danfiaodeaaaiié nodaa, & 0aéea i816anna ileeil iacaaolu  éaacenoadeiiadidie

Dya 8aaio il 0dieideceed ifiedaied eao A. A. Adaitaa [11], A. A Dagéiaa
[7], 1. I. @aasianéial [12], A I. Ecaddeéeia [13], A R. Aidia yiféian [14],
A. N. 1aéadaiéi [15], A. O. Oisiagdaa e E. A. N&geia [6] 0aéeed i 1éacace, <01
aey Netanoaaiit idanoaoeiiasias i816anfia odietisiaraiin 0e Aeiddaiee-aneay
11adedl o01+iaa 146daad

iaTaieseay dacaeaaoi 1addiaoe+afeop iiaae i Bi6anAa, ca-
138 1ioTyiT0e elyo0e6eaid 0AisiaTé dasasiaoee ia 66ie6ep 10 ad&iaie
k = k(t), & aiciieefl, @  k = K(t;x), 888k = 0 & Taéanoe iadaaiee=iinoe Tiada-
olda o&ieNidiatalifoe Masaiiial oeia (AeTad4TE1-1Ada4l se-+afeian) aoiaral
ilay4ea, a dadaed danfiiodel 143a0i0p caaa6 a8y ofvailasdi ey k = K(tx)
i | yefiadeiaioasuitl aaiial. iseieiay a ea+anoa 4 d4p&iey ca-



iyou 486548 &lyo6eoeaion 6daa

Agy 1aiNasiial 1M i8inosainoaanitl iasaiaiitl Aeidoaiee +anéial 66aa-
jaiey oaietigiaiaiinoe nioaeeéiaait ainoaoi+ii ifial dag eé+i0o aiaééoe-
+8néed & +eneaiins enfedaiaaiee. liaeil Moaénaialaaol da aiod [7,10], 4aa
eiddony ndaaidied dagdieé ééanne+anéial iadaaiee+anéiai e Tafauaiiiar ae-
iddalee-aneéiar 6daaidieé odielistataiifioe. Aeaaidi aoai all yaeyaony oaé-
2ed of, +01 16& 1aé00 adaidiad & i8e adnieieiodineaind oaieia 00 iadooc-
8ad aeiddaiee+anéay iacdiace+anéay iiadel e6+ga 1oiadasea Aao 1adailn odiea
A 14iM&diN fieo+ad i0eadadl a6y ioeidda +~efiéaiila daedied niagaiilal
odaaiaiey odietigiaiaiiioe a ndadaa Mathcad-15 [16]

A 6aai0ad [17,18] i6eadadit 04i0a0e+anéla 1ainilaaied, aé &ioeol & dac-
iTRoi0Aa AGAIL +efeaiiial dan+aoa aéy aioodaiied oi+aé 4efé  dAoIaT dacaea-
jey Taganoe caaaiey aledd 1andal aeidoaisi-iadaaiee+anél  af 6oaaidiey. A ia-
fotyuaé daaioa, aiedd oanit naycaiité i 1816anni odienan fittaiaia, nénoai-
08e806ainy ia 41éda 11adiail fienaiée daciiioilo ndal aey a daie+i0o oi+aé
Taganoe caaaiey ide asdadiee e8aaans onelaeé 08aouaal 8iaa ia Thifaa nioda-
faiey odielaiar aaeaina é éiinasaaceéaiinoe anaé nodaid.

PARRITOe] 65AAIAIGA MAAINAT 08TA & +aR0IN6 T3IeCATAIT & 2-af ii-
ayaca

k(€T + ol e % gy ) (4)

a oeeeiade+aneieé 1aeanoe G=S [T1;T2], S=[0;1k] [0ly]; T1< 0, T2> 0,

Ik >0,1y>0, €= [TyTa, = @5 ideyon k()=0,  0;k()> O,
> 0, (Cy, ) 2 G, 0 & ioe 0 6BaaIAIeE (4) iAdAAIEE+ARETE, A (08

> 0 AGTADATER-AREIA;  EIYOORGRAID OAIIAGAOOBTOIATANAOE ( =70 &¢
yEMiABRIAI0ABINNG 4a1108), Kk BIy00e0RAI0 OAIEIATe dasasRases [10],  q

|

+jeéé odiea), q =0ide > 0.

@T @T
— *  oxlx T = Qox;lx » —_ oy;ly T = Qoyly » (5)
@X x=0;l« @y y=0;ly
TOGY: )i =1, = To(Xy); (6)
oxix oyly € Qoxix oyy  E1y00€06€4i00 0aieTioaa+e e igloiifioe odiefarar if-
0184 11add6inoins enoi+ieéia ia adaievd Taéanoe S flfoadonoaaiil, To(X;y)
fa+raguiia sanivaadcaied ey 0aiiadaoadd a inaio asaiaie =T,
2. 1fifailé 6acoéiivas 4asiasiié caaa+e
Eciadacei Tadafniol 1ad&i&iins ( x;y) idyiléaiédité 61610 & aadaai aia-
+aea iddaainiasiop idifiodaifioaaiiop nacés, iéacaiiop ia oen. 1
. N;M —
an-Ymgnzl;mzl- hyn = Xn+1 Xn; Dym = Ym+1  Ym;



& 8aailiasiop naoéo 1 adaiaie fj g]-J:O , =Tt ]e Adaie yeaiaioasins
fanaita sacianoei 1Mnasadaeid 1desedd oceiadie oi+-éaie
ben. 1

Nia+aga filnoaaei éiida+ii-daciiioiia 6daaidied aey isieca 1éuinan aioo-
daiiaal yediaioadiial 1atadia, niaddeealidai 6¢etadp oi+ea ( Xn;Ym). Y010 1a0-
Al 18dd6aeadi ~a00auily ftndaieie. lyolio & 6daaidiee odieial ai daeaifia fea-
4040 6+e00aa0l ~4008a 0aieials moiéa 10 Aiiaaied Tanaita Odaaiaied aa-
gaifia eidao aeéa

Xif1 =2 Y1 =2 de+l de ! Xif1 =2 Y1 =2 ' '
k — —  dydx+ T+ 71 dydx
d d
Xn 1=2Ym 1:é Xn 1=2Y¥m 1=2 3
Z+ XiA1 =2 Y1 =2
= g Phsr=2+ Pn 122 Ppsr=2+ Pm 122+ Qv dydxg d;

Xn 1=2Y¥m 1=2

888Xy 122 = (Xn *+ Xn 1)2€Ym 1=2=(Ym + Ym 1)=2.
Aéy dan+4oa oaieland moiéla P, 1-, Pm 122 efninelcopofy ﬁééaébuéé
01816e0, 1iilaaiita fa 140+ caélia O6dua
P _ WUam  Unszim) (hm + hy 1)
n+l=2 hn 2 ’
P i,= (Unm 1 Unm) (hn + hn 1),
m - hm 1 2 '
p _ (Un 1m  Uns1:m) (hm + hn 1)_
n 1=2 hn 1 2 1
=) _ (Un;m un;m +1) (hn + hn 1)_
m+1l =2 hm 2 .
Iflee@ddse ( hm+hy 1)=2€ (hy + hy, 1)=2 ﬁﬁﬁééﬁﬁbéébﬁ Yaietuaayic, aoaiaé
)’/ééioi\ééﬁh'f Tauaia, +é65(; 81071004 i616iayo 04167404 110 1ée
Oaeei 148acti, éc 6oaaiaiey oaieiaiai daeainaned+aai nea a6puop iaya-
i6p NoGaio:
" j+1 1 #
k an;m an L‘Ilnm anm i(hm + hm 1)(hn + hn l)

. . . 4
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anJrn% ujn;m (hm + hm l)(hn + hn 1)

" U 4
ul*t ul 1 utl oyl h h
_ n+1:m n:m n:m n o 1m (hm + hm 1)
hn hn 2
) j+1 j+1 j+1 i+l #
+ un;m +1 L'In;m un;m L'In;m 1 (hn + I"|n l)
hm hm 2
XiA1 =2 Y1 =2
+ o dydx; (7)

j+1 i

L‘IN;m uN;m (hm + hm l)hN 1
. 4

j+1 j+1

UV gm Uym  (hm + hm 1)
hN 1 2




104 A. i. Oaivanada, Y. A. Aadiaddda
A6 iey 11 yaié daciiioilé Ad&IA [19, 20] ciasaiey
ultt ao-e anoaaiil i ¢ia+aieyi 16aataoued neld au,, e
uin;ml I ade6idoe+-anees aaénoaee, iadrasiaein a i6e 1a-
dadiaa TiiooeTiaeuit ~enéd N2 6¢éia fidoée ia fail nefa
lThéfeteo fioe yaiié Acaia aey aaiiiar neo +ay e h?, aey
dan+aoa af i T , +efnél Nefaa acado eidou imoyaié N2. Oadei
[EGEN 7 adedidoe+aneed adénoaeé acado istie  oeliaenil N4
Anee adnoe fayaiié (onoié+eaié) fnéaia, of iieeil & daol gades €
h TaiTal Moye h. T & yoli fe6+aa ia éaseal et iaiastaeil
dagaol eiaéitd ooaaidieé. Aazed i 6+aoli dacdasediiiioe iaode-
00 fiehoaid ¢ aotan Aadnfia iodaacaony ~efiel a  dedidoe+aneed
Aaénoaeé, io N 3. Tifiélenés ide dan+aoca ai idioa T o fadl
fiadeaouN o aie, aey dagdiey andé caaa+e Modaacaony ieéiei N4
adénoaeé. Oaeei 46y 4aoiaaiié 18inodaifioadiiié ¢ adad+-é éaé yaiay,
0aé e iay 4 1y0 & 1aeiaéiano 1audio ad+eneaie é. la eazadp
al+eneaiio =T, 00840640MY 16161 N 4 Tiddaveé
xOTA0 filedaoe 1 fiada6es, iinodiel 1ayaicp daciifiof 6p fiB&i6 it
6163801 TAMAS OIdAY YAEyAony ai6aa yeiit je+ié i1 idaaia-
iep A Gimiyioonie jaie
Aé aRATOBAIea AfITITAA0A6UINE [21] (T8 66A80E) fiié
[122% | . A&y 181000 43844 46440 efiTelciaaouny daaimasiay face a
Xn = (N =(m 1h,. Olaaa daciinoiay nodia (7) ide daailiasile
faoéa ia iiecvaen nefa | +1=2 i6eido aea
j+l=2 i i 1=2 j+1=2 ;
ot P T e = e o, + 2 @
2 2
aaa

1 1
flun;m = h_z(un+1 ‘m 2un;m + Up 1;m); fZUn;m = ﬁ(un;m +1 2La|n;m + Un:m l):
X y

Cia+aiéy fa fnefd j + 1 46400 at+eneyouny aiaéiae+idi 1adachi i cia+a-
ieyi, Mmea+aiiai fa j +1=21eb606a¢&m neia:

Ui Zu,]n;% _22 "l thin Uhin ™~ _ Fauhs ™+ fath + 20 (9)

2 2

Al+efieaied 5azaiey SAcifoié AGAIN (8), (9) TROUARDAEYAD Ay A 444 YOATA. I3
1a0all ad+enedied cia+dieé up, fa i1e6oael fneta j +1 -2 @&&4ofy iofaiieié
a iaivaaediee e 0 x. Aoidié yoai idlaliea ia feia j 111fe 0 y. Tiyofid
fi6aio faciaapo éléaeuil 1ainasiié @éeé nodaié 14s8aiaiind iaisaacaieé

Afi&al ia Taili neta Tnouanoaeyaony 2 N idtalie. Neaalaaodedil, +enel
adeoidoe+anées fiadaoeé ia Taili nea isiidoetiagufi N 2. A éfiifeucoaiié
iayaité néaia iteedl 1Meieeeol « = h ¢ 0lAaa aey dan+aoa &t imaicaT , il
acdidie iaal najeaou N gaadia. Oaéel 1adacii, 080a1aiéInol dagaiey anaé
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casa+e 16aieaadony ~enéf, eiapuei iiayaieé N3, <ol 4le4d +&i ia inoyaie
86+ga i1 Ndaaiaiep i atganienaiitie ndaiaie.

E(;-(;f—:t fage+ey adaie+ito 6netaé (7) 1acanou naoi+ié 66ié6  eeé Uh:m dac-
4eaaadony ia 9 140a+enéaiitd iesead 6+anoéia. Yol faycail i 0ai , +of a é1éaedit
At AN O XIAY YO ARzt O mx N AA L NmsQrNN MO NALIAZ A LAz AN JH41 =2 /8 w0 xAAy wms £
jaiTiadiil iadiaa ive ad+enéaiee fnaoi+iié 66iédee UJnTm ia 1a0aii ifeo-
gada a iolaiiéd aaiéu ifie 0 x 6+afoaocpo el ul, fAiRdaied 1T y cia+aiey
Um 1, Uhm+1 - 12 401811 TT€6pa34 18Tecataeony idiatiéa aaién ifie 0 y. 16e
yoli TAeanou faoi+ité 66ieoee 46480 Oi+il 0aé aed daciedaocun Y ia 9 0aéed aed
6+anoéia.

Eféa&nil 1ainadiay fnddia ia idifodainoadiite naoéad, daai nasiié
gamedié éc éiisaeiao x, y, €idao aea

2
j+1=2 hy k 1 j+1=2 j+1=2
Un+1 m T . 2 + . +2 u]n' + Uy 1m
2 2 2
X uJ h_x 2 + 1 h_x uj
h2 n;m +1 e 2 . h§ n;m
h? j hi o K 122 _ 0
pun;m 1 - ? 2 un;m -
aey aibodaiiaé of<éé ( n=2;:::;N 1,m=2;:::;M 1)
h 1 h§ k P41 = P41 =
j+1=2 j+1=2
1+ IX_+§_ o 2+. Uym T U 1m
2 2 2
Ihic he k1 hi u
2h2 N;m +1 o 2 e h)z/ N;m
2 2
1hs ihe ok i g
2 )2/ Nom 1 2 2 e 2 Nim
aey oi+ée ia noialia idyitoaieuieéa (iaiseias, nN=N,m=2;:::;M 1)
h 1 hi k 1 41 = h2
j+1=2 j+1=2 X
1+ x—*+5— 2] Unia F U o Unge
y
2 2 2
LMk 1om m1
. 2 Do h§ Oy hy N; 1
1h2 k = h hZ 1
+ Z X & lei-Z +qx_x+ y_X_:O
2 2 e ' hy
aey 6aeiaié of+-ée (iaiseias, n=N,m=1).

A 8a+8f0aad i0eidda 1deaiael dan+aol 0aiT1adacsodins iedé ia oef. 2 4,
A3a Méacai i816ann fodaaiey yeaéose+aneéié adcae a faité e¢  iacadiaoe+anéed
11adeéé [22]

3. lifoaiiaéa 0d8a6iadiié casa+e

[adaéaal 0diasl & dannitodaiep Taneiidode-anéié 0dadiad iié j1aoaia-
o0e+afélé itadee n a1aaasaiedi aéneaeuilé énoaeiaod z, 0. &. i 6+4010 daciae-
faiéée a0aTATAT dacdyaa, e 16eadadl 1noaitagd niagaiié é dadaié caaa+e,
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Pbef. 2. baiiddadcdied 0aiiadaoodd a ia+aeuité Maio adaia e =T
befi. 3. bafidaadcaied 0aiiadaoosd beéf. 4. bafiddadcaied 04 1140a0680
a inaio asaiaie =0 a inaio asaiaie =T

@q, _ @T@ @ 1@ AL

et 7 aeret @§ @I(rvr)—O,

@y @y @y _ @ @y

ot Ve et Ve ; '( (10)

@t , @en_, @p 1@

@T
Cp(@t VZ@Z @') @Z '(rq)



OAaiénioTanaii oe 107

oafagaoaisyplied ia+aeuii-edadadi oneiaeyi
Tjt=o =" 1(r); Tjr=1 =0;3; ) =0;
@ r r=0
@T ) @T .
@z 0; G0 = @r._ 1(r);
z=0 t=0 (11)
0;5
Or=o =0; Vzjt=0 = Vzjr=1 = Mo, P ;
Po
Vzjzz0 =0, Wrji=o =0;  Vrjr=o0 =0

Nefiodia 6daaidieé aaciaeiaieée, ideiadiyaiay a daaioad Daa aeeasda [23),
yagyaony +anoidi neo+aal nenoaia (10) i8¢ k = 0. CAaanl 184iaaddaaaony aé-
figaguinie odienidiaiaiinolp e ayceiioup. Eiicein idaaie A3a40ny & caae-
fiyuel 10 daaeasiiné élidaeiaot. Yooaeol 0604a068aioial 1ad aiiiia aéép-
+apofy a ély60enediol daacaenitd odignistaiaiinoe & aycél fioe. Aeeyied
aalaodee dacdyaiié oddaée 10dazedil 4 fenodia 6daaidieé (1 0) Mndaanoan
+gafa fi iatateuidi eficeanti p(z), aey €01d1al 6idigdé aidiéneiaceaé
a inaio adaiaie, aéecéeé é inaiod idastaaiey oléa, yaeyao fiy i8tatenita
danisdadeaied aaaseaiey aaca.

Agy dagaiey 11i0aaeaiiio édadand casa+ aéy yoed nenoai adeé i fioaaeai
& Toéasedi éNieden ioiadall ia yciea idiadaiiesiaaiey 00 oai a&y PC
fi imiuip 1&o0taa ecioddi [4]. A 00adiadiN idifiodaiioad ane & 4434410 da-
aeaeliay e aéneaeuiay aenésaoecacee e 4660adaiveagiiay 61 6ia 6daaidieé
fiefiodit atea idaiadaciaaia é egiodaial.

Aénédaoecaoey Tnitaaia ia neaaopued 66iaaiaioaeninsd naié fAodad yaoié
Aeiddaiee-anéié nenodil aé60adaioeasiitd odaaiaieé a ~an  oito 18iecaia-
i06: nindaiéa clid, daniielaediita ieéaed 1M 0a+aiep 1oléa, i 1460 adoil oafi-
fi+eoail ¢lia ca ¢lilé, ia+éiay i oi+éé noadiacée, 44a nencal a adado naay éaeé
A403a Oeéelade+anéié 618it & yaiepoeiiesoao iacaaeneii 1o 1 aéanoaeé, ia-
GIAyueony idsed i1 04+aiep. A&y amaial eioadaasa asaidie da Afi-eodaaai
ana ¢lit a Naain iaisaaeaiee, +o0lal 0aéaed aéep+eou a itadéu OféTianoued
dach (Reeélilol+iop a0ao & aanoieiané daseel). Yoio daf+ao ia  Tadiael aey
al+eneaiey a éasealé Aaiité inaio Menal Ansiogasaiey aé ge. Nadaaied
cia+aiéy 1 ¢lid Tiddaaeypony eaé nodaidasesidoe+anéea ¢i  a+aiey il aadi
fitndaiel ecioadiai, nedaealiel asaiesaie ¢iid.

Paniddadedied aéneacuilal aadcaiey 119aadeyaony 3aNacd eaé iaasaoial
daca e ecia+aelil caaaiiié dacieodé a aaacdiee, éioiday cad ai 1aiyaony a
dan+40a. A aaiilé 3aaiod eco+adony oleluél ned+aé natatait T fnodaapudar gio-
da yeéaeodse+anéial daceyaa, 0. &.Q(T) =0, a & yoil daseeia iieell 164i4ada+
@c80+a0aeuinl TA0AIAN yiddaee. EdNA ia+aeédital idioee Y 04iiadaoosd
alaoiaeil caaaol fa+aéuita Mea neisinoaé, aey éioisial o 10i@6p arioié-
fielaoep iieeil MMe6+&0U 4 aaeadace+anell iseaceaedice (11) N&oeéa ecioddi
ataedagani nedadpuei 1adacii: naiay aaeuiyy 10 6aioda ecio 40ia daaia oai-
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14320604 G16TaiAT daca, 0. &. 300 E, ia+as0iaidedatdied 300  E, (a+aéufd
~&fi6T ecloasi daail 25. 1ifiea idilioaiey +efiea ecioddi 4 aaa  daca 1asead
foastie ecioadiaie istaiayony 1a0a [4, 5]

1. 1T ideadaaiiti daciifioiti noadiai idfataeony +efneaiiié & an+ao fa
ycoeas O160dai & N++ fi deaséeie elydoeseaioaie k € g, fi aoaiai ineaé
0414020060 & dacee+ita inaion adaiaie, aea &1oioao aiaioe 0 74 onoié+eai-
fioé 18ei1aidiiao daciiioitd Aal.

2. A 3aai0ad [19,20] +efiediité dan+ao iddasadasini isiaiae ou il 1ad+-
i0i yaiié e iayaité fcaial, 101604 1i+0é ia ioyaieé iaidd yé fifie+ia, ~ai
iddaeieediiay cadni eieaguil 1aimasiay nodia. Eana ofal, a ied eniieico-
bofiy 58404 6RETASY T&0ATAT Biad.

3. Nefnodia 4660484628100 6daaidieé a +anoiid idiecaiai a6 (10),
(11) yaeyaony 1aiéi éc yoaita faiataiey éeéanne+aneed o6daai aieé iaaua
Noféra ia iooe & aledd Tauei 6daaidieyi Adsiaooa, atodéapue i éc ifea-
eoeyoii-eeiaoe+anéié oaidee dacia [24]
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ON SOME APPLICATIONS
OF THE HYPERBOLIC HEAT EQUATION
AND THE METHODS FOR SOLVING IT
V. N. Khankhasaev and E. V. Darmakheev

Abstract:  Creation of new technological processes based on the use of high-intensity
energy uxes makes it necessary to take into account the nal rate of heat propagation
when determining the temperature state. This account can be realized with the help
of the hyperbolic heat equation obtained by A. V. Lykov in the framework of nonequi-
librium phenomenological thermodynamics as a consequence of the generalization of
the Fourier law for ows and the heat balance equation. In the previous works by
V. N. Khankhasaev, the process of switching o the electric a rc in a spiral gas ow was
simulated using this equation. In this paper, a mathematica | model of this process is
developed with the addition of a period of steady burning of t he arc until the moment
of disconnection and replacement of the strictly hyperboli ¢ heat conduction equation
by a hyperbolic-parabolic equation. For the resulting mixe d heat conduction equation,
a number of boundary value problems in the Fortran and Matcad  software environments
are correctly posed and numerically solved, obtaining temp erature elds that are in good

agreement with the available experimental data.
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Keywords:  hyperbolic-parabolic equations, hyperbolic heat equatio n, alternating di-
rection scheme, Navier Stokes equations, heat balance.
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