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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

Â ËÅÁÅÃÎÂÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Ì. Ã. Ãàäîåâ, Ô. Ñ. Èñõîêîâ

Àííîòàöèÿ. Â ïðîñòðàíñòâå L p (Š), ãäå 1 < p < + 1 è Š � ïðîèçâîëüíàÿ (îãðàíè-
÷åííàÿ èëè íåîãðàíè÷åííàÿ) îáëàñòü n-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà Rn , èññëå-
äóåòñÿ îòíîñèòåëüíàÿ îãðàíè÷åííîñòü îäíîãî êëàññà äèôôåð åíöèàëüíûõ îïåðàòî-
ðîâ ñ ÷àñòíûìè ïðîèçâîäíûìè íåäèâåðãåíòíîãî âèäà âûñøåãî ï îðÿäêà. Èññëåäóå-
ìûå îïåðàòîðû èìåþò íåñòåïåííîå âûðîæäåíèå âäîëü âñåé ãðàí èöû îáëàñòè Š, è
âûðîæäåíèå ïî êàæäîé íåçàâèñèìîé ïåðåìåííîé õàðàêòåðèçóå òñÿ ñ ïîìîùüþ ðàç-
íûõ ôóíêöèé.

Â ðàáîòàõ, îïóáëèêîâàííûõ ðàíåå ïî ýòîìó íàïðàâëåíèþ, îáû÷ íî ñíà÷àëà çà-
äàâàëñÿ èññëåäóåìûé îïåðàòîð â îáëàñòè Š è çàòåì â ýòîé îáëàñòè îïðåäåëÿëèñü
ôóíêöèè, ñ ïîìîùüþ êîòîðûõ õàðàêòåðèçóþòñÿ âûðîæäåíèÿ êîý ôôèöèåíòîâ èñ-
ñëåäóåìîãî îïåðàòîðà. Ýòè ôóíêöèè èìåëè îäèíàêîâîå ïîâåäå íèå âáëèçè ãðàíèöû
ïî ðàçíûì íåçàâèñèìûì ïåðåìåííûì.

Â îòëè÷èå îò ýòîãî, â íàñòîÿùåé ðàáîòå îáëàñòü Š è ôóíêöèè, êîòîðûå õàðàê-
òåðèçóþò âûðîæäåíèÿ êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî îïå ðàòîðà, çàäàþòñÿ â
ïàðå äðóã ñ äðóãîì è ïðåäïîëàãàåòñÿ âûïîëíåíèå ¾óñëîâèÿ ïîã ðóæåíèÿ¿, ââåäåííî-
ãî ðàíåå Ï. È. Ëèçîðêèíûì. Ïðè ýòîì äèôôåðåíöèðóåìîñòü ôóíê öèé, ñ ïîìîùüþ
êîòîðûõ îïðåäåëÿåòñÿ âûðîæäåíèå èññëåäóåìîãî îïåðàòîðà, íå òðåáóåòñÿ.

Èññëåäîâàíèå îòíîñèòåëüíîé îãðàíè÷åííîñòè äèôôåðåíöèàë üíûõ îïåðàòîðîâ
ÿâëÿåòñÿ îäíèì èç îñíîâíûõ íàïðàâëåíèé òåîðèè òàêèõ îïåðàò îðîâ, è ðåçóëüòà-
òû, ïîëó÷åííûå â ýòîì íàïðàâëåíèè, èìåþò øèðîêîå ïðèìåíåíè å â òåîðèè âëî-
æåíèÿ íîðìèðîâàííûõ ïðîñòðàíñòâ äèôôåðåíöèðóåìûõ ôóíêöè é ìíîãèõ ïåðåìåí-
íûõ, òåîðèè ðàçäåëèìîñòè äèôôåðåíöèàëüíûõ îïåðàòîðîâ, ñï åêòðàëüíîé òåîðèè
äèôôåðåíöèàëüíûõ îïåðàòîðîâ è ò.ä.

DOI: 10.25587/SVFU.2018.1.12764

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûé îïåðàòîð ñ ÷àñòíûìè ïðîèçâîäíûìè, íåñòå -
ïåííîå âûðîæäåíèå, îòíîñèòåëüíàÿ îãðàíè÷åííîñòü îïåðàòî ðîâ, ðàçáèåíèå åäèíè-
öû.

0. Ââåäåíèå

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ îòíîñèòåëüíîé îãðàíè÷åííî ñòè îäíîãî
êëàññà äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ÷àñòíûìè ïðîèçâîäíû ìè íåäèâåðãåíò-
íîãî âèäà â ïðîèçâîëüíîé (îãðàíè÷åííîé èëè íåîãðàíè÷åííîé ) îáëàñòè Š n-
ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà ñ íåñòåïåííûì âûðîæäåíèåì íà ãðàíèöå îáëà-
ñòè â ïðîñòðàíñòâå L p(Š). Ðåçóëüòàòû îá îòíîñèòåëüíîé îãðàíè÷åííîñòè äèô-
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ôåðåíöèàëüíûõ îïåðàòîðîâ ïðèìåíÿþòñÿ â òåîðèè ðàçäåëèìîñ òè äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ, òåîðèè âëîæåíèÿ íîðìèðîâàííûõ ïðîñòðà íñòâ äèôôåðåí-
öèðóåìûõ ôóíêöèé ìíîãèõ âåùåñòâåííûõ ïåðåìåííûõ, ñïåêòðà ëüíîé òåîðèè
äèôôåðåíöèàëüíûõ îïåðàòîðîâ (ñì., íàïðèìåð, [1�17] è èìåþ ùóþñÿ â íèõ áèá-
ëèîãðàôèþ).

Â íàñòîÿùåé ðàáîòå, òàê æå êàê â ðàáîòå àâòîðîâ [18], îáëàñòü Š è ôóíêöèè,
êîòîðûå õàðàêòåðèçóþò âûðîæäåíèÿ êîýôôèöèåíòîâ äèôôåðåí öèàëüíîãî îïå-
ðàòîðà, çàäàþòñÿ â ïàðå äðóã ñ äðóãîì è ïðåäïîëàãàåòñÿ âûïîë íåíèå ¾óñëîâèÿ
ïîãðóæåíèÿ¿, ââåäåííîãî Ï. È. Ëèçîðêèíûì â ðàáîòå [19]. Ïðè ýòîì âûðîæ-
äåíèÿ êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî îïåðàòîðà ïî ðàçíû ì íåçàâèñèìûì
ïåðåìåííûì õàðàêòåðèçóþòñÿ ñ ïîìîùüþ ðàçíûõ ôóíêöèé è äèôô åðåíöèðó-
åìîñòü ôóíêöèé, ñ ïîìîùüþ êîòîðûõ îïðåäåëÿåòñÿ âûðîæäåíèå èññëåäóåìîãî
îïåðàòîðà, íå òðåáóåòñÿ.

1. Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà

Ïóñòü Š � ïðîèçâîëüíîå îòêðûòîå ìíîæåñòâî â n-ìåðíîì åâêëèäîâîì ïðî-
ñòðàíñòâåRn , è ïóñòü …(0) � åäèíè÷íûé êóá ñ öåíòðîì â íà÷àëå ñèñòåìû êî-
îðäèíàò. Äëÿ ëþáîé òî÷êè � = ( � 1; � 2; : : : ; � n ) 2 Rn è ëþáîãî âåêòîðà ~t =
(t1; t2; : : : ; tn ) ñ ïîëîæèòåëüíûìè êîìïîíåíòàìè îïðåäåëèì ïàðàëëåëåïèïåä
…~t (� ) ðàâåíñòâîì

…~t (� ) = f x 2 Rn : ((x1 � � 1)=t1; (x2 � � 2)=t2; : : : ; (xn � � n )=tn ) 2 …(0)g:

Ïóñòü gj (x), j = 1 ; 2; : : : ; n, � îïðåäåëåííûå â Š ïîëîæèòåëüíûå ôóíêöèè. Ïî-
ëîæèì …";~g (� ) = …�~g ( � ) (� ), ãäå " > 0 è ~g(� ) = ( g1(� ); g2(� ); : : : ; gn (� )).

Ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî Š è ôóíêöèè gj (x), j = 1 ; 2; : : : ; n, ñâÿçàíû
ñëåäóþùèì óñëîâèåì.

(A) Ñóùåñòâóåò ïîñòîÿííàÿ "0 > 0 òàêàÿ, ÷òî äëÿ âñåõ� 2 Š ïàðàëëåëåïè-
ïåä …";~g (� ) ñîäåðæèòñÿ â Š äëÿ âñåõ" 2 (0; "0).

Óñëîâèå (À) ÿâëÿåòñÿ àíàëîãîì óñëîâèÿ ïîãðóæåíèÿ, ââåäåíí îãî â [19].
Â ýòîé ðàáîòå òàêæå ðàññìîòðåíû ïðèìåðû îáëàñòåé Š è ïîëîæèòåëüíûõ ôóíê-
öèé gj (x), j = 1 ; 2; : : : ; n, óäîâëåòâîðÿþùèõ óñëîâèþ ïîãðóæåíèÿ.

Ðàññìîòðèì äèôôåðåíöèàëüíîå âûðàæåíèå

L(x; D x ) =
X

j k j� 2r

ak (x)D k
x (x 2 Š); (1)

ãäåk = ( k1; k2; : : : ; kn ) � ìóëüòèèíäåêñ, jkj = k1 + k2 + : : : + kn � äëèíà ìóëü-
òèèíäåêñà,

D k
x =

�
1
i

@
@x1

� k1
�

1
i

@
@x2

� k2

: : :
�

1
i

@
@xn

� kn

è i � ìíèìàÿ åäèíèöà.
Ñèìâîëîì B (�;~g; Š), ãäå � � ïîëîæèòåëüíîå ÷èñëî, îáîçíà÷èì êëàññ ñèì-

âîëîâ
L (x; s) =

X

j k j� 2r

ak (x)sk (x 2 Š; s 2 Rn )
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ñ èçìåðèìûìè êîýôôèöèåíòàìè, óäîâëåòâîðÿþùèìè ñëåäóþùèì óñëîâèÿì:

(I) inf
x 2 Š;s 2 R n

jL (x; s)j = � 6= 0

(II) jak (x)sk 0
j � �g � k 00

1
1 (x)g� k 00

2
2 (x) : : : g� k 00

n
n (x)jL (x; s)j

äëÿ âñåõx 2 Š, s 2 Rn , k = k0+ k00, k006= 0, jkj � 2r ;
(III)

P

j k j� 2r
j(ak (x) � ak (y))sk j � � jL (x; s)j äëÿ âñåõ s 2 Rn è âñåõx; y 2 Š

òàêèõ, ÷òî jx j � yj j < " 2gj (x), j = 1 ; 2; : : : ; n, " 2 (0; "0).

Áóäåì ïèñàòü L(x; s) 2 B(�;~g; Š), åñëè

L(x; s) 2 B (�;~g; Š); D l
x ak (x) 2 L 1 ;loc (Š) ( jl j � j kj � 2r );

è âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

(IVà) L (x; D x ) � ñèììåòðè÷åñêîå äèôôåðåíöèàëüíîå âûðàæåíèå;
(IVá) èìååò ìåñòî íåðàâåíñòâî

X

l + k 0+ k 00= k;
k 006=0 ; j k j� 2 r

�
� � D l

x ak (x)
�
gk 00

1
1 (x)gk 00

2
2 (x) : : : gk 00

n
n (x)sk 0�� � � jL (x; s)j

äëÿ âñåõx 2 Š, s 2 Rn .

Íàðÿäó ñ äèôôåðåíöèàëüíûì âûðàæåíèåì (1) ðàññìîòðèì äèôôå ðåíöè-
àëüíîå âûðàæåíèå

L(x; D x ) =
X

j k j� 2r

bk (x)D k
x (x 2 Š) (2)

ñ íåïðåðûâíûìè êîýôôèöèåíòàìè bk (x) (x 2 Š, jkj � 2r ), óäîâëåòâîðÿþùèìè
íåðàâåíñòâó

X

k 0+ k 00= k;
j k j� 2 r

�
�bk (x)gk 00

1
1 (x)gk 00

2
2 (x) : : : gk 00

n
n (x)sk 0�� � NjL (x; s)j (3)

äëÿ âñåõx 2 Š, s 2 Rn ; N � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Òåîðåìà. Ïóñòü ñóùåñòâóåò ÷èñëî � > 0 òàêîå, ÷òî

� � 1 �
gj (x)
gj (y)

� �; j = 1 ; 2; : : : ; n; (4)

äëÿ âñåõy 2 Š è âñåõx 2 …";~g (y), è ïóñòü ïðè íåêîòîðîì { > 0 âûïîëíÿåòñÿ
íåðàâåíñòâî X

j k j� 2r

jak (x)sk j � { jL (x; s)j (5)

äëÿ âñåõ x 2 Š, s 2 Rn . Ïóñòü òàêæå âûïîëíÿåòñÿ íåðàâåíñòâî (3). Òîãäà
íàéäåòñÿ ÷èñëî � 0 = � 0(r; n; p; { ; � ) > 0, 1 < p < + 1 , òàêîå, ÷òî åñëè L(x; s) 2
B (�;~g; Š), 0 < � < � �

0 , òî äëÿ âñåõ u 2 C1
0 (Š) âûïîëíÿåòñÿ íåðàâåíñòâî

X

j k j� 2r


 bk (x)D k

x u(x); L p(Š)

 � M kL(x; D x )u(x); L p(Š)k; (6)
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ãäå M = M(r; n; p; { ; N) � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Åñëè æå
L(x; s) 2 B(�;~g; Š), 0 < � < � �

0 , òî íåðàâåíñòâî (6) èìååò ìåñòî òàêæå äëÿ
âñåõu(x) 2 L p(Š) òàêèõ, ÷òî L (x; D x )u(x) 2 L p(Š).

Íàïîìíèì îïðåäåëåíèå îòíîñèòåëüíîé îãðàíè÷åííîñòè îïåðà òîðîâ â áàíà-
õîâûõ ïðîñòðàíñòâàõ. Ïóñòü X , Y è Z � áàíàõîâû ïðîñòðàíñòâà è A : D(A) �
X ! Y , B : D(B ) � X ! Z � íåêîòîðûå ïëîòíî îïðåäåëåííûå ëèíåéíûå îïåðà-
òîðû. Îïåðàòîð B íàçûâàåòñÿ îãðàíè÷åííûì îòíîñèòåëüíî îïåðàòîðà A (èëè
A-îãðàíè÷åííûì ), åñëè D(A) � D (B ) è ñóùåñòâóþò ïîñòîÿííûå � � 0, � > 0
òàêèå, ÷òî

kBu; Z k � � ku; X k + � kAu; Yk

äëÿ âñåõu 2 D(A).
Ïóñòü îïåðàòîðû (ñì. (1), (2))

L = L(�; D ); D (L ) = C1
0 (Š); è L = L(�; D ); D (L) = C1

0 (Š);

äîïóñêàþò çàìûêàíèå â ïðîñòðàíñòâå L p(Š). Èõ çàìûêàíèÿ îáîçíà÷èì ÷åðåç
L (p) è L (p) ñîîòâåòñòâåííî. Òîãäà â óñëîâèÿõ ñôîðìóëèðîâàííîé âûøå òå îðåìû
åñëè L(x; s) 2 B(�;~g; Š), 0 < � < � �

0 , òî íåðàâåíñòâî (6) èìååò ìåñòî äëÿ âñåõ
u(x) 2 L p(Š) òàêèõ, ÷òî L (x; D x )u(x) 2 L p(Š), è èç ýòîãî íåðàâåíñòâà ñëåäó-
åò îãðàíè÷åííîñòü îïåðàòîðà L (p) îòíîñèòåëüíî îïåðàòîðà L (p) â ïðîñòðàíñòâå
L p(Š).

2. Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû

Îòìåòèì, ÷òî äèôôåðåíöèàëüíûå îïåðàòîðû L(x; D x ), ñèìâîëû êîòîðûõ
ïðèíàäëåæàò êëàññó B (�;~g; Š), ðàíåå èçó÷àëèñü â ðàáîòàõ àâòîðîâ [18, 20]. Òàê
æå êàê â ýòèõ ðàáîòàõ, çäåñü ïðèìåíÿåòñÿ òåõíèêà, îñíîâàííà ÿ íà ñëåäóþùåé
ëåììå î ðàçáèåíèè åäèíèöû îáëàñòè Š.

Ëåììà 1 (ñì. [17, ëåììà 1]). Ïóñòü îáëàñòü Š è ïîëîæèòåëüíûå ôóíêöèè
gj (x), j = 1 ; 2; : : : ; n, óäîâëåòâîðÿþò ñôîðìóëèðîâàííûì âûøå óñëîâèÿì.

Òîãäà ñóùåñòâóþò íåîòðèöàòåëüíûå ôóíêöèè  1;  2; : : : èç êëàññàC1
0 (Š)

òàêèå, ÷òî

1)
+ 1P

m =1
 2

m (x) � 1 (x 2 Š);

2) ïîêðûòèå f supp  m g+ 1
m =1 îáëàñòè Š èìååò êîíå÷íóþ êðàòíîñòü ƒ (n; � ),

ãäå� � êîíñòàíòà èç óñëîâèÿ (4);
3) äëÿ ëþáîãî ìóëüòèèíäåêñà k ñóùåñòâóåò êîíå÷íîå ÷èñëî M k > 0 òàêîå,

÷òî
�
�D k

x  m (x)
�
� � M k g� k1

1 (x)g� k2
2 (x) : : : g� kn

n (x) (x 2 Š);

4) äëÿ âñåõx; y 2 supp m , m = 1 ; 2; : : : , âûïîëíÿåòñÿ íåðàâåíñòâî

jx j � yj j < " 2gj (x); j = 1 ; 2; : : : ; n;
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5) äëÿ ëþáîé ôóíêöèè f 2 L 1(Š) ñïðàâåäëèâî ñîîòíîøåíèå

+ 1X

m = N

Z

Š

� m (x)f (x) dx ! 0; N ! + 1 ;

ãäå� m (x) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà supp m .

Ïóñòü L(x; s) 2 B (�;~g; Š) è 0 < � < � 0, ãäå � 0 = � 0(n; r; p; { ) > 0 � òàêîå
æå ïîëîæèòåëüíîå ÷èñëî, êàê â [20, òåîðåìà 1]. Òîãäà ñîãëàñí î ýòîé òåîðåìå
çàìûêàíèå L (p) îïåðàòîðà L = L(�; D ), D (L ) = C1

0 (Š), â ïðîñòðàíñòâå L p(Š)
ñóùåñòâóåò è èìååò ìåñòî ðàâåíñòâî (ñì. [18, ñ. 21])

L (p) F(p) = E + €(p) ; (7)

ãäå €(p) � çàìûêàíèå â L p(Š) íåêîòîðîãî îïåðàòîðà € 2 L p[Š] òàêîãî, ÷òî
k€kp � 1=2, è ïðè ýòîì D (€(p) ) = L p(Š). Çäåñü è äàëåå ñèìâîëîì L p[Š]
îáîçíà÷åíî ïðîñòðàíñòâî âñåõ ëèíåéíûõ îïåðàòîðîâ, äåéñòâ óþùèõ èç C1

0 (Š)
â L 1(Š) \ L 1 (Š), çàìûêàíèÿ êîòîðûõ â ïðîñòðàíñòâå L p(Š) ÿâëÿþòñÿ îãðàíè-
÷åííûìè îïåðàòîðàìè.

Íàïîìíèì (ñì. [18, ñ. 8]), ÷òî F(p) � çàìûêàíèå â L p(Š) îïåðàòîðà

F =
+ 1X

m =1

 m ˆ m  m ; D (F ) = C1
0 (Š); (8)

ãäå ˆ m , m = 1 ; 2; : : : , � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð â Rn ñ ñèìâîëîì
ˆ m (s) = L � 1

m (s) è

L m (s) =
X

j k j� 2r

ak (x(m;k ) )sk (s 2 Rn ); (9)

f x(m;k ) ; jkj � 2rg � íåêîòîðûå ôèêñèðîâàííûå òî÷êè èç supp  m , m = 1 ; 2; : : : .
Íèæå äîêàæåì íåðàâåíñòâî

kbk D k F kp � C1;p < + 1 ; jkj � 2r: (10)

Èñïîëüçóÿ ðàâåíñòâî

bk D k F =
+ 1X

m =1

 m bk D k ˆ m  m +
+ 1X

m =1

[bk D k ;  m ]ˆ m  m ;

ãäå ñèìâîë [ �; �] îáîçíà÷àåò êîììóòàòîð [ T1; T2] = T1T2 � T2T1, ïðåäñòàâèì îïå-
ðàòîð bk D k F â âèäå

bk D k F = F(k )
� + F(k )

�� ; (11)

ãäå

F(k )
� =

+ 1X

m =1

 m bk ˆ (k )
m  m ; F(k )

�� =
+ 1X

m =1

[bk D k ;  m ]ˆ m  m ; (12)

ˆ (k )
m � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð â Rn ñ ñèìâîëîì sk L � 1

m (s).
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Îöåíèì íîðìó îïåðàòîðà F(k )
� . Äëÿ ýòîãî ïðåäñòàâèì îïåðàòîð F(k )

� â âèäå

F(k )
� =

+ 1X

m =1

 m (bk (x) � bk (x(m;k ) )) ˆ (k )
m  m +

+ 1X

m =1

 m bk (x(m;k ) )ˆ (k )
m  m :

Ïðèìåíÿÿ [18, ëåììà 2], ïîëó÷àåì

kF(k )
� kp � M 1(C1;k + C2;k ); (13)

ãäå
C1;k = sup

m =1 ;2;:::


  m (bk (x) � bk (x(m;k ) )) ˆ (k )

m  m



p;

C2;k = sup
m =1 ;2;:::


  m bk (x(m;k ) )ˆ (k )

m  m



p:

Òàêæå ñ ïîìîùüþ [18, ëåììà 2] äîêàçûâàåòñÿ, ÷òî

  m (bk (x) � bk (x(m;k ) )) ˆ (k )

m  m



p � M 11 sup
�
�(bk (x) � bk (x(m;k ) ))sk L � 1

m (s)
�
� :

Â ýòèõ íåðàâåíñòâàõ âåðõíÿÿ ãðàíü áåðåòñÿ ïî x 2 supp m , s 2 Rn . Îòñþäà â
ñèëó íåïðåðûâíîñòè êîýôôèöèåíòîâ bk (x), jkj � 2r; è óñëîâèÿ (3) ñëåäóåò, ÷òî


  m (bk (x) � bk (x(m;k ) )) ˆ (k )

m  m



p � M1; (14)

ãäåM1 � íåêîòîðîå êîíå÷íîå ïîëîæèòåëüíîå ÷èñëî.
Èç óñëîâèÿ (3), â ÷àñòíîñòè, ñëåäóåò, ÷òî

jbk (x)sk j � NjL (x; s)j; jkj � 2r;

äëÿ âñåõx 2 Š, s 2 Rn . Ñëåäîâàòåëüíî,

jbk (x(m;k ) )sk j � NjL (x(m;k ) ; s)j; jkj � 2r; m = 1 ; 2; : : : ;

äëÿ âñåõs 2 Rn .
Ñîãëàñíî íåðàâåíñòâó (16) èç ðàáîòû [18]

jL (x; s)j � 2jL m (s)j � 3jL (x; s)j; s 2 Rn ; x 2 supp m ; m = 1 ; 2; : : : : (15)

Îòñþäà ñëåäóåò, ÷òî

jL (x(m;k ) ; s)j � 2jL m (s)j � 3jL (x(m;k ) ; s)j; s 2 Rn ; m = 1 ; 2; : : : :

Ïîýòîìó �
�bk (x(m;k ) )sk L � 1

m (s)
�
� � 2N; jkj � 2r; m = 1 ; 2; : : : ; (16)

äëÿ âñåõs 2 Rn .
Îòìåòèì, ÷òî â ñèëó [18, ëåììà 3] äëÿ íîðìû ïñåâäîäèôôåðåíöè àëüíîãî

îïåðàòîðà ˆ (k )
m èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:


 ˆ (k )

m




p � M p sup
s2 R n

�
�sk L � 1

m (s)
�
� :

Îòñþäà è èç (16) ñëåäóåò, ÷òî

  m bk (x(m;k ) )ˆ (k )

m  m



p � 2N (17)
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äëÿ âñåõjkj � 2r , m = 1 ; 2; : : : .
Â ñèëó äîêàçàííûõ íåðàâåíñòâ (14), (17) èç (13) ïîëó÷èì ñëåä óþùóþ îöåí-

êó äëÿ íîðìû îïåðàòîðà F(k )
� :

kF(k )
� kp � M 1;p (M1 + 2 N): (18)

Ïåðåõîäèì ê îöåíêå íîðìû îïåðàòîðà (ñì. (12)) F(k )
�� . Òàê êàê

[bk D k ;  m ] = bk (x)D k ( m (x)) �  m (x)bk (x)D k ;

èìååò ìåñòî ïðåäñòàâëåíèå

F(k )
�� =

+ 1X

m =1

X

k 0+ k 00= k;
k 06=0

C(k0; k00)bk (x) (k 0)
m ˆ (k 00)

m  m ;

ãäåC(k0; k00) � ïîñòîÿííûå ÷èñëà,  (k 0)
m (x) = D k 0

x  m (x) è ˆ (k 00)
m � ïñåâäîäèôôå-

ðåíöèàëüíûé îïåðàòîð â Rn ñ ñèìâîëîì sk 00
L � 1

m (s). Îòñþäà â ñèëó [18, ëåììà 2]
ñëåäóåò, ÷òî

kF(k )
�� kp � ƒ 1=p(n; � )

X

k 0+ k 00= k;
k 06=0

C(k )
(k 0;k 00) ; (19)

ãäå
C(k )

(k 0;k 00) = sup
m =1 ;2;:::


 bk (x) (k 0)

m ˆ (k 00)
m  m




p: (20)

Â ñèëó [18, ëåììà 3] èìååì

 bk (x) (k 0)

m ˆ (k 00)
m  m




p � sup
x 2 supp  m

sup
s2 R n

�
�  (k 0)

m (x)bk (x)sk 00
L � 1

m (s)
�
� :

Ïðèìåíÿÿ íåðàâåíñòâî (15) è ï. 3 ëåììû 1, ïîëó÷èì

sup
x 2 supp  m

sup
s2 R n

�
�  (k 0)

m (x)bk (x)sk 00
L � 1

m (s)
�
�

� M 21 sup
x 2 supp  m

sup
s2 R n

�
�bk (x)gk 0

1
1 (x)gk 0

2
2 (x) : : : gk 0

n
n (x)sk 00

L � 1
m (s)

�
�

� M 22 sup
x 2 supp  m

sup
s2 R n

�
�bk (x)gk 0

1
1 (x)gk 0

2
2 (x) : : : gk 0

n
n (x)sk 00

L � 1(x; s)
�
� :

Îòñþäà â ñèëó óñëîâèÿ (3) ñëåäóåò, ÷òî

sup
x 2 supp  m

sup
s2 R n

j (k 0)
m (x)bk (x)sk 00

L � 1
m (s)j � M 22N < + 1 :

Òàêèì îáðàçîì (ñì. (19), (20)), ñóùåñòâóåò êîíå÷íîå ïîëîæè òåëüíîå ÷èñëî M2;p ,
1 < p < + 1 , òàêîå, ÷òî

kF(k )
�� kp � M2;p (21)

äëÿ âñåõ ìóëüòèèíäåêñîâ k òàêèõ, ÷òî jkj � 2r .
Â ñèëó ïðåäñòàâëåíèÿ (11) èç (18), (21) ñëåäóåò íåðàâåíñòâî(10).
Ïóñòü u(x) � ïðîèçâîëüíàÿ ôóíêöèÿ èç êëàññà C1

0 (Š). Òîãäà ñóùåñòâóåò
ôóíêöèÿ (ñì. (8)) v(x) 2 C1

0 (Š) òàêàÿ, ÷òî F v = u. Èñïîëüçóÿ ðàâåíñòâî (7),
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èìååì Lu = LF v = ( E + €)v: Òàê êàê€ 2 L p[Š] è k€kp � 1=2, òî v = ( E + €)� 1Lu:
Îòñþäà è èç íåðàâåíñòâà (10) èìååì

kbk D k u; L p(Š)k = kbk D k F v; L p(Š)k � C1;pkv; L p(Š)k

= C1;p k(E + €)� 1Lu ; L p(Š)k � C1;pk(E + €)� 1kpkLu ; L p(Š)k:

Òàê êàê (E + €)� 1 � îãðàíè÷åííûé îïåðàòîð, òî

kbk D k u; L p(Š)k � C2;p kLu ; L p(Š)k (u 2 C1
0 (Š)) ; (22)

ãäåC2;p � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Ñëåäîâàòåëüíî,
X

j k j� 2r


 bk (x)D k

x u(x); L p(Š)

 � MkL(x; D x )u(x); L p(Š)k

äëÿ âñåõu 2 C1
0 (Š), ò. å. íåðàâåíñòâî (6) â ñëó÷àåu 2 C1

0 (Š) äîêàçàíî.
Òàêèì îáðàçîì, ïåðâàÿ ÷àñòü óòâåðæäåíèÿ îñíîâíîé òåîðåìû ä îêàçàíà.

Äëÿ äîêàçàòåëüñòâà âòîðîé ÷àñòè ââîäèì ïðîñòðàíñòâî Wp;L (Š), êîòîðîå ñî-
ñòîèò èç âñåõ ôóíêöèé u(x) 2 L p(Š) òàêèõ, ÷òî L (x; D x )u(x) 2 L p(Š). Íîðìà â
Wp;L (Š) îïðåäåëÿåòñÿ ðàâåíñòâîì

ku; Wp;L (Š)k =
� Z

Š

ju(x)jp dx +
Z

Š

jL (x; D x )u(x)jp dx
� 1=p

:

Åñëè L(x; s) 2 B (�;~g; Š) è 0 < � < � 0, ãäå � 0 = � 0(n; r; p; { ) > 0 � òà-
êîå æå ïîëîæèòåëüíîå ÷èñëî, êàê â [18, òåîðåìà 1], òî ñîãëàñí î ýòîé òåîðåìå
çàìûêàíèå L (p) îïåðàòîðà L = L(�; D ), D (L ) = C1

0 (Š), â ïðîñòðàíñòâå L p(Š)
ñóùåñòâóåò. Ïóñòüu 2 D(L (p) ). Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ôóíêöèé
u1(x); u2(x); : : : èç êëàññàC1

0 (Š) òàêàÿ, ÷òî uj �!
p

u, Lu j �!
p

L (p) u: Èç (22)
ñëåäóåò, ÷òî

kbk D k (ui � uj ); L p(Š)k � C2;pkL (ui � uj ); L p(Š)k: (23)

Ïîýòîìó äëÿ ïðîèçâîëüíîãî " > 0

kD k (ui � uj ); L p(Š" )k �! 0 (i; j �! + 1 ); (24)

ãäå Š" = f x 2 Š : jbk (x)j > " g: Òàê êàê uj �!
p

u, èç (24) ñëåäóåò, ÷òî âŠ" ñó-

ùåñòâóåò îáîáùåííàÿ ïðîèçâîäíàÿ D k
x u(x) â ñìûñëå Ñ. Ë. Ñîáîëåâà. Îòñþäà â

ñèëó ïðîèçâîëüíîñòè " > 0 è íåïðåðûâíîñòè êîýôôèöèåíòîâ bk (x), jkj � 2r; ñëå-
äóåò, ÷òî îáîáùåííàÿ ïðîèçâîäíàÿ D k

x u(x) â ñìûñëå Ñ. Ë. Ñîáîëåâà ñóùåñòâóåò
â ìíîæåñòâå Š0 = f x 2 Š : bk (x) 6= 0 g. Ó÷èòûâàÿ ýòî è ïåðåõîäÿ ê ïðåäåëó ïðè
j �! + 1 â íåðàâåíñòâå (23), ïîëó÷èì

kbk D k u � bk D k ui ; L p(Š" )k � C2;p kL (u � ui ); L p(Š)k:

Îòñþäà â ñèëó ïðîèçâîëüíîñòè " > 0 èìååì

kbk D k u � bk D k ui ; L p(Š)k � C2;pkL (u � ui ); L p(Š)k:
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Ñëåäîâàòåëüíî, åñëè ïåðåõîäèòü ê ïðåäåëó ïðè j �! + 1 â íåðàâåíñòâå
X

j k j� 2r


 bk (x)D k

x ui (x); L p(Š)

 � MkL(x; D x )ui (x); L p(Š)k;

òî ïîëó÷èì íåðàâåíñòâî (6) äëÿ âñåõ u 2 D(L (p) ).
Íèæå äîêàæåì, ÷òî â óñëîâèÿõ òåîðåìû íàéäåòñÿ ÷èñëî t0 = t(r; n; p; { )

òàêîå, ÷òî åñëè 0< � < t 0 è L(x; s) 2 B(�;~g; Š), òî

D (L (p) ) = Wp;L (Š): (25)

Ïîýòîìó â ýòîì ñëó÷àå íåðàâåíñòâî (6) èìååò ìåñòî äëÿ âñåõ u(x) 2 L p(Š) òà-
êèõ, ÷òî L (x; D x )u(x) 2 L p(Š). Òàêèì îáðàçîì, äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà
îñíîâíîé òåîðåìû îñòàëîñü äîêàçàòü ðàâåíñòâî (25).

Îáîçíà÷èì ÷åðåç L 0(x; s) ñèìâîë äèôôåðåíöèàëüíîãî âûðàæåíèÿ L 0(x; D x ),
ñîïðÿæåííîãî ê äèôôåðåíöèàëüíîìó âûðàæåíèþ L 0(x; D x ). Íåïîñðåäñòâåííû-
ìè âû÷èñëåíèÿìè ìîæíî óáåäèòüñÿ â òîì, ÷òî åñëè L(x; s) 2 B(�;~g; Š), 0 < � <
� , ãäå � � íåêîòîðîå ìàëîå ÷èñëî, çàâèñÿùåå òîëüêî îò r è n, òî L 0(x; s) 2
B

�
8�
� ;~g; Š

�
. Åñëè æå ïðè ýòîì âûïîëíÿåòñÿ íåðàâåíñòâî (5), òî

X

j k j� 2r

ja0
k (x)sk j � { 0jL 0(x; s)j (x 2 Š; s 2 Rn );

ãäå{ 0 = 4 { + 3 è a0
k (x) � êîýôôèöèåíòû ñèìâîëà L 0(x; s).

Òàêèì îáðàçîì, ê äèôôåðåíöèàëüíûì îïåðàòîðàì L = L(x; D x ), D (L ) =
C1

0 (Š), è L 0 = L 0(x; D x ), D (L 0) = C1
0 (Š), ìîæíî ïðèìåíèòü ðåçóëüòàòû ðàáîòû

[18], ñîãëàñíî êîòîðûì ìîæíî ïîäîáðàòü ïîëîæèòåëüíîå ÷èñë î t1 = t1(r; n; p; { )
òàêîå, ÷òî åñëè L(x; s) 2 B(�;~g; Š), òî (ñì. [18, ñ. 21, 22])

R(L (p) ) = L p(Š); kerL (p) = ? ; R(L 0
(q) ) = L q(Š); kerL 0

(q) = ? ; 1=p+ 1 =q= 1 :

Îòñþäà â ñèëó [2, ëåììà 2.6, ï. (â)] ñëåäóåò ðàâåíñòâî ( L 0
(q) )

� = L (p) . Ïîýòîìó
èç [2, ëåììà 2.6, ï. (ã)] ñëåäóåò, ÷òî u(x) 2 D((L 0

(q) )
� ) = D(L (p) ) òîãäà è òîëüêî

òîãäà, êîãäà u(x) 2 L p(Š) è îáîáùåííàÿ ôóíêöèÿ

(L (x; D x )u)(x) =
X

j k j� 2r

ak (x)D k
x u(x)

ïðèíàäëåæèò ïðîñòðàíñòâó L p(Š), ò. å. èìååò ìåñòî ðàâåíñòâî (25).
Îñíîâíàÿ òåîðåìà äîêàçàíà.
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ON RELATIVE BOUNDEDNESS OF A CLASS

OF DEGENERATE DIFFERENTIAL

OPERATORS IN THE LEBESGUE SPACE

M. G. Gadoev and F. S. Iskhokov

Abstract: In the space L p (Š), where 1 < p < + 1 and Š is an arbitrary (bounded
or unbounded) domain in Rn , we investigate relative boundedness for a class of higher
order partial di�erential operators in non-divergent form . These operators have non-
power degeneracy on the whole boundary of Š and degeneracy with respect to each of
independent variables is characterized by di�erent functi ons.

In the earlier published papers in this direction, as a rule, �rstly the operator is
de�ned in Š and then functions characterizing degeneracies of the oper ator's coe�cients
are de�ned in this domain.

In contrast to that, here we de�ne Š and these functions related to each other while
ful�lling the �immersion condition� introduced by P. I. Liz orkin in [19]. In addition,
di�erentiability of the functions by which we de�ne degener acy of the investigated
operator is not required.

Study of relative boundedness of di�erential operators is o ne of the modern direc-
tions in such operators theory with results having a wide ran ge of applicability to the
imbedding theory of di�erentiable functions of many variab les, the separation theory of
di�erential operators, the spectral theory of di�erential operators, etc.
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Keywords: partial di�erential operator, non-power degeneracy, rela tive boundedness
of operators, partition of the unit.
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ÔÐÅÄÃÎËÜÌÎÂÀ ÐÀÇÐÅØÈÌÎÑÒÜ ÏÅÐÂÎÉ

ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß

ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

ÑÎ ÑÏÅÊÒÐÀËÜÍÛÌ ÏÀÐÀÌÅÒÐÎÌ

È. Å. Åãîðîâ, Å. Ñ. Åôèìîâà, È. Ì. Òèõîíîâà

Àííîòàöèÿ. Â öèëèíäðè÷åñêîé îáëàñòè ïðîñòðàíñòâà Rn +1 äëÿ óðàâíåíèÿ ñìå-
øàííîãî òèïà âòîðîãî ïîðÿäêà ñî ñïåêòðàëüíûì ïàðàìåòðîì èç ó÷àåòñÿ ïåðâàÿ êðà-
åâàÿ çàäà÷à. Äëÿ óðàâíåíèé ñìåøàííîãî òèïà âòîðîãî ïîðÿäêà ðàíåå áûëè ïîëó-
÷åíû ëèøü ðåçóëüòàòû ðàçðåøèìîñòè ðàçëè÷íûõ êðàåâûõ çàäà÷ â äâóìåðíîé îáëà-
ñòè. Ïîñòàíîâêó êîððåêòíîé êðàåâîé çàäà÷è äëÿ óðàâíåíèé ñì åøàííîãî òèïà âïåð-
âûå ïðåäëîæèë Â. Í. Âðàãîâ. Îäíèì èç óñëîâèé êîððåêòíîñòè ÿâ ëÿåòñÿ óñëîâèå
íåîòðèöàòåëüíîñòè ñïåêòðàëüíîãî ïàðàìåòðà. Â ýòîé ðàáîòå àíàëèçèðóåòñÿ ñëó÷àé
êîìïëåêñíîãî ñïåêòðàëüíîãî ïàðàìåòðà. Ïðè îïðåäåëåííûõ ó ñëîâèÿõ íà êîýôôè-
öèåíòû óðàâíåíèÿ ïîëó÷åíû àïðèîðíûå îöåíêè. Ñ èõ ïîìîùüþ äî êàçàíà òåîðåìà
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ïåðâîé êðàåâîé çàä à÷è â ýíåðãåòè÷åñêîì
êëàññå. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ôðåäãîëüìîâîé ðàçðå øèìîñòè ïåðâîé êðà-
åâîé çàäà÷è â ýíåðãåòè÷åñêîì êëàññå.

DOI: 10.25587/SVFU.2018.1.12765

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñìåøàííîãî òèïà, àïðèîðíàÿ îöåíêà, óñëîâèÿ îðòî -
ãîíàëüíîñòè.

Ôðåäãîëüìîâà ðàçðåøèìîñòü êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìå øàííîãî òè-
ïà ñî ñïåêòðàëüíûì ïàðàìåòðîì èçó÷àëàñü âî ìíîãèõ ðàáîòàõ [ 1�14]. Â îñ-
íîâíîì èíòåðåñíûå ðåçóëüòàòû áûëè ïîëó÷åíû äëÿ ìîäåëüíûõ ó ðàâíåíèé ñìå-
øàííîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì íà ïëîñêîñòè [1, 4, 5]. Ïðè ýòîì
óñòàíîâëåíû òåîðåìû åäèíñòâåííîñòè ðåøåíèé êðàåâûõ çàäà÷ äëÿ óðàâíåíèé
ñìåøàííîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì, íàéäåíû ñîáñò âåííûå çíà÷åíèÿ
è ñîáñòâåííûå ôóíêöèè ýòèõ çàäà÷ äëÿ ñïåöèàëüíûõ îáëàñòåé í à ïëîñêîñòè.
Íàèáîëåå ïîëíóþ áèáëèîãðàôèþ ïî äàííîé òåìå ìîæíî íàéòè â [1 , 2, 4, 5, 9].

Èññëåäîâàíèå ñïåêòðàëüíûõ çàäà÷, âîçíèêàþùèõ ïðè èññëåäî âàíèè ðàçðå-
øèìîñòè ëîêàëüíûõ è íåëîêàëüíûõ êðàåâûõ çàäà÷, ïðåäñòàâëÿ åòñÿ àêòóàëü-
íûì, ïîñêîëüêó âîçíèêàþùèå çàäà÷è èìåþò îñîáåííîñòè, íå ïî çâîëÿþùèå ïðè-
ìåíèòü èçâåñòíûå ðåçóëüòàòû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí òàëüíûõ èññëåäîâàíèé
(äîãîâîð • 16�31�00430).

c 2018 Åãîðîâ È. Å., Åôèìîâà Å. Ñ., Òèõîíîâà È. Ì.
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Â äàííîé ðàáîòå èññëåäóåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ñìåøàí-
íîãî òèïà âòîðîãî ïîðÿäêà ñî ñïåêòðàëüíûì ïàðàìåòðîì â ìíîã îìåðíîì ñëó÷àå.
Ïðè ýòîì ñïåêòðàëüíûé ïàðàìåòð ÿâëÿåòñÿ êîìïëåêñíûì ÷èñëî ì.

Ïóñòü Š � îãðàíè÷åííàÿ îáëàñòü â Rn ñ ãðàíèöåé S 2 C1, Št = Š � f tg äëÿ
0 � t � T , ST = S � (0; T), Q = Š � (0; T):

Â öèëèíäðè÷åñêîé îáëàñòè Q ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà

Lu � �u = f (x; t ); (1)

ãäå
Lu � k(x; t )utt � •u + a(x; t )ut + c(x)u;

� 2 C, u = Re u + i Im u:
Áóäåì ïðåäïîëàãàòü, ÷òî êîýôôèöèåíòû äèôôåðåíöèàëüíîãî î ïåðàòîðà

L � âåùåñòâåííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè â Q.
Ââåäåì ìíîæåñòâà

P �
0 = f (x; 0) : k(x; 0) ? 0; x 2 Šg; P �

T = f (x; T ) : k(x; T ) ? 0; x 2 Šg:

Êðàåâàÿ çàäà÷à. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Q òàêîå, ÷òî

ujST = 0 ; ujt =0 = 0 ; ut jP +
0

= 0 ; ujP �
T

= 0 : (2)

Ïóñòü CL � êëàññ êîìïëåêñíîçíà÷íûõ ôóíêöèé èç W 2
2 (Q), óäîâëåòâîðÿþ-

ùèõ óñëîâèÿì (2). ×åðåç CL � îáîçíà÷èì êëàññ êîìïëåêñíîçíà÷íûõ ôóíêöèé èç
W 2

2 (Q), óäîâëåòâîðÿþùèõ ñîïðÿæåííûì êðàåâûì óñëîâèÿì

vjST = 0 ; vjP �
0

= 0 ; vjt = T = 0 ; vt jP +
T

= 0 ; (2� )

ïðè÷åì
L � v � k(x; t )vtt � •v + a� vt + c� v; v 2 CL � ;

a� = 2 kt � a; c� = c + ktt � at :

Ðàññìîòðèì èçâåñòíîå ïðîñòðàíñòâî Ñîáîëåâà W 1
2 (Q) [15] ñî ñêàëÿðíûì

ïðîèçâåäåíèåì

(u; v)1 =
Z

Q

"

u	v +
nX

i =1

ux i 	vx i + ut 	vt

#

dQ; kuk2
1 = ( u; u)1 8u; v 2 W 1

2 (Q);

è ïðîñòðàíñòâî L 2(Q), â êîòîðîì

(u; v) =
Z

Q

u	v dQ; kuk2 = ( u; u); u; v 2 L 2(Q):

Ïóñòü fW 1
2 (Q) (ñîîòâåòñòâåííî cW 1

2 (Q)) � ïîïîëíåíèå êëàññà CL (CL � ) ïî íîðìå
ïðîñòðàíñòâà Ñîáîëåâà W 1

2 (Q).
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Îïðåäåëåíèå 1. Ôóíêöèþ u 2 L 2(Q) áóäåì íàçûâàòü ñèëüíûì ðåøåíèåì
êðàåâîé çàäà÷è(1), (2), åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ôóíêöèé um 2 CL

òàêàÿ, ÷òî

lim
m !1

kum � uk = lim
m !1

kLu m � �u m � f k = 0 ; f 2 L 2(Q):

Îïðåäåëåíèå 2. Ôóíêöèÿ u(x; t ) 2 fW 1
2 (Q) íàçûâàåòñÿ îáîáùåííûì ðåøå-

íèåì ïåðâîé êðàåâîé çàäà÷è (1), (2), åñëè âûïîëíåíî èíòåãðàëüíîå òîæäåñòâî

a(u; v) � � (u; v) = ( f; v ) (3)

äëÿ ëþáûõ v 2 cW 1
2 (Q), f 2 L 2(Q) è

a(u; v) �
Z

Q

"

� kut 	vt +
nX

k=1

ux k 	vx k + ( a � kt )ut 	v + cu	v

#

dQ:

Àíàëîãè÷íî äàþòñÿ îïðåäåëåíèÿ ñèëüíîãî ðåøåíèÿ è îáîáùåíí îãî ðåøåíèÿ
ñîïðÿæåííîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ

L � v � 	�v = g; g 2 L 2(Q);

ñ êðàåâûìè óñëîâèÿìè (2 � ).
Â ñèëó ðàâåíñòâà

(Lu; v ) = ( u; L � v); u 2 CL ; v 2 CL � ;

îïåðàòîð L ñ îáëàñòüþ îïðåäåëåíèÿ CL äîïóñêàåò çàìûêàíèå L = A â ïðîñòðàí-
ñòâåL 2(Q). Äëÿ ïîëîæèòåëüíûõ ÷èñåë � 1; � è c0 ââåäåì ìíîæåñòâî

D(� 1; �; c 0) = f � 2 C : Re� � c0 � � � 1
1 � 2(Im � )2; Re� � 0g:

Ëåììà 1. Ïóñòü êîýôôèöèåíò c(x) äîñòàòî÷íî áîëüøîé è âûïîëíåíû óñëî-
âèÿ

k(x; T ) < 0; c(x) � 2c0; a �
1
2

kt � � > 0:

Òîãäà ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà � 1, � è ïðè � 2 D(� 1; �; c 0) èìååò ìåñòî
íåðàâåíñòâî

kuk1 � c2kAu � �u k; c2 > 0; (4)

äëÿ âñåõ ôóíêöèé u 2 D(A � �E ):

Äîêàçàòåëüñòâî. Äëÿ ëþáîé ôóíêöèè u 2 CL ðàññìîòðèì âûðàæåíèå
Z

Q

(Lu � �u )( ' (t)	ut +  (t)	u) dQ;

ãäå' (t),  (t) � íåîòðèöàòåëüíûå áåñêîíå÷íî äèôôåðåíöèðóåìûå ôóíêöèè. Ïî-
ñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ñ ó÷åòîì êðàåâûõ óñëîâèé (2) èì ååì

Re
Z

Q

(Lu � �u )( ' 	ut +  	u) dQ =
Z

Q

���
a �

1
2

kt

�
' � k

�
 +

1
2

' t

��
jut j2

+
�

 �
1
2

' t

� nX

k=1

jux k j2 +
�
� Re�

�
 �

1
2

' t

�
+

�
 �

1
2

' t

�
c
�
juj2

+ ' Im � Im(u	ut ) + [( a � kt ) � k t ] Re(ut 	u)
�

dQ + I; (5)
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ãäå

I =
1
2

Z

Š

k' jut j2 dx

�
�
�
�

t = T

t =0
:

Âûáåðåì ÷èñëî T0 òàê, ÷òî � k(x; t ) � k0 > 0, t 2 [T0; T ], T0 < T . Áóäåì
ñ÷èòàòü, ÷òî ' (t) = � > 0 ïðè 0 � t � T0, ' (T ) = 0 è ' t � 0. Ïîëîæèì

 = �
1
2

' t + 1 :

Äàëåå, âûáåðåì � òàê, ÷òîáû

�� � max jkj � � > 0: (6)

Òîãäà â ñèëó óñëîâèé ëåììû 1 è íåðàâåíñòâà Êîøè èìååì
�

a �
1
2

kt

�
' � k

�
 +

1
2

' t

�
� minf ��; k 0g = � 1;

�
�
�
�

Z

Q

' Im � Im(u	ut )

�
�
�
� �

1
� 1

� 2(Im � )2
Z

Q

juj2 dQ +
� 1

4

Z

Q

jut j2 dQ;

�
�
�
�

Z

Q

[(a � kt ) � k t ] Re(ut 	u) dQ

�
�
�
� �

� 1

4

Z

Q

jut j2 dQ

+
1
� 1

Z

Q

[(a � kt ) � k t ]2juj2 dQ:

Ïóñòü c0 óäîâëåòâîðÿåò óñëîâèþ

c0 � � � 1
1 [(a � kt ) � k t ]2 � � 2 > 0:

Ñ äðóãîé ñòîðîíû, èìååì

I = �
1
2

�
Z

P �
0

kjut j2 dxj � 0:

Òîãäà ïðè � 2 D(� 1; �; c 0) èç ñîîòíîøåíèÿ (5) ñëåäóåò àïðèîðíàÿ îöåíêà (4).
Ëåììà 1 äîêàçàíà.

Ââåäåì ìíîæåñòâî

D � (� �
1 ; � � ; c�

0) = D(� �
1 ; � � ; c�

0)

ïðè k(x; 0) < 0, k(x; T ) < 0;

D � (� �
1 ; � � ; c�

0) =
�

� 2 C : Re� � c�
0 �

1
� �

1 � � (Im � )2
�

ïðè k(x; 0) � 0, k(x; T ) < 0:
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Ëåììà 2. Ïóñòü êîýôôèöèåíò c(x) äîñòàòî÷íî áîëüøîé, âûïîëíåíû óñëî-
âèÿ

a �
3
2

kt � � > 0; c� (x) � 2c�
0

è èìååò ìåñòî îäèí èç ñëåäóþùèõ ñëó÷àåâ:

k(x; 0) < 0; k(x; T ) < 0 ëèáî k(x; 0) � 0; k(x; T ) < 0:

Òîãäà ïðè � 2 D � (� �
1 ; � � ; c�

0) èìååò ìåñòî íåðàâåíñòâî

kvk1 � c�
2k(A � � 	�E )vk; c�

2 > 0; (7)

äëÿ âñåõ ôóíêöèé v 2 D(A � � �E ), ïðè÷åì ïàðàìåòðû � �
1 , � � âûáèðàþòñÿ â

çàâèñèìîñòè îò âûøåíàçâàííûõ ñëó÷àåâ.

Äîêàçàòåëüñòâî. Äëÿ ôóíêöèé v 2 CL � ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì
ñ ó÷åòîì êðàåâûõ óñëîâèé (2*) èìååì

Re
Z

Q

(L � v � 	�v )( � ' 	vt +  	v) dQ =
Z

Q

���
a �

3
2

kt

�
' � k

�
 �

1
2

' t

��
jvt j2

+
�

 +
1
2

' t

� nX

k=1

jvx k j2 +
�
� Re�

�
 +

1
2

' t

�
+

�
 +

1
2

' t

�
c�

�
jvj2 � ' Im � Im(v	vt )

+ [( kt � a) � k t ] Re(vt 	v)
�

dQ + I; (8)

ãäå

I = �
1
2

Z

Š

k' jvt j2 dx

�
�
�
�

t = T

t =0
:

Ðàññìîòðèì ñëó÷àé k(x; 0) < 0, k(x; T ) < 0. Âûáåðåì ÷èñëî t0 < T òàê,
÷òîáû � k(x; t ) � k1 > 0, t 2 [0; t0]. Ïóñòü ôóíêöèÿ ' (t) óäîâëåòâîðÿåò óñëîâèÿì

' (0) = 0 ; ' t � 0; ' (t) = � � ; t0 � t � T;

ïðè÷åì äëÿ � � = � âûïîëíåíî (6). Ïîëîæèì  = 1
2 ' t + 1.

Ñíîâà èìååì íåðàâåíñòâî
�

a �
3
2

kt

�
' � k

�
 �

1
2

' t

�
� minf ��; k 1g = � 1:

Áóäåì ñ÷èòàòü, ÷òî äëÿ c�
0 âûïîëíåíî óñëîâèå

c�
0 � (� �

1 )� 1[(kt � a) � k t ]2 � � 2 > 0:

Òàêæå èìååì

I = �
� �

2

Z

Š T

k' jvt j2 dx � 0:

Òåïåðü ïðè � 2 D � (� 1; �; c �
0) èç ñîîòíîøåíèÿ (8) ïîëó÷àåì àïðèîðíóþ îöåíêó

(7).
Ïóñòü èìååò ìåñòî ñëó÷àé k(x; 0) � 0, k(x; T ) < 0. Â ðàâåíñòâå (8) ïîëîæèì

' (t) = e2� � t ,  (t) � 0. Âûáèðàåì � � > 0 òàê, ÷òîáû

a �
3
2

kt + � � k �
�
2

= � �
1 :

Â ýòîì ñëó÷àå ñíîâà èìååì I � 0. Òîãäà àïðèîðíàÿ îöåíêà (7) ñëåäóåò èç (8)
äëÿ � 2 D � (� �

1 ; � � ; c�
0). Ëåììà 2 äîêàçàíà.
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Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2 è

� 2 D(� 1; �; c 0) \ D � (� �
1 ; � � ; c�

0):

Òîãäà äëÿ ëþáîé ôóíêöèè f 2 L 2(Q) ñóùåñòâóåò è ïðèòîì åäèíñòâåííîå ñèëüíîå
ðåøåíèå êðàåâîé çàäà÷è (1), (2) èç D(A � �E ).

Äîêàçàòåëüñòâî. Èç àïðèîðíîé îöåíêè (7) ñëåäóåò, ÷òî N (A � � 	�E ) = 0.
Îòñþäà íåïîñðåäñòâåííî èìååì R(A � �E ) = L 2(Q). Ñ äðóãîé ñòîðîíû, â ñèëó
àïðèîðíîé îöåíêè (4)

R(A � �E ) = R(A � �E ):

Òîãäà óðàâíåíèå Au � �u = f âåçäå ðàçðåøèìî. Åäèíñòâåííîñòü èñêîìîãî ðå-
øåíèÿ ñëåäóåò èç ëåììû 1. Òåîðåìà 1 äîêàçàíà.

Îòìåòèì, ÷òî ñèëüíîå ðåøåíèå êðàåâîé çàäà÷è (1), (2) èç D(A � �E ), ãà-
ðàíòèðîâàííîå òåîðåìîé 1, ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êð àåâîé çàäà÷è (1),
(2) èç ïðîñòðàíñòâà fW 1

2 (Q).
Êðàåâàÿ çàäà÷à, ñîïðÿæåííàÿ ê çàäà÷å (1), (2), èìååò âèä

L � v � 	�v = g(x; t ); (x; t ) 2 Q; (1� )

ñ êðàåâûìè óñëîâèÿìè (2 � ).

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2 è

� 2 D(� 1; �; c 0) \ D � (� �
1 ; � � ; c�

0):

Òîãäà äëÿ ëþáîé ôóíêöèè g 2 L 2(Q) ñóùåñòâóåò è ïðèòîì åäèíñòâåííîå ñèëüíîå
ðåøåíèå êðàåâîé çàäà÷è (1� ), (2� ) èç D(A � � 	�E ).

Äîêàçàòåëüñòâî òåîðåìû 2 ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåî-
ðåìû 1.

Ñëåäóÿ [2], ââåäåì ýíåðãåòè÷åñêèå êëàññû

V 1
L (Q) = D(A � �E ); V 1

L � (Q) = D(A � � 	�E )

äëÿ îïåðàòîðîâ
A � = A � �E; A �

� = A � � 	�E:

Ëåììà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà èìååò ìåñòî ðàâåí-
ñòâî �

A � 1
�

� �
= ( A �

� )� 1:

Äîêàçàòåëüñòâî. Â ñèëó òåîðåì 1, 2 ñïðàâåäëèâî ðàâåíñòâî

(A � u; v) = ( u; A �
� v) u 2 V 1

L (Q); v 2 V 1
L � (Q):

Â ýòîì ðàâåíñòâå ïîëîæèì

' = A � u;  = A �
� v:

Íà îñíîâàíèè òåîðåì 1, 2 îíî ïðèíèìàåò âèä

('; (A �
� )� 1 ) =

�
A � 1

� ';  
�

=
�
';

�
A � 1

�

� �
 

�
; ';  2 L 2(Q);

îòêóäà
(A �

� )� 1 = ( A � 1
� )�  ;  2 L 2(Q):

Ëåììà 3 äîêàçàíà.
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Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ ëåìì 1, 2. Òîãäà èìåþò ìåñòî ñëå-
äóþùèå óòâåðæäåíèÿ.

1. Êðàåâàÿ çàäà÷à(1), (2) îäíîçíà÷íî ðàçðåøèìà â V 1
L (Q) êðîìå íå áîëåå

÷åì ñ÷åòíîãî ìíîæåñòâà f � k g, ïðè÷åì åäèíñòâåííîé ïðåäåëüíîé äëÿ f � k g òî÷-
êîé ìîæåò áûòü � = 1 . Íàðÿäó ñ � k â ñïåêòð êðàåâîé çàäà÷è(1), (2) âõîäèò 	� k .
Ïðè çíà÷åíèÿõ � = � k èç ñïåêòðà çàäà÷è(1), (2) îäíîðîäíàÿ êðàåâàÿ çàäà÷à (1),
(2) èìååò íåòðèâèàëüíûå ðåøåíèÿ â V 1

L (Q), ïðè÷åì êàæäîìó � k ñîîòâåòñòâóåò
êîíå÷íîå ÷èñëî nk ëèíåéíî íåçàâèñèìûõ ðåøåíèé.

2. ×èñëà f � k g; f 	� k g ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè ñîïðÿæåííîé êðà-
åâîé çàäà÷è (1� ), (2� ), ïðè÷åì 	� k èìååò êðàòíîñòü nk è ñîîòâåòñòâóþùèå ñîá-
ñòâåííûå ôóíêöèè vk j , j = 1; nk , ïðèíàäëåæàò V 1

L � . Äëÿ ðàçðåøèìîñòè êðàåâîé
çàäà÷è(1), (2) ïðè � = � k íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèé îðòî-
ãîíàëüíîñòè

(f; v k j ) = 0 ; j = 1; nk :

Äîêàçàòåëüñòâî. Êðàåâàÿ çàäà÷à (1), (2) ýêâèâàëåíòíà îïåðàòîðíîìó
óðàâíåíèþ

A � 0 u � Au � � 0u = ( � � � 0)u + f: (9)

Ïðè
� 0 2 D(� 1; �; c 0) \ D � (� �

1 ; � � ; c�
0)

îïåðàòîð A � 0 ïî òåîðåìå 1 èìååò îãðàíè÷åííûé îáðàòíûé A � 1
� 0

, äåéñòâóþùèé èç
L 2(Q) â V 1

L (Q). Ïîýòîìó îïåðàòîðíîå óðàâíåíèå (9) ýêâèâàëåíòíî óðàâíåí èþ

u = ( � � � 0)A � 1
� 0

u + A � 1
� 0

f: (10)

Â ñèëó âïîëíå íåïðåðûâíîñòè âëîæåíèÿ V 1
L (Q) â L 2(Q) çàêëþ÷àåì, ÷òî

A � 1
� 0

� âïîëíå íåïðåðûâíûé îïåðàòîð èç L 2(Q) â L 2(Q). Òåì ñàìûì äîêàçàíî
óòâåðæäåíèå 1 òåîðåìû 3.

Çàìåòèì, ÷òî ñîïðÿæåííàÿ êðàåâàÿ çàäà÷à (1 � ), (2 � ) ýêâèâàëåíòíà îïåðà-
òîðíîìó óðàâíåíèþ

v = ( 	� � 	� 0)(A �
� 0

)� 1v + ( A �
� 0

)� 1g: (11)

Â ñèëó ëåììû 3 îäíîðîäíîå óðàâíåíèå (11) ÿâëÿåòñÿ ñîïðÿæåíí ûì ê îäíîðîä-
íîìó óðàâíåíèþ (10).

Äëÿ ðàçðåøèìîñòè óðàâíåíèÿ (9) ïðè � = � k íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèÿ óñëîâèé îðòîãîíàëüíîñòè

�
A � 1

� 0
f; v k j

�
= 0 ; j = 1; nk :

Îòñþäà ïîëó÷àåì

0 =
�
f;

�
A � 1

� 0

� �
vk j

�
=

�
f;

�
A �

� 0

� � 1
vk j

�
=

1
	� k � 	� 0

(f; v k j ):

Òåîðåìà 3 äîêàçàíà.

Çàìå÷àíèå. Ñëó÷àè k(x; 0) < 0, k(x; T ) > 0 èëè k(x; 0) � 0, k(x; T ) > 0
ðàññìîòðåíû â [9].
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FOR MIXED�TYPE SECOND�ORDER

EQUATION WITH SPECTRAL PARAMETER
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and I. M. Tikhonova

Abstract: We study the �rst boundary problem for the mixed-type second -order equa-
tion with a spectral parameter in a cylindrical domain in Rn +1 . Previously, for the
mixed-type second-order equations some results were recei ved only in two-dimensional
domains. V. N. Vragov was the �rst to propose a well-posed sta tement of a boundary
problem for the mixed-type equations. One of the well-posed ness conditions is non-
negativity of the spectral parameter. Here we analyze the ca se of complex spectral
parameter and receive a priopri estimates under certain con ditions, using which an exist-
ence and uniqueness theorem is proved for the �rst boundary p roblem in the energy class.
Also, we obtain su�cient conditions for the Fredholm solvab ility in the energy class.
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ÓÄÊ 519.2

ÏÐÈÌÅÍÅÍÈÅ ÏÐÎÃÐÀÌÌÍÎÃÎ ÓÏÐÀÂËÅÍÈß

Ñ ÂÅÐÎßÒÍÎÑÒÜÞ 1 ÄËß ÍÅÊÎÒÎÐÛÕ

ÇÀÄÀ× ÔÈÍÀÍÑÎÂÎÉ ÌÀÒÅÌÀÒÈÊÈ

Å. Â. Êàðà÷àíñêàÿ, À. Ï. Ïåòðîâà

Àííîòàöèÿ. Îïèñàíèå äèíàìèêè íåêîòîðûõ ôèíàíñîâûõ ñîáûòèé ìîæåò áûòü
ñâÿçàíî ñî ñòîõàñòè÷åñêèìè äèôôåðåíöèàëüíûìè óðàâíåíèÿì è Èòî (ÑÄÓ). Â ðà-
áîòå ðàññìàòðèâàþòñÿ ôèíàíñîâûå ìîäåëè, êîòîðûå èìåþò ñëó ÷àéíûå âîçìóùåíèÿ,
âûçâàííûå âèíåðîâñêèì è ïóàññîíîâñêèì ïðîöåññàìè. Ïîñòðî åíèå ïðîãðàììíûõ
óïðàâëåíèé ñ âåðîÿòíîñòüþ 1 (ÐÑÐ1) îñíîâàíî íà ïîíÿòèè ïåðâ îãî èíòåãðàëà äëÿ
ñòîõàñòè÷åñêèõ äèíàìè÷åñêèõ ñèñòåì äèôôóçèîííîãî òèïà ñî ñêà÷êàìè, îïèñûâà-
åìûõ óðàâíåíèÿìè Èòî. Â êà÷åñòâå ïðèìåðîâ ïîñòðîåíèÿ PCP1 ð àññìàòðèâàþòñÿ
äâà âèäà ôèíàíñîâûõ ìîäåëåé: ìîäåëü èíâåñòèöèîííîãî ïîðòô åëÿ (äèôôóçèîííàÿ)
è ìîäåëü ïðîöåíòíûõ ñòàâîê (äèôôóçèîííàÿ ñî ñêà÷êàìè). Ïðè âåäåííûå ïðèìåðû
ñîïðîâîæäàþòñÿ ÷èñëåííûì ìîäåëèðîâàíèåì.

DOI: 10.25587/SVFU.2018.1.12766

Êëþ÷åâûå ñëîâà: ïðîãðàììíîå óïðàâëåíèå ñ âåðîÿòíîñòüþ 1, äèôôóçèîííîå
óðàâíåíèå Èòî ñî ñêà÷êàìè, ïåðâûé èíòåãðàë ñèñòåìû óðàâíåí èé Èòî, ìîäåëü èí-
âåñòèöèîííîãî ïîðòôåëÿ, ìîäåëü ïðîöåíòíûõ ñòàâîê.

Ââåäåíèå

Ïîâåäåíèå ðåàëüíîãî îáúåêòà, ôóíêöèîíèðóþùåãî â óñëîâèÿõ åñòåñòâåííûõ
øóìîâ, õàðàêòåðèçóåòñÿ íåêîòîðîé íåîïðåäåëåííîñòüþ, êðî ìå òîãî, â ñèñòåìàõ
óïðàâëåíèÿ ñëîæíûìè ñèñòåìàìè îáû÷íî ó÷àñòâóþò ëþäè, äëÿ ê îòîðûõ õà-
ðàêòåðíà íåêîòîðàÿ íåîïðåäåëåííîñòü ïîâåäåíèÿ. Îïèñàíèå òàêèõ ñèñòåì ïðè
ïîìîùè äåòåðìèíèñòñêèõ ïîäõîäîâ íå âñåãäà îòðàæàåò äåéñòâ èòåëüíóþ êàðòè-
íó ôóíêöèîíèðîâàíèÿ îáúåêòà [1]. Åñëè äåòåðìèíèðîâàííîé ì îäåëüþ ïðîöåññà
ÿâëÿåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

dX (t) = A(t; X (t)) dt;

òî äëÿ ïîëó÷åíèÿ ìîäåëè, èñïûòûâàþùåé ñèëüíûå âîçìóùåíèÿ, âûçâàííûå
äèôôóçèåé è ñêà÷êàìè, âîçìîæíî ïðåäñòàâëåíèå â âèäå îáîáùå ííîãî ñòîõà-
ñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Èòî (äèôôóçèîííî ãî óðàâíåíèÿ ñî
ñêà÷êàìè)

dX (t) = A(t; X (t)) dt + B (t; X (t)) dW(t) +
Z

G(t; X (t);  )� (dt; d ); (1)

ãäå W (t) � âèíåðîâñêèé ïðîöåññ, � (t; • ) � ñòàíäàðòíûé ïóàññîíîâñêèé ïðî-
öåññ.

c 2018 Êàðà÷àíñêàÿ Å. Â., Ïåòðîâà À. Ï.
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Ðàññìîòðåíèå ñèñòåì óïðàâëåíèÿ ñ âèíåðîâcêèìè è ïóàññîíîâ ñêèìè âîçìó-
ùåíèÿìè îáóñëîâëåíî íàëè÷èåì áåëûõ øóìîâ ðàçëè÷íîé èíòåíñ èâíîñòè è òåì
ôàêòîì, ÷òî â ñëó÷àéíûå ìîìåíòû âðåìåíè ñèñòåìà ìîæåò èñïûò ûâàòü ñêà÷êè.

Îïèñàíèå äèíàìèêè íåêîòîðûõ ôèíàíñîâûõ ñîáûòèé ìîæåò áûòü ñâÿçà-
íî ñî ñòîõàñòè÷åñêèìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè Èòî ( ñì., íàïðèìåð,
[2�4]). Îáëàñòü ïðèìåíåíèÿ ÑÄÓ ïîñòîÿííî ðàñòåò: ôèíàíñîâ àÿ ìàòåìàòèêà è
ýêîíîìèêà, çàäà÷è óïðàâëåíèÿ [5�7], ñòàòèñòè÷åñêàÿ ôèçèê à [8, 9], ýêîëîãèÿ [10],
äðóãèå îòêðûòûå ñèñòåìû è ò. ä.

Îáÿçàòåëüíîå ñîõðàíåíèå (ñ âåðîÿòíîñòüþ 1) íåîáõîäèìûõ ñâ îéñòâ, êîòîðûå
ìîæíî ðàññìàòðèâàòü êàê ïåðâûå èíòåãðàëû ñòîõàñòè÷åñêèõ ñ èñòåì [11, 12], ïðè
ëþáûõ ñèëüíûõ âîçìóùåíèÿõ áóäåò îïðåäåëÿòüñÿ ïðîãðàììíûì óïðàâëåíèåì ñ
âåðîÿòíîñòüþ 1 [13].

Îïðåäåëåíèå 1 [14]. Ïðîãðàììíûì óïðàâëåíèåì ñ âåðîÿòíîñòüþ 1 (PCP1
� Programmed Control with Probability 1) áóäåì íàçûâàòü òàê îå óïðàâëåíèå â
ñòîõàñòè÷åñêîé ñèñòåìå ñ ñèëüíûìè âîçìóùåíèÿìè, êîòîðîå ñ âåðîÿòíîñòüþ,
ðàâíîé 1, îáåñïå÷èâàåò ïîñòîÿíñòâî õàðàêòåðèñòèê, çàâèñÿ ùèõ îò ïîëîæåíèÿ
ñèñòåìû, â ëþáîé ìîìåíò âðåìåíè.

1. Î ïîñòðîåíèè ÐÑÐ1 ïðè âíåñåíèè
óïðàâëåíèÿ â äèôôóçèîííóþ ÷àñòü

Îñíîâó äëÿ ïîñòðîåíèÿ PCP1 äàåò ñëåäóþùàÿ

Òåîðåìà 1 [16]. Ïóñòü F (t; X; ! ) � ñëó÷àéíàÿ ôóíêöèÿ, F (t; X ) 2 C

1;2
t;X è

X (t) � ðåøåíèå ñèñòåìû ÑÄÓ

dX (t) = A(t; X (t)) dt + B (t; X (t))dW(t) +
Z

G(t; X (t);  )� (dt; d ); t � 0;

X (0) = X 0;
(2)

ãäå X 2 Rn , n � 2; W (t) � m-ìåðíûé âèíåðîâñêèé ïðîöåññ; � (t; • ) � îäíî-
ðîäíàÿ ïî t ìåðà Ïóàññîíà, âèíåðîâñêèå ïðîöåññû Wk (t) è ïóàññîíîâñêàÿ ìåðà
� ([0; T ]; A ), çàäàííûå íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Š; F ; P), F t -èçìåðèìû
äëÿ ëþáûõ t > 0 è ìíîæåñòâà A èç � -àëãåáðû B áîðåëåâñêèõ ìíîæåñòâ ïðî-
ñòðàíñòâà Rn 0

è âçàèìíî íåçàâèñèìû. Ïóñòü H (t; X ) � ìàòðèöà ñëåäóþùåãî
âèäà:

H (t; X ) =

2

6
6
6
4

~e0 ~e1 : : : ~en
@F(t;X )

@t
@F(t;X )

@x1
: : : @F(t;X )

@xn
f 20 f 21 : : : f 2n

: : : : : : : : : : : :
f n; 0 f n; 1 : : : f n;n

3

7
7
7
5

; (3)

ãäå

f ij = f ij (t; X ) =
@fi (t; X )

@xj
; i = 2; n; j = 1; n; f i 0 = f i 0(t; X ) =

@fi (t; X )
@t
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� ïðîèçâîëüíûå ôóíêöèè. Åñëè ñëó÷àéíàÿ ôóíêöèÿ F (t; x; ! ) ÿâëÿåòñÿ ñòîõà-
ñòè÷åñêèì ïåðâûì èíòåãðàëîì ñèñòåìû (2), òî êîýôôèöèåíòû óðàâíåíèÿ (2) è
íåñëó÷àéíàÿ ôóíêöèÿ F (t; X )1) ñâÿçàíû ñëåäóþùèìè ñîîòíîøåíèÿìè:

1) êîýôôèöèåíòû

Bk (t; X ) =
nX

i =1

bik (t; X )~ei ; k = 1; m;

� ñòîëáöû ìàòðèöû B (t; X ) � ïðèíàäëåæàò ìíîæåñòâó ôóíêöèé Bk (t; X ) 2
f q00 � det M (t; X )g; ãäåM (t; X ) � ìèíîð, ñîîòâåòñòâóþùèé ýëåìåíòó hn +1 ;0 ìàò-
ðèöû (3);

2) êîýôôèöèåíò A(t; X ) ïðèíàäëåæèò ìíîæåñòâó ôóíêöèé, îïðåäåëÿåìûõ
óñëîâèåì

A(t; X ) 2

(

R(t; X ) +
1
2

nX

k=1

�
@Bk (t; X )

@X

�
� Bk (t; x)

)

;

ãäåR(t; X ) � ìàòðèöà-ñòîëáåö, êîìïîíåíòû êîòîðîé r i (t; x), i = 1; n, îïðåäåëÿ-
þòñÿ ñëåäóþùèì îáðàçîì:

C � 1(t; X ) � det H (t; X ) = ~e0 +
nX

i =1

r i (t; X )~ei ;

C(t; X ) � àëãåáðàè÷åñêîå äîïîëíåíèå ýëåìåíòà ~e0 ìàòðèöû H (t; X ) è det C(t; X )
6= 0 ;

� @Bk ( t;X )
@X

�
� ìàòðèöà ßêîáè äëÿ âåêòîðíîé ôóíêöèè Bk (t; X );

3) êîýôôèöèåíò

G(t; X;  ) =
nX

i =1

gi (t; X;  )~ei

ïðè ïóàññîíîâñêîé ìåðå îïðåäåëÿåòñÿ ïðåäñòàâëåíèåì

G(t; X;  ) = Y (t; X;  ) � X;

ãäåY(t; X;  ) � ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

@Y(�;  )
@

= det

2

6
6
6
6
4

~e1 ~e2 � � � ~en
@F(t;Y ( � ; ))

@Y1
@F(t;Y ( � ; ))

@Y2
� � � @F(t;Y ( � ; ))

@Yn
' 31(t; Y (�;  )) ' 32(t; Y (�;  )) � � � ' 3n (t; Y (�;  ))

� � � � � � � � � � � �
' n 1(t; Y (�;  )) ' n 2(t; Y (�;  )) � � � ' nn (t; Y (�;  ))

3

7
7
7
7
5

;

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ Y (t; X;  )
�
�
 =0 = X .

Îòíîñèòåëüíî ïðîèçâîëüíûõ ôóíêöèé f ij = f ij (t; X ), ' ij = ' ij (t; Y (�;  ))
ïîëàãàåì, ÷òî îíè âûáðàíû òàêèì îáðàçîì, ÷òîáû êàæäîå ñåìåé ñòâî ôóíêöèé�

f i
	

,
�

' i
	

, îïðåäåëÿåìîå óñëîâèÿìè

f ij (t; X ) =
@fi (t; X )

@xj
; ' ij (t; Y (�;  )) =

@'i (t; Y (�;  ))
@Yj

;

1) Â ñëó÷àå, êîãäà ðàññìàòðèâàåì êîíêðåòíóþ ðåàëèçàöèþ, ò. å. ïàðàìåòð ! â äàëüíåé-
øåì íå âëèÿåò, íåñëó÷àéíóþ ôóíêöèþ F (t; X ) ìîæíî ñ÷èòàòü äåòåðìèíèðîâàííûì ïåðâûì
èíòåãðàëîì ñòîõàñòè÷åñêîé ñèñòåìû.
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ñîñòàâëÿëî âìåñòå ñ ôóíêöèåé F (t; X ) ñîâîêóïíîñòü íåçàâèñèìûõ ôóíêöèé.

Ðàíåå ðàññìîòðåííûå çàäà÷è ïîñòðîåíèÿ PCP1 îòíîñèëèñü ê çà äà÷àì ñ
óïðàâëåíèåì â äåòåðìèíèðîâàííîé ÷àñòè, ïðè ýòîì ìíîæèòåëè ïðè âèíåðîâ-
ñêîì ïðîöåññå îïðåäåëÿëèñü ïðè ïîñòðîåíèè ñèñòåìû ñòîõàñò è÷åñêèõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé [13, 14]. Îñîáåííîñòüþ áîëüøèíñòâà ñòîõàñòè÷åñêèõ
ìîäåëåé â ýêîíîìèêå ÿâëÿåòñÿ òî, ÷òî â íèõ èçâåñòåí êîýôôèöè åíò äèôôóçèè
(äèñïåðñèÿ âîëàòèëüíîñòè). Â ôèíàíñîâûõ ìîäåëÿõ óïðàâëåí èå ÷àñòî âõîäèò è
â äèôôóçèîííóþ ÷àñòü:

dX i (t) = � (t; X (t); u(t; X (t))) dt +
mX

k=1

� ik (t; X (t); u(t; X (t))) dWk (t)

+
Z

gi (t; X (t);  )� (dt; d ); i = 1 ; : : : ; n; (4)

÷òî ñâÿçàíî ñ âîçìîæíîñòüþ ðåãóëèðîâàíèÿ âîëàòèëüíîñòè, ï îýòîìó ðàññìîò-
ðèì çàäà÷è ïîñòðîåíèÿ ïðîãðàììíîãî óïðàâëåíèÿ ñ âåðîÿòíîñ òüþ 1 äëÿ ïîäîá-
íûõ ôèíàíñîâûõ ìîäåëåé.

Òåîðåìà 2. Ïóñòü ñëó÷àéíûé ïðîöåññ X (t) = kX i (t)k 2 Rn ÿâëÿåòñÿ ðåøå-
íèåì ñèñòåìû óðàâíåíèé âèäà (4), ãäå W (t) = kWk (t)k, Wk (t), k = 1 ; : : : ; m, �
îäíîìåðíûå íåçàâèñèìûå âèíåðîâñêèå ïðîöåññû, � (t; • ) � ñòàíäàðòíàÿ ïóàññî-
íîâñêàÿ ìåðà, A(t; x ) = kA i (t; x )k, A i (t; x ) 2 C

1;2
t;x , B (t; x ) = kB ik (t; x )k, B ik (t; x ) 2

C

1;2
t;x , G(t; x;  ) = kGi (t; x;  )k, Gi (t; x;  ) 2 C

1;2;1
t;x; . Åñëè ôóíêöèÿ F (t; X (t)) ,

F (t; x ) 2 C

1;2
t;x , äîëæíà ïðè ëþáûõ t ïðèíèìàòü çíà÷åíèå, ðàâíîå F (t0; X (t0)) ,

íà ëþáûõ òðàåêòîðèÿõ ðåøåíèé óðàâíåíèÿ (4), òî âîçìîæíî ïîñòðîåíèå ïðî-
ãðàììíûõ óïðàâëåíèé ñ âåðîÿòíîñòüþ 1 äëÿ ýòîé ñèñòåìû. Ïðè ýòîì ìàêñè-
ìàëüíîå ÷èñëî óïðàâëåíèé äåòåðìèíèðîâàííîé ÷àñòüþ ðàâíî n, ìàêñèìàëüíîå
÷èñëî óïðàâëåíèé äèôôóçèîííîé ÷àñòè � nm.

Äîêàçàòåëüñòâî. Äëÿ ïîñòðîåíèÿ ïðîãðàììíîãî óïðàâëåíèÿ ñ âåðîÿòíî-
ñòüþ 1 â ýêîíîìè÷åñêîé ìîäåëè âèäà (4) íåîáõîäèìî âíåñåíèå ó ïðàâëåíèÿ îäíî-
âðåìåííî â ñòîõàñòè÷åñêóþ è äåòåðìèíèðîâàííóþ ÷àñòè. Ôóíê öèþ F (t; X (t))
áóäåì èíòåðïðåòèðîâàòü êàê ïåðâûé èíòåãðàë ýòîé ñèñòåìû óð àâíåíèé Èòî [15].
Ñèñòåìó (4) ìîæíî çàïèñàòü â âåêòîðíîé ôîðìå

dX (t) = � (t; X (t); u(t; X (t))) dt + � (t; X (t); u(t; X (t))) dW(t)

+
Z

g(t; x(t);  )� (dt; d ): (5)

Ïî èçâåñòíîé ôóíêöèè F (t; X (t)), òðàêòóåìîé êàê ïåðâûé èíòåãðàë ñèñòå-
ìû ÑÄÓ Èòî [15], ñòðîèòñÿ ñèñòåìà óðàâíåíèé â ñîîòâåòñòâèè ñ òåîðåìîé 1:

dX (t) = A(t; X (t)) dt + B (t; X (t)) dW(t) +
Z

G(t; X (t);  )� (dt; d ): (6)

Ñîïîñòàâëåíèå êîýôôèöèåíòîâ óðàâíåíèé (6) è (5) (â ñèëó âûï îëíåíèÿ
óñëîâèé ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ÑÄÓ (6)) ïî çâîëÿåò îïðå-
äåëèòü èñêîìûå óïðàâëåíèÿ. Â ñèñòåìå (6) îïðåäåëÿþòñÿ êàê ê îýôôèöèåíòû â
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äåòåðìèíèðîâàííîé ÷àñòè, òàê è êîýôôèöèåíòû â äèôôóçèîííî é ÷àñòè. Äëÿ
âîçìîæíîñòè ïðèìåíåíèÿ òåîðåìû 1 áåç èçìåíåíèÿ ïðè ýòîì ñìû ñëà èñõîäíîé
óïðàâëÿåìîé ñèñòåìû íåîáõîäèìî ââåäåíèå óïðàâëåíèÿ â äåòå ðìèíèðîâàííóþ
÷àñòü âñåõn óðàâíåíèé. Òàêèì îáðàçîì, ìàêñèìàëüíîå êîëè÷åñòâî óïðàâë åíèé
äëÿ äåòåðìèíèðîâàííîé ÷àñòè ðàâíî n. Â ñòîõàñòè÷åñêîé ÷àñòè âåêòîð-ñòîëáåö
B (t; X (t)) ñ n ýëåìåíòàìè óìíîæàåòñÿ íà m-ìåðíûé âèíåðîâñêèé ïðîöåññ W (t).
Ðàññóæäàÿ àíàëîãè÷íî ïðåäûäóùåìó, ìîæíî îáíàðóæèòü, ÷òî î áùåå êîëè÷å-
ñòâî ñëàãàåìûõ â ñòîõàñòè÷åñêîé ÷àñòè áóäåò ðàâíînm. Òàêèì îáðàçîì, ìàê-
ñèìàëüíîå êîëè÷åñòâî óïðàâëåíèé â íåì áóäåò nm. �

2. Óïðàâëåíèå èíâåñòèöèîííûì ïîðòôåëåì

Ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ ïðîãðàììíîãî óïð àâëåíèÿ ñ âå-
ðîÿòíîñòüþ 1 [14] äëÿ çàäà÷è ôèíàíñîâîé ìàòåìàòèêè. Äëÿ ñòð àòåãèè äóá-
ëèðîâàíèÿ ìîäåëè âåäåíèÿ áèçíåñà è äóáëèðóþùåãî ïîðòôåëÿ, ïîëó÷åííîé èç
êëàññè÷åñêîé ìîäåëè Áëýêà � Øîóëçà [4] è ïðåäñòàâëåííîé ñèñ òåìîé ñòîõàñòè-
÷åñêèõ óðàâíåíèé Èòî

dS(t) = [ � 1(t; S(t); Y (t)) + Z1(t; S(t); Y (t))] dt

+ [ � 1(t; S(t); Y (t)) + Z3(t; S(t); Y (t))] dW(t);

dY(t) = [ � 2(t; S(t); Y (t)) + Z2(t; S(t); Y (t))] dt

+ [ � 2(t; S(t); Y (t)) + Z4(t; S(t); Y (t))] dW(t);

(7)

ãäå W (t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ, Y(t) = X � (t) � äèíàìèêà èí-
âåñòèöèîííîãî ïîðòôåëÿ X (t) ïðè çàäàííîé ñòðàòåãèè � , S(t) � öåíà àêöèé,
� i (t; S(t); Y (t)), � i (t; S(t); Y (t)), i = 1 ; 2, � çàäàííûå ôóíêöèè, íåîáõîäèìî ïî-
ñòðîèòü PCP1 òàêîå, ÷òî äëÿ ëþáîãî t

F (t; S(t); Y (t)) = F (0; S(0); Y (0))

äëÿ çàäàííîé ôóíêöèè F (t; S(t); Y (t)).
Â ñîîòâåòñòâèè ñ òåîðåìîé 3.9 èç [14] ñíà÷àëà ïîñòðîèì ñèñòå ìó ñòîõàñòè-

÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé, â êà÷åñòâå ïåðâîãî èíò åãðàëà êîòîðîé
âîçüìåì íóæíóþ ôóíêöèþ, íàïðèìåð, ïóñòü

F (t; s; y) = ye� 2s è F (t; S(t); Y (t)) = F (0; S(0); Y (0)) = 1 :

Òåïåðü â ñîîòâåòñòâèè ñ òåîðåìîé 1 ñòðîèì ìàòðèöó B (â äàííîì ñëó÷àå
âåêòîð-ñòîëáåö, ïîñêîëüêó W (t) � îäíîìåðíûé âèíåðîâñêèé ïðîöåññ):

B = q00(e� 2S( t ) ; 2Y(t) e� 2S( t ) );

ãäåq00 = q00(t; S(t); Y (t)) ; è îïðåäåëÿåì âòîðîå ñëàãàåìîå:
�

@B(t; S(t); Y (t))
@(S(t); Y (t))

�
= q00

�
� 2e� 2S( t ) 0

� 4Y(t)e� 2S( t ) 2e� 2S( t )

�
;

�
@B(t; S(t); Y (t))

@(S(t); Y (t))

�
B (t; S(t); Y (t)) = q2

00

�
� 2te� 4S( t )

0

�
:
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Ñòðîèì ìàòðèöó H è âû÷èñëÿåì åå îïðåäåëèòåëü

det H = det

2

4
~e0 ~e1 ~e2

0 � 2Y(t)e� 2S( t ) e� 2S( t )

f 1 f 2 f 3

3

5

= ~e0 � (� 2Y(t)e� 2S( t ) f 3 � e� 2S( t ) f 2) + ~e1 � e� 2S( t ) f 1 + ~e2 � 2Y(t)e� 2S( t ) f 1;

ãäå f i = f i (t; S(t); Y (t)), i = 1 ; 2; 3. Òîãäà âåêòîð A = A(t; S(t); Y (t)) èìååò
êîîðäèíàòû

a1 = �
f 1

2Y(t)f 3 + f 2
� 2q2

00te� 4S( t ) ; a2 = �
2Y(t)f 1

2Y(t)f 3 + f 2

ïðè óñëîâèè 2 Y(t)f 3 + f 2 6= 0 è ñèñòåìà ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé èìååò âèä

dS(t) =
�

�
f 1

2Y(t)f 3 + f 2
� 2q2

00 t e� 4S( t )
�

dt + q00e� 2S( t ) dW(t);

dY(t) = �
2Y(t)f 1

2Y (t)f 3 + f 2
dt + 2 q00Y(t)e� 2S( t ) dW(t):

(8)

Ñëåäîâàòåëüíî, ïðèðàâíèâàÿ êîýôôèöèåíòû óðàâíåíèé (7) è ( 8), ïîëó÷àåì
âûðàæåíèÿ äëÿ óïðàâëåíèé äëÿ äåòåðìèíèðîâàííîé ÷àñòè:

Z1(t; S(t); Y (t)) = �
f 1

2Y(t)f 3 + f 2
� 2q2

00 t e� 4S( t ) � � 1(t; S(t); Y (t)) ;

Z2(t; S(t); Y (t)) = �
2Y(t)f 1

2Y(t)f 3 + f 2
� � 2(t; S(t); Y (t)) ;

è äèôôóçèîííîé ÷àñòè:

Z3(t; S(t); Y (t)) = q00e� 2S( t ) � � 1(t; S(t); Y (t)) ;

Z4(t; S(t); Y (t)) = 2 q00Y(t)e� 2S( t ) � � 1(t; S(t); Y (t)) :

Òàêèì îáðàçîì, èñêîìûé íàáîð óïðàâëåíèé íàéäåí.
Äëÿ ïðîâåäåíèÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ ñ ïîìîùüþ ìåòîäà Ý éëåðà

[18, 19] ðåøåíèÿ ñèñòåìû ÑÄÓ è îïðåäåëåíèÿ çíà÷åíèé ñîõðàíÿ åìîé ôóíêöèè
ïîëîæèì, ÷òî

dS(t) = [ S(t)e� S( t ) + Z1(t; S(t); Y (t))] dt

+ [ S(t) + e� 2t + Z3(t; S(t); Y (t))] dW(t);

dY(t) = [ Y (t)S(t) + e� 2S( t ) + Z2(t; S(t); Y (t))] dt

+ [ e� t + Z4(t; S(t); Y (t))] dW(t);

(9)

Òîãäà èìååì íàáîð óïðàâëåíèé

Z1(t; S(t); Y (t)) = �
f 1

2Y(t)f 3 + f 2
� 2q2

00te� 4S( t ) � S(t)e� S( t ) ;
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Z2(t; S(t); Y (t)) = �
2Y (t)f 1

2Y(t)f 3 + f 2
� Y (t)S(t) � e� 2S( t ) ;

Z3(t; S(t); Y (t)) = q00e� 2S( t ) � S(t) � e� 2t ;

Z4(t; S(t); Y (t)) = 2 q00Y(t)e� 2S( t ) � e� t :

Â êà÷åñòâå ïðîèçâîëüíûõ ôóíêöèé f i (t; S(t); Y (t)), i = 1 ; 2; 3, è q00(t; S(t); Y (t))
áûëè âçÿòû

f 1(t; S(t); Y (t)) = sin S(t) + cos Y (t); f 2(t; S(t); Y (t)) = cos t + 2 ;

f 3(t; S(t); Y (t)) =
1

Y (t)
; q00(t; S(t); Y (t)) = S(t):

3. Óïðàâëåíèå äâóìÿ îáëèãàöèÿìè

Ïóñòü ïîðòôåëü ñîñòîèò èç äâóõ îáëèãàöèé, ïîäâåðæåííûõ âîç äåéñòâèþ
âèíåðîâñêîãî ïðîöåññà è ñîâåðøàþùèõ ñêà÷êè ïîä äåéñòâèåì ï óàññîíîâñêîãî
ïðîöåññà

dR1(t) = [ � 1(t; R 1(t); R2(t)) + Z1(t; R 1(t); R2(t))] dt� 1(t; R 1(t); R2(t)) dW(t)

+
Z

g1(t; R 1(t); R2(t);  )� (dt; d );

dR2(t) = [ � 2(t; R 1(t); R2(t)) + Z2(t; R 1(t); R2(t))] dt + � 2(t; R 1(t); R2(t)) dW(t)

+
Z

g2(t; R 1(t); R2(t);  )� (dt; d ); (10)

ãäå Ri (t) � ïðîöåíòíàÿ ñòàâêà îáëèãàöèè i = 1; 2, Wk (t) � äâóìåðíûé âèíå-
ðîâñêèé ïðîöåññ, � (t; • ) � ñòàíäàðòíàÿ ïóàññîíîâñêàÿ ìåðà íà [0 ; T ] � Rn ,
� i (t; R 1(t); R2(t)), � i (t; R 1(t); R2(t)), i = 1 ; 2, � çàäàííûå ôóíêöèè. Íàéäåì òà-
êèå óïðàâëåíèÿ, ÷òîáû ñ âåðîÿòíîñòüþ 1 ôóíêöèÿ ðèñêà F (t; R 1(t); R2(t)) ñî-
õðàíÿëà ïîñòîÿííîå çíà÷åíèå, çàâèñÿùåå îò íà÷àëüíûõ äàííû õ: R1(0) = 0,
R2(0) = 0.

Ïóñòü F (t; R 1(t); R2(t)) = R2(t)e� 2R 1 ( t ) + e� 2, òîãäà

F (t; R 1(t); R2(t)) = F (0; R1(0); R2(0)) = e� 2:

Â ñîîòâåòñòâèè ñ òåîðåìîé 1 ñíà÷àëà íóæíî ïîñòðîèòü ñèñòåìó ñòîõàñòè-
÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé, äëÿ êîòîðîé ôóíêöèÿ F (t; R 1(t); R2(t))
ÿâëÿåòñÿ äåòåðìèíèðîâàííûì ïåðâûì èíòåãðàëîì.

Èç óòâåðæäåíèÿ 3 òåîðåìû 1 îïðåäåëèì êîýôôèöèåíò ïðè ïóàññî íîâñêîé
ìåðå. Äëÿ ýòîãî ñíà÷àëà íàéäåì ÷àñòíûå ïðîèçâîäíûå ôóíêöèè F (t; s1; s2) =
s2e� 2s1 + e� 2. Îíè èìåþò ñëåäóþùèé âèä ( s1 è s2 � âñïîìîãàòåëüíûå ïåðåìåí-
íûå):

@F(t; s1; s2)
@s1

= � 2s2e� 2s1 ;
@F(t; s1; s2)

@s2
= e� 2s1 : (11)

Òîãäà
@s(t; R 1(t); R2(t);  )

@
=

"
@s1 ( t;R 1 ( t ) ;R 2 ( t ) ; )

@
@s2 ( t;R 1 ( t ) ;R 2 ( t ) ; )

@

#

=
�

e� 2s1

2s2e� 2s1

�
:
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Ðåøàÿ ýòó ñèñòåìó, ïîëó÷àåì

s1(t; R 1(t); R2(t);  ) =
1
2

ln(2 + 2 C1(R1(t); R2(t))) ;

s2(t; R 1(t); R2(t);  ) = C2(R1(t); R2(t))(  + C1(R1(t); R2(t))) ;

è ñ ó÷åòîì íà÷àëüíûõ äàííûõ, ò. å. s(t; R 1(t); R2(t);  )j  =0 = R,

C1(R1(t); R2(t)) =
1
2

e2R 1 ( t ) ; C2(R1(t); R2(t)) = 2 R2(t)e� 2R 1 ( t )

èëè

s1(t; R 1(t); R2(t);  ) =
1
2

ln(2 + e2R 1 ( t ) );

s2(t; R 1(t); R2(t);  ) = 2 R2(t)e � 2R 1 ( t ) + R2(t):

Ñëåäîâàòåëüíî,

g1(t; R 1(t); R2(t);  ) =
1
2

ln(2 + e2R 1 ( t ) ) � R1(t);

g2(t; R 1(t); R2(t);  ) = 2 R2(t)e � 2R 1 ( t ) :
(12)

Äàëåå ñòðîèì ìàòðèöó B :

B = q00(e� 2R 1 ( t ) ; 2R2(t)e� 2R 1 ( t ) );

ãäåq00 = q00(�) = q00(t; R 1(t); R2(t)), è îïðåäåëÿåì
�

@B(�)
@R(t)

�
= q00

�
� 2e� 2R 1 ( t ) 0

� 4R2(t)e� 2R 1 ( t ) 2e� 2R 1 ( t )

�
;

�
@B(�)
@R(t)

�
B (�) = q2

00

�
� 2e� 4R 1 ( t )

0

�
=

�
� 2r 2

00e� 4R 1 ( t )

0:

�
:

Òåïåðü ñòðîèì ìàòðèöó H è âû÷èñëÿåì åå îïðåäåëèòåëü:

det H = det

2

4
~e0 ~e1 ~e2

0 � 2R2(t)e� 2R 1 ( t ) e� 2R 1 ( t )

f 1 f 2 f 3

3

5

= ~e0(� 2f 3R2(t)e� 2R 1 ( t ) � f 2e� 2R 1 ( t ) ) + ~e1(f 1e� 2R 1 ( t ) ) + ~e2(2f 1R2(t)e� 2R 1 ( t ) );

ãäåf i = f i (t; R 1(t); R2(t)), i = 1 ; 2; 3. Êîîðäèíàòû âåêòîðà A = A(t; R 1(t); R2(t))
òàêîâû:

a1 = �
f 1

f 2 + 2 f 3R2(t)
� 2q2

00e� 4R 1 ( t ) ; a2 = �
2f 1R2(t)

f 2 + 2 f 3R2(t)

ïðè óñëîâèè f 2 + 2 f 3R2(t) 6= 0, è ñèñòåìà óðàâíåíèé Èòî èìååò âèä

dR1(t) =
�
�

f 1(t; R 1(t); R2(t))
f 2(t; R 1(t); R2(t)) + 2 f 3(t; R 1(t); R2(t))R2(t)

� 2q2
00e� 4R 1 ( t )

�
dt

+ q00e� 2R 1 ( t ) dW(t) +
Z �

1
2

ln(2 + e2R 1 ( t ) ) � R1(t)
�

� (dt; d );

dR2(t) =
�
�

2f 1(t; R 1(t); R2(t))R2(t)
f 2(t; R 1(t); R2(t)) + 2 f 3(t; R 1(t); R2(t))R2(t)

�
dt

+ 2 q00R2(t)e� 2R 1 ( t ) dW(t) +
Z

2R2(t)e � 2R 1 ( t ) � (dt; d ):

(13)
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Ðèñ. 1. Ðåøåíèå ïîñòðîåííîé ÑÄÓ (8) è çíà÷åíèÿ ôóíêöèè F (t; S (t); Y (t))

Ðèñ. 2. Ðåøåíèå ïîñòðîåííîé ÑÄÓ (13) è çíà÷åíèÿ ôóíêöèè F (t; R 1 (t ); R2(t ))

Èñêîìîå ìíîæåñòâî óïðàâëåíèé äåòåðìèíèðîâàííîé ÷àñòüþ ïî ëó÷èì èç ñî-
ïîñòàâëåíèÿ óðàâíåíèé (10) è (13):

Z1(�) = �
f 1(t; R 1(t); R2(t))

f 2(t; R 1(t); R2(t)) + 2 f 3(t; R 1(t); R2(t))R2(t)

� 2q2
00e� 4R 1 ( t ) � � 1(t; R 1(t); R2(t)) ;

Z2(�) = �
2f 1(t; R 1(t); R2(t))R2(t)

f 2(t; R 1(t); R2(t)) + 2 f 3(t; R 1(t); R2(t))R2(t)
� � 2(t; R 1(t); R2(t)) :

Ñîïîñòàâëÿÿ óðàâíåíèÿ (10) è (13), âèäèì, ÷òî íåîáõîäèìî ââ åñòè äîïîë-
íèòåëüíî óïðàâëåíèå â äèôôóçèîííóþ ÷àñòü � êîððåêòèðóþùèå ôóíêöèè:

Z3(�) = q00e� 2R 1 ( t ) � � 1(t; R 1(t); R2(t)) ;

Z4(�) = 2 q00R2(t)e� 2R 1 ( t ) � � 2(t; R 1(t); R2(t)) :

Äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ âîçüìåì

� 1(t; R 1(t); R2(t)) = R1(t) + R2(t) + e� t ; � 2(t; R 1(t); R2(t)) = R1(t)R2(t) + e� 2t ;

� 1(t; R 1(t); R2(t)) = eR 1 ( t ) ; � 2(t; R 1(t); R2(t)) = eR 2 ( t ) ;
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â êà÷åñòâå ïðîèçâîëüíûõ ôóíêöèé �

f 1(t; R 1(t); R2(t)) = sin R1(t) + cos R2(t); f 2(t; R 1(t); R2(t)) = cos t + 2 ;

f 3(t; R 1(t); R2(t)) =
1

R2(t)
; q00(t; R 1(t); R2(t)) = R1(t):

Êàê âèäíî èç ðèñ. 1 è 2, ïðèâåäåííûé àëãîðèòì ïîñòðîåíèÿ PCP1 äåéñòâè-
òåëüíî ïîçâîëÿåò ñ âåðîÿòíîñòüþ 1 â ëþáîé ìîìåíò âðåìåíè ñîõ ðàíÿòü çíà÷åíèå
ôóíêöèè, çàâèñÿùåé îò ïðîñòðàíñòâåííîãî ïîëîæåíèÿ äèíàìè ÷åñêîé ñèñòåìû.

4. Çàêëþ÷åíèå

Ïîñòðîåíû ïðîãðàììíûå óïðàâëåíèÿ ñ âåðîÿòíîñòüþ 1 (ÐÑÐ1) ä ëÿ ìîäåëè
èíâåñòèöèîííîãî ïîðòôåëÿ, à òàêæå äëÿ ìîäåëè ñ äâóìÿ îáëèãà öèÿìè. Äî-
êàçàíà òåîðåìà î ðàçìåðíîñòè ÐÑÐ1 â ìîäåëÿõ, èìåþùèõ óïðàâë åíèÿ êàê â
äåòåðìèíèðîâàííîé, òàê è â äèôôóçèîííîé ÷àñòè.

×èñëåííîå ìîäåëèðîâàíèå ðåøåíèÿ ñèñòåì ÑÄÓ äàåò âîçìîæíîñ òü íàãëÿä-
íîãî ïðåäñòàâëåíèÿ òðàåêòîðèé ñèñòåìû, îïèñûâàþùåé èçìåí åíèå ôàçîâûõ ïå-
ðåìåííûõ ïðè íàëè÷èè ÐÑÐ1, è ñîîòâåòñòâóþùåå ýòîìó ïîâåäåí èþ ñîõðàíåíèå
çàäàííîãî çíà÷åíèÿ íåêîòîðîé ôóíêöèè.

ËÈÒÅÐÀÒÓÐÀ

1. Äóáêî Â. À. Îòêðûòûå äèíàìè÷åñêèå ñèñòåìû è èõ ìîäåëèðîâàíèå // Âåñòí. ÄÂÎ ÐÀÍ.
1993. • 4�5. Ñ. 55�64.

2. Øèðÿåâ À. Í. Îñíîâû ñòîõàñòè÷åñêîé ôèíàíñîâîé ìàòåìàòèêè. Ôàêòû, ìîäå ëè. Òåîðèÿ.
M.: ÔÀÇÈÑ. 2004. Ò. 1, 2.

3. Kohlmann, M., Siyuan, L., Xiong, Dewen. A Generalized It�o�Ventzell formula to derive
forward utility models in a jump market // Stochastic Anal. A ppl. 2013. V. 31, N 4. P. 632�
662.

4. Delong L. Backward stochastic di�erential equations with jumps and t heir actuarial and
�nancial applications. Longon: Springer-Verl., 2013.

5. Êîëìàíîâñêèé Â. Á. Çàäà÷è óïðàâëåíèÿ ïðè íåïîëíîé èíôîðìàöèè. Ñîðîâñêèé îáðà çî-
âàòåëüíûé æóðíàë. 1999. • 4. C. 122�127.

6. Õðóñòàëåâ Ì. Ì., Ðóìÿíöåâ Ä. Ñ. Îïòèìèçàöèÿ êâàçèëèíåéíûõ äèíàìè÷åñêèõ ñòîõà-
ñòè÷åñêèõ ñèñòåì ñî ñëîæíîé ñòðóêòóðîé // Àâòîìàòèêà è òåëå ìåõàíèêà. 2011. • 10.
C. 154�169.

7. Õðóñòàëåâ Ì. Ì., Ðóìÿíöåâ Ä. Ñ., Öàðüêîâ Ê. À. Îïòèìèçàöèÿ êâàçèëèíåéíûõ ñòîõà-
ñòè÷åñêèõ ñèñòåì äèôôóçèîííîãî òèïà, íåëèíåéíûõ ïî óïðàâë åíèþ // Àâòîìàòèêà è
òåëåìåõàíèêà. 2017. • 6. C. 84�105.

8. Áàëåñêó Ð. Ðàâíîâåñíàÿ è íåðàâíîâåñíàÿ ñòàòèñòè÷åñêàÿ ìåõàíèêà. M.: Ìèð, 1978. Ò. 1.
9. Êëèìîíòîâè÷ Þ. Ë. Íåëèíåéíîå áðîóíîâñêîå äâèæåíèå // Óñïåõè ôèç. íàóê. 1994. Ò. 164.

• 8. Ñ. 811�844.
10. Äóáêî Â. À. Î ìîäåëèðîâàíèå äèíàìèêè ïîäñèñòåìû â ìíîãîýëåìåíòíûõ âçà èìîäåé-

ñòâóþùèõ ñèñòåìàõ è ïîñòðîåíèå ñòîõàñòè÷åñêîãî óðàâíåíèÿ ñàìîäèôôóçèè // Âåñòí.
Ïðèàìóð. ãîñ. óí-òà èì. Øîëîì-Àëåéõåìà. 2016. • 1. C. 100�10 4.

11. Äóáêî Â. À. Âîïðîñû òåîðèè è ïðèìåíåíèÿ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëü íûõ óðàâíå-
íèé. Âëàäèâîñòîê: ÄÂÍÖ ÀÍ ÑÑÑÐ, 1989.

12. Äóáêî Â. À. Ñïåöèàëüíûå ðàçäåëû òåîðèè ñòîõàñòè÷åñêèõ äèôôåðåíöèàëü íûõ óðàâíå-
íèé. Õàáàðîâñê: Èçä-âî Òèõîîêåàí. ãîñ. óí-òà, 2013.

13. Êàðà÷àíñêàÿ Å. Â. Ïîñòðîåíèå ïðîãðàììíûõ óïðàâëåíèé äèíàìè÷åñêîé ñèñòåìû í à îñ-
íîâå ìíîæåñòâà åå ïåðâûõ èíòåãðàëîâ // Ñîâðåìåííàÿ ìàòåìàò èêà. Ôóíäàìåíòàëüíûå
íàïðàâëåíèÿ. 2011. • 42. Ñ. 125�133.



Ïðèìåíåíèå ïðîãðàììíîãî óïðàâëåíèÿ ñ âåðîÿòíîñòüþ 1 35

14. Êàðà÷àíñêàÿ Å. Â. Èíòåãðàëüíûå èíâàðèàíòû ñòîõàñòè÷åñêèõ ñèñòåì è ïðîãðàìì íîe
óïðàâëåíèå ñ âåðîÿòíîñòüþ 1. Õàáàðîâñê: Èçä-âî Òèõîîêåàí. ãîñ. óí-òà, 2015.

15. Äóáêî Â. À., Êàðà÷àíñêàÿ Å. Â. Ñòîõàñòè÷åñêèå ïåðâûå èíòåãðàëû, ÿäðà èíòåãðàëüíûõ
èíâàðèàíòîâ è óðàâíåíèÿ Êîëìîãîðîâà // Äàëüíåâîñò. ìàò. æó ðí. 2014. Ò. 13. • 2. C. 200�
216.

16. Êàðà÷àíñêàÿ Å. Â. Ïîñòðîåíèå ìíîæåñòâà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàäàíí ûì
ìíîæåñòâîì ïåðâûõ èíòåãðàëîâ // Âåñòí. Òèõîîêåàí. ãîñ. óí- òà. 2011. • 3. Ñ. 47�56.

17. Êàðà÷àíñêàÿ Å. Â. Îáîáùåííàÿ ôîðìóëà Èòî � Âåíòöåëÿ äëÿ ñëó÷àÿ íåöåíòðèðîâàí íîé
ïóàññîíîâñêîé ìåðû, ñòîõàñòè÷åñêèé ïåðâûé èíòåãðàë è ïåðâ ûé èíòåãðàë // Ìàò. òð.
2014. Ò. 17. • 1. Ñ. 99�122.

18. Averina T., Karachanskaya E., Rybakov K. Statistical modelling of random processes with
invariants // Proc. 2017 Intern. Multi-Conf. on Engineerin g, Computer and Information
Sciences (SIBIRCON). 18�22 Sep., 2017. Novosibirsk, Akade mgorodok, Russia. P. 34�37.

19. Àâåðèíà Ò. À., Êàðà÷àíñêàÿ Å. Â., Ðûáàêîâ Ê. À. Ìîäåëèðîâàíèå è àíàëèç ëèíåéíûõ
èíâàðèàíòíûõ ñòîõàñòè÷åñêèõ ñèñòåì // Äèôôåðåíö. óðàâíåí èÿ è ïðîöåññû óïðàâëåíèÿ.
Ýëåêòðîí. æóðí. 2018. • 1. Ñ. 54�76. Ðåæèì äîñòóïà: http://w ww.math.spbu.ru/di�journal.

Ñòàòüÿ ïîñòóïèëà 12 ÿíâàðÿ 2018 ã.

Êàðà÷àíñêàÿ Åëåíà Âèêòîðîâíà
Äàëüíåâîñòî÷íûé ãîñ. óíèâåðñèòåò ïóòåé ñîîáùåíèÿ,
óë. Ñåðûøåâà, 47, Õàáàðîâñê, 680027;
Òèõîîêåàíñêèé ãîñ. óíèâåðñèòåò,
óë. Òèõîîêåàíñêàÿ , 136, Õàáàðîâñê, 680035
elena chal@mail.ru

Ïåòðîâà Àëåíà Ïåòðîâíà
Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò,
óë. Êóëàêîâñêîãî, 48, ßêóòñê 677000
alyona.petrova393@gmail.com



Ìàòåìàòè÷åñêèå çàìåòêè ÑÂÔÓ
ßíâàðü�ìàðò, 2018. Òîì 25, • 1

UDK 519.2

MODELING OF THE PROGRAMMED

CONTROL WITH PROBABILITY 1

FOR SOME FINANCIAL TASKS

E. V. Karachanskaya and A. P. Petrova

Abstract: The description of the dynamics of some �nancial events can b e related
to It�o stochastic di�erential equations (SDE). In this pap er, we consider a �nancial
model a�ected by random disturbances which take the form of W iener and Poisson
perturbations. The construction of the programmed control with probability 1 (PCP1)
is based on the concept of �rst integral for stochastic dynam ic systems of di�usion type
with jumps which are described by the It�o equations. Two typ es of �nancial models
are considered as examples of the construction of PCP1: the i nvestment portfolio model
(di�usion model) and the interest rate model (di�usion with jumps). The given examples
are accompanied by numerical modeling.

DOI: 10.25587/SVFU.2018.1.12766

Keywords: programmed control with probability 1, stochastic It�o's e quation with
jumps, �rst integral of system of the It�o equations, invest ment portfolio model, interest
rate model.

REFERENCES

1. Dubko V. , �Open dynamic systems and its simulation [in Russian],� Ve stn. Dal'nevost. Otdel.
Ross. Akad. Nauk, No. 4�5, 55�64 (1993).

2. Shiryaev A. N. , Essentials of Stochastic Finance. Facts, Models, Theory, World Sci. Publ. Co.
Inc., River Edge, NJ (1999) (Adv. Ser. Stat. Sci. Appl. Proba b.; V. 3)

3. Kohlmann M., Siyuan L., and Xiong Dewen , �A generalized It�o�Wentzell formula to derive
forward utility models in a jump market,� Stochastic Anal. A ppl., 31 , No. 4, 632�662 (2013).

4. Delong L. , Backward Stochastic Di�erential Equations with Jumps and Their Actuarial and
Financial Applications, Springer-Verlag, Longon (2013).

5. Kolmanovsky V. B. , �Control problems with incomplete information [in Russia n],� Soros
Edu. J., No. 4, 122�127 (1999).

6. Khrustalev M. M. and Rumyantsev D. S. , �Optimizing quasilinear stochastic dynamical
systems with complex structure,� Autom. Remote Control, 72 , No. 10, 2147�2160 (2011).

7. Khrustalev M. M., Rumyantsev D. S., and Tsar'kov K. A. , �Optimization of quasilinear
stochastic control-nonlinear di�usion systems,� Autom. R emote Control, 78 , No. 6, 1028�
1045 (2017).

8. Balescu R., Equilibrium and Non-Equilibrium Statistical Mechanics, John Wiley and Sons,
Univ. Michigan (1975).

9. Klimontovich Yu. L. , �Nonlinear Brownian motion [in Russian],� Uspekhi Fiz. Na uk, 164 ,
No. 8, 811�844 (1994).

10. Dubko V. A. , �On modeling of subsystem dynamics in multi-element inter acting systems and
constructing a stochastic self-di�ustion equation [in Rus sian],� Vestn. Priamursk. Gos. Univ.,
No. 1, 100�104 (2016).

c 2018 E. V. Karachanskaya, A. P. Petrova



Modeling of the programmed control with probability 1 37

11. Dubko V. A. , Questions about Theory and Applications of the Stochastic Di�erential Equa-
tions [in Russian], Dal'nauka, Vladivostok (1989).

12. Dubko V. A. and Karachanskaya E. V. , Special Sections of the Theory of Stochastic Di�eren-
tial Equations [in Russian], Izdat. Dal'nevost. Natsion. U niv., Khabarovsk (2013).

13. Karachanskaya E. V. , �Construction of programmed controls for a dynamic system based on
the set of its �rst integrals,� J. Math. Sci., 199 , No. 5, 547�555 (2014).

14. Karachanskaya E. V. , Integral Invariants of Stochastic Systems and Programmed Control
with Probability 1 [in Russian], Izdat. Dal'nevost. Natsio n. Univ., Khabarovsk (2015).

15. Dubko V. A. and Karachanskaya E. V. , �Stochastic �rst integrals, kernel functions for integra l
invariants and the Kolmogorov equations [in Russian],� Dal 'nevost. Mat. Zh., 14 , No. 2, 200�
216 (2014).

16. Karachanskaya E. V. , �Construction of the set of di�erential equations with a gi ven set of
�rst integrals [in Russian],� Vestn. Dal'nevost. Natsion. Univ., No. 3, 47�56 (2011).

17. Karachanskaya E. V. , �The generalized It�o�Wenttsel formula in the case of a non centered
Poisson measure, a stochastic �rst integral, and a �rst inte gral,� Sib. Adv. Math., 17 , No. 1,
99�122 (2014).

18. Averina T. A., Karachanskaya E. V., and Rybakov K. A. , �Statistical modelling of random
processes with invariants,� in: Proc. Int. Multi-Conf. Eng ineering, Computer and Information
Sciences (SIBIRCON) (Akademgorodok, Novosibirsk, Russia , Sep. 18�22, 2017), pp. 34�37,
IEEE (2017).

19. Averina, T.A., Karachanskaya E. V., and Rybakov K. A. , �Modeling and analysis of linear
invariant stochastic systems,� Di�er. Equ. Control Proces ses, Online J., No. 1, 54�76 (2018).
http://www.math.spbu.ru/di�journal

Submitted January 12, 2018

Elena V. Karachanskaya
Far Eastern State Transport University,
47 Serysheva Street, Khabarovsk 680027, Russia;
Paci�c National University,
136 Tikho-Okeanskaya Street, Khabarovsk 680035, Russia
elena chal@mail.ru

Alena P. Petrova
North-Eastern Federal University,
48 Kulakovsky Street, Yakutsk 677000, Russia
alyona.petrova393@gmail.com



Ìàòåìàòè÷åñêèå çàìåòêè ÑÂÔÓ
ßíâàðü�ìàðò, 2018. Òîì 25, • 1

ÓÄÊ 517.972

Î ÐÅÃÓËßÐÍÎÑÒÈ ÐÅØÅÍÈß Â ÇÀÄÀ×Å

Î ÐÀÂÍÎÂÅÑÈÈ ÏËÀÑÒÈÍÛ ÒÈÌÎØÅÍÊÎ,

ÑÎÄÅÐÆÀÙÅÉ ÍÀÊËÎÍÍÓÞ ÒÐÅÙÈÍÓ

Í. Ï. Ëàçàðåâ, Õ. Èòîó,
Ï. Â. Ñèâöåâ, È. Ì. Òèõîíîâà

Àííîòàöèÿ. Èññëåäóåòñÿ çàäà÷à î ðàâíîâåñèè óïðóãîé òðàíñâåðñàëüíî-è çîòðîïíîé
ïëàñòèíû (ìîäåëè Òèìîøåíêî), ñîäåðæàùåé ñêâîçíóþ íàêëîíí óþ òðåùèíó. Ñ÷èòà-
åòñÿ ÷òî òðåùèíà íå âûõîäèò íà âíåøíþþ ãðàíèöó. Â èñõîäíîì ñî ñòîÿíèè ïðåäïî-
ëàãàåòñÿ, ÷òî ïðîòèâîïîëîæíûå áåðåãà òðåùèí ñîïðèêàñàþòñ ÿ äðóã ñ äðóãîì. Ïðè
ýòîì òðåùèíà îïèñûâàåòñÿ ñ ïîìîùüþ ïîâåðõíîñòè, êîòîðàÿ óä îâëåòâîðÿò îïðåäå-
ëåííûì ïðåäïîëîæåíèÿì. Íà êðèâîé, çàäàþùåé òðåùèíó â ñðåäè ííîé ïëîñêîñòè,
ñòàâèòñÿ êðàåâîå óñëîâèå â âèäå íåðàâåíñòâà, îïèñûâàþùåå í åïðîíèêàíèå ïðîòè-
âîïîëîæíûõ áåðåãîâ òðåùèíû. Íà âíåøíåé ãðàíèöå çàäàíû îäíî ðîäíûå óñëîâèÿ
Äèðèõëå. Óñòàíîâëåíà ëîêàëüíàÿ äîïîëíèòåëüíàÿ ãëàäêîñòü ðåøåíèÿ ïî ñðàâíåíèþ
ñ çàäàííîé â âàðèàöèîííîé ôîðìóëèðîâêå ïðè îïðåäåëåííûõ óñ ëîâèÿõ íà ïîâåðõ-
íîñòü, çàäàþùóþ òðåùèíó. Äîêàçàíà áåñêîíå÷íàÿ äèôôåðåíöè ðóåìîñòü ôóíêöèè
ðåøåíèÿ ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ íà ôóíêöèþ, çàä àþùóþ âíåøíèå
íàãðóçêè, à òàêæå íà çíà÷åíèÿ ôóíêöèé ïåðåìåùåíèé âáëèçè êð èâîé, îïèñûâàþ-
ùåé òðåùèíó.
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Êëþ÷åâûå ñëîâà: âàðèàöèîííîå íåðàâåíñòâî, ïëàñòèíà Òèìîøåíêî, òðåùèíà,
óñëîâèÿ íåïðîíèêàíèÿ, ðåãóëÿðíîñòü ðåøåíèÿ.

Ââåäåíèå

Ïðè èññëåäîâàíèè çàäà÷ ìåõàíèêè äåôîðìèðîâàíèÿ ïëàñòèí è î áîëî÷åê
÷àñòî èñïîëüçóþò ìîäåëè Êèðõãîôà � Ëÿâà è Òèìîøåíêî. Äëÿ ïëà ñòèí (îáî-
ëî÷åê), ñîäåðæàùèõ òðåùèíó, êëàññè÷åñêèé ïîäõîä ïðåäïîëà ãàåò çàäàíèå êðà-
åâûõ óñëîâèé â âèäå ðàâåíñòâ íà êðèâîé, îïèñûâàþùåé ðàçðåç ( òðåùèíó) [1�5].
Â íàñòîÿùåå âðåìÿ äëÿ ìîäåëåé ïëàñòèí è îáîëî÷åê ñ òðåùèíàìè ïîëó÷åí øè-
ðîêèé êðóã ðåçóëüòàòîâ äëÿ íåëèíåéíûõ çàäà÷ ñ êðàåâûìè óñëî âèÿìè â âèäå
ñèñòåìû ðàâåíñòâ è íåðàâåíñòâ [6�19] è äð. Ýòè óñëîâèÿ íàëàã àþòñÿ íà çíà÷å-
íèÿ ôóíêöèé, êîòîðûå îïèñûâàþò ïåðåìåùåíèÿ òî÷åê ñðåäèííî é ïîâåðõíîñòè
ïëàñòèíû (îáîëî÷êè). Ñ ìåõàíè÷åñêîé òî÷êè çðåíèÿ îíè îïèñû âàþò íåïðî-
íèêàíèå ïðîòèâîïîëîæíûõ áåðåãîâ òðåùèíû. Â ðàáîòàõ [6, 7, 1 4] èññëåäîâàíû
íåëèíåéíûå çàäà÷è î ðàâíîâåñèè ïëàñòèíû ìîäåëè Êèðõãîôà � Ë ÿâà ñ óñëîâè-
ÿìè íåïðîíèêàíèÿ äëÿ íàêëîííîé òðåùèíû. Ïðè ýòîì â [6] óñëîâ èå íåïðîíèêà-
íèÿ ïðèâåäåíî äëÿ òðåùèí, çàäàííûõ ãëàäêîé ïîâåðõíîñòüþ z = F (x1; x2), ãäå
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F (x1; x2) � ôóíêöèÿ, îïðåäåëåííàÿ â (ñðåäèííîé) ïëîñêîñòè ( x1; x2). Â [7] ïðè-
âîäèòñÿ âûâîä óñëîâèÿ íåïðîíèêàíèÿ äëÿ òðåùèíû, êîòîðàÿ ìà ëî îòëè÷àåòñÿ
îò âåðòèêàëüíîé. Êðîìå òîãî, â [6, 7, 14] èñïîëüçóþòñÿ äîïîë íèòåëüíûå (îòíî-
ñèòåëüíî ìîäåëè Êèðõãîôà � Ëÿâà) ïðåäïîëîæåíèÿ î òîì, ÷òî ïå ðåìåùåíèÿ
âî âñåõ òî÷êàõ áåðåãîâ òðåùèíû ìîæíî çàäàòü ñ ïîìîùüþ ïåðåìå ùåíèé òî÷åê,
ëåæàùèõ â ñðåäèííîé ïëîñêîñòè ïëàñòèíû. Â ðàáîòå [16] äëÿ ìà òåìàòè÷åñêîé
ìîäåëè î ðàâíîâåñèè ïëàñòèíû Òèìîøåíêî, ñîäåðæàùåé íàêëîí íóþ òðåùèíó,
îáîñíîâàíà êîððåêòíîñòü, íàéäåíû ñîîòâåòñòâóþùèå ýêâèâà ëåíòíûå âàðèàöè-
îííûå è äèôôåðåíöèàëüíûå ïîñòàíîâêè. Êðîìå òîãî, äëÿ îäíîì åðíîãî ñëó÷àÿ
(áàëêà ñ íàêëîííûì ðàçðåçîì) ïîëó÷åíî àíàëèòè÷åñêîå ðåøåí èå è èññëåäîâàíû
åãî êà÷åñòâåííûå ñâîéñòâà.

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à î ðàâíîâåñèè óïðóãîé òðà íñâåðñàëüíî-
èçîòðîïíîé ïëàñòèíû Òèìîøåíêî (ñì. [16]), ñîäåðæàùåé íàêë îííóþ òðåùèíó,
ñ óñëîâèÿìè òèïà íåðàâåíñòâ íà âíóòðåííåé ãðàíèöå. Äîêàçàí à ëîêàëüíàÿ ïðè-
íàäëåæíîñòü ðåøåíèÿ êëàññó H 2 âáëèçè ïðÿìîëèíåéíîãî ðàçðåçà. Çàìåòèì, ÷òî
âàðèàöèîííàÿ ïîñòàíîâêà ïðåäïîëàãàåò ðåøåíèå êëàññà H 1. Ïîêàçàíà áåñêîíå÷-
íàÿ äèôôåðåíöèðóåìîñòü ðåøåíèÿ ïðè äîïîëíèòåëüíûõ óñëîâè ÿõ ¾íóëåâîãî¿
ðàñêðûòèÿ òðåùèíû è áåñêîíå÷íîé äèôôåðåíöèðóåìîñòè ôóíêö èè âíåøíèõ íà-
ãðóçîê. Äàííàÿ ðàáîòà îáîáùàåò ïîëó÷åííûå ðàíåå ðåçóëüòàò û î ðåãóëÿðíîñòè
ðåøåíèé â çàäà÷å î ðàâíîâåñèè ïëàñòèíû Òèìîøåíêî ñ âåðòèêàë üíîé òðåùèíîé
[11].

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü Š � R2 � îãðàíè÷åííàÿ îäíîñâÿçíàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé
@Š, €c � ãëàäêàÿ êðèâàÿ áåç ñàìîïåðåñå÷åíèé òàêàÿ, ÷òî €c � Š, @€c =2 €c.
Îáîçíà÷èì ÷åðåç � = � (x) = ( � 1; � 2), x = ( x1; x2) 2 €c, âåêòîð íîðìàëè ê €c.
Êàê è â ðàáîòàõ [7, 16], îïðåäåëèì ïîâåðõíîñòü

„ =
�

(	x1; 	x2; z) j jzj � h; 	x = (	x1; 	x2); 	x = x � z� (x) tg � (x); x 2 €c
	

;

ãäå� (x), j� (x)j < �= 2, x 2 €c � ôóíêöèÿ äâóõ ïåðåìåííûõ (ðèñ. 1).
Ïðåäïîëîæèì, ÷òî íîðìàëü n(	x; z) ê ïîâåðõíîñòè „ ïðè ôèêñèðîâàííîì

x 2 €c îñòàåòñÿ íåèçìåííîé, ò. å.

n(	x; z) = n(x; 0) = ( � (x) cos� (x); sin � (x)) 8	x = x � z� (x) tg � (x); jzj � h:

Çàìåòèì, ÷òî ýòèì ñâîéñòâîì îáëàäàþò, íàïðèìåð, ïîâåðõíîñ òè „ , îáðàçîâàí-
íûå ñ ïîìîùüþ ïëîñêîñòè èëè êîíè÷åñêîé ïîâåðõíîñòè.

Ïðåäïîëîæèì, ÷òî â èñõîäíîì íåäåôîðìèðîâàííîì ñîñòîÿíèè ï ëàñòèíà,
ñîäåðæàùàÿ íàêëîííóþ òðåùèíó, çàäàåòñÿ â òðåõìåðíîì ïðîñò ðàíñòâå R3 ìíî-
æåñòâîì Š � [� h; h] n „ . Ïðè ýòîì ïîâåðõíîñòü „ ñîîòâåòñòâóåò òðåùèíå (ðàç-
ðåçó) íóëåâîé øèðèíû. Â ñðåäèííîé ïëîñêîñòè z = 0 èìååì íåãëàäêóþ îáëàñòü
Šc = Š n€c. Â ñîîòâåòñòâèè ñ íàïðàâëåíèåì íîðìàëè � âûáåðåì ïîëîæèòåëüíûå
€+

c , „ + è îòðèöàòåëüíûå € �
c , „ � áåðåãà êðèâîé€c è ïîâåðõíîñòè „ .
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Ðèñ. 1. Ïëàñòèíà ñ íàêëîííîé òðåùèíîé

Îáîçíà÷èì ÷åðåç � = � (x) = ( W; w), x 2 Šc, âåêòîð ïåðåìåùåíèé òî÷åê
ñðåäèííîé ïîâåðõíîñòè, ãäå W = ( w1; w2) è w ãîðèçîíòàëüíûå (âäîëü ïëîñêîñòè
(x1; x2)) è âåðòèêàëüíûå ïåðåìåùåíèÿ ñîîòâåòñòâåííî. Óãëû ïîâîðî òà íîðìàëü-
íûõ ñå÷åíèé îáîçíà÷èì ÷åðåç  =  (x) = (  1;  2), x 2 Šc.

Ïðèâåäåì èçâåñòíûå òåíçîðíûå ñîîòíîøåíèÿ òåîðèè óïðóãîñò è, ñïðàâåäëè-
âûå äëÿ óïðóãèõ òðàíñâåðñàëüíî-èçîòðîïíûõ ïëàñòèí [20]. Ò åíçîðû, îïèñûâà-
þùèå äåôîðìàöèþ ïëàñòèíû, îïðåäåëÿþòñÿ ïî ôîðìóëàì

" ij ( ) =
1
2

�
@ i
@xj

+
@ j
@xi

�
; " ij (W ) =

1
2

�
@wi
@xj

+
@wj
@xi

�
; i; j = 1 ; 2:

Òåíçîðû ìîìåíòîâ è óñèëèé âû÷èñëÿþòñÿ ïî ôîðìóëàì

mij ( ) = cijkl " kl ( ); � ij (W ) = 3 h� 2cijkl " kl (W ) (1)

(ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïðîâîäèòñÿ ñóììèðîâàíèå), ãäå íåíóëåâûå ïîñòî-
ÿííûå êîýôôèöèåíòû òåíçîðà cijkl îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè

ciiii = D; ciijj = D{ ; cijij = cijji = D(1 � { )=2; i; j = 1 ; 2; i 6= j;

D � öèëèíäðè÷åñêàÿ æåñòêîñòü ïëàñòèíû, { � êîýôôèöèåíò Ïóàññîíà. Äëÿ
âåêòîðà ïîïåðå÷íûõ ñèë q = ( q1; q2) âûïîëíÿþòñÿ ñëåäóþùèå ðàâåíñòâà [20]:

qi (w;  ) = ƒ (w;i +  i ); i = 1 ; 2;
�

v;i =
@v
@xi

�
(2)

ãäå ƒ = 2 � 0
G , � 0 � êîýôôèöèåíò ñäâèãà, G � ìîäóëü ñäâèãà â ïëîùàäêàõ,

ïåðïåíäèêóëÿðíûõ ñðåäèííîé ïëîñêîñòè ïëàñòèíû. Ïðåäïîëà ãàåì, ÷òî âñå êî-
ýôôèöèåíòû, îïèñûâàþùèå óïðóãèå ñâîéñòâà ïëàñòèíû, ïîñòî ÿííû.

Ïóñòü H 1(Šc) � ïðîñòðàíñòâî Ñîáîëåâà, H 1;0(Šc) � åãî ïîäïðîñòðàíñòâî,
ñîñòîÿùåå èç âñåõ ôóíêöèé, êîòîðûå îáðàùàþòñÿ â íóëü íà âíåø íåé ãðàíèöå
@Š. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

H (Šc) = H 1;0(Šc)5; k � k = k � kH (Š c ) :
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Ïóñòü � = ( W; w;  ) 2 H (Šc), 	� = ( W ; w; 	 ) 2 H (Šc). Îïðåäåëèì áèëèíåéíóþ
ôîðìó

B (�; 	� ) =
Z

Š c

(� ij (W )" ij (W ) + mij ( ) " ij ( 	 ) + ƒ (w;i +  i )( 	w;i + 	 i )) :

Çàìåòèì, ÷òî äëÿ áèëèíåéíîé ôîðìû ñïðàâåäëèâà îöåíêà

B (�; � ) � ck� k2
H (Š c ) 8� 2 H (Šc) (3)

c íå çàâèñÿùåé îò � ïîñòîÿííîé c > 0 [11]. Ôóíêöèîíàë ïîòåíöèàëüíîé ýíåðãèè
äåôîðìèðîâàííîé ïëàñòèíû èìååò âèä

…(� ) =
1
2

B (�; � ) �
Z

Š c

F � 8� = ( W; w;  ) 2 H (Šc); (4)

ãäåF = ( f 1; f 2; f 3; � 1; � 2) 2 L 2(Šc)5 � âåêòîð çàäàííûõ âíåøíèõ íàãðóçîê.
Íà âíåøíåé ãðàíèöå @Šçàäàäèì êðàåâûå óñëîâèÿ æåñòêîãî çàùåìëåíèÿ:

� = 0 íà @Š; ãäå� = ( W; w;  ): (5)

Êàê èçâåñòíî, â ìîäåëè Òèìîøåíêî ïåðåìåùåíèÿ � � (x; z) = ( cW (x; z); bw(x; z)) äëÿ
òî÷åê ïëàñòèíû, îòñòîÿùèõ îò ñðåäèííîé ïîâåðõíîñòè íà ðàññ òîÿíèå jzj � h,
âûðàæàþòñÿ ñ ïîìîùüþ ïåðåìåùåíèé â ñðåäèííîé ïîâåðõíîñòè � � (x; 0) = � (x) =
(W; w) è óãëîâ ïîâîðîòà íîðìàëüíûõ ñå÷åíèé  =  (x). Ïðè ýòîì ñïðàâåäëèâû
ñëåäóþùèå ôîðìóëû [20]:

cW (x; z) = W (x) + z (x); bw(x; z) = w(x); jzj � h; x 2 Šc:

Ïóñòü óãîë � (x) äîñòàòî÷íî ìàë ïðè âñåõ x 2 €c. Ïðåäïîëîæèì, ÷òî ïåðåìå-
ùåíèÿ â òî÷êàõ (	 x; z) 2 „ � (íà áåðåãàõ òðåùèíû) ìîæíî âûðàçèòü ñ ïîìîùüþ
ñëåäîâ ôóíêöèé W (x), w(x),  (x) íà êðèâîé €c ñëåäóþùèìè ðàâåíñòâàìè:

bw� (	x; z) = w� (x); cW � (	x; z) = W � (x) + z � (x); jzj � h; x 2 €c; (6)

ãäå 	x = x � z� (x) tg � (x).
Óñëîâèå íåïðîíèêàíèÿ áåðåãîâ òðåùèíû çàêëþ÷àåòñÿ â òîì, ÷ò î ðàçíîñòü

ïåðåìåùåíèé � � (	x; z)+ íà ïîëîæèòåëüíîì áåðåãó „ + è �� (	x; z)� íà „ � â ïðîåêöèè
íà íîðìàëü n(	x; z) äîëæíà áûòü íåîòðèöàòåëüíîé (ñì. [16]):

( �� (	x; z)+ � �� (	x; z)� )) � (� (x) cos� (x); sin � (x)) � 0; (	x; z) 2 „:

Ñ ó÷åòîì (6), ïîäñòàâëÿÿ ýêñòðåìàëüíûå çíà÷åíèÿ z = h, z = � h, íàõîäèì

[W� ] cos� � hj[ � ]j cos� + [ w] sin � � 0; x 2 €c;

ãäå � =  i � i , W� = wi � i , [v] = vj€ +
c

� vj€ �
c

. Ïîäåëèâ ïîñëåäíåå ñîîòíîøåíèå íà
cos� , âûâåäåì óñëîâèå íåïðîíèêàíèÿ äëÿ íàêëîííîé òðåùèíû

[W� ] + [ w] tg � � hj[ � ]j; x 2 €c: (7)
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Çàìåòèì, ÷òî ïðè � � 0 íåðàâåíñòâî (7) îáðàùàåòñÿ â èçâåñòíîå óñëîâèå íåïðî-
íèêàíèÿ äëÿ âåðòèêàëüíûõ òðåùèí, ñîäåðæàùèõñÿ â ïëàñòèíàõ ìîäåëè Òèìî-
øåíêî [17, 18]. Åñëè æå äëÿ óãëîâ ïîâîðîòà âáëèçè òðåùèíû âûï îëíÿþòñÿ ñîîò-
íîøåíèÿ ãèïîòåçû ¾ïðÿìûõ íîðìàëåé¿ Êèðõãîôà � Ëÿâà:  i + w;i = 0, i = 1 ; 2,
òî (7) ïðèíèìàåò âèä óñëîâèÿ íåïðîíèêàíèÿ äëÿ íàêëîííîé òðå ùèíû â ïëàñòèíå
Êèðõãîôà � Ëÿâà [7, 14].

Çàäà÷à î ðàâíîâåñèè ïëàñòèíû, ñîäåðæàùåé íàêëîííóþ òðåùèí ó, ôîðìó-
ëèðóåòñÿ â âèäå ìèíèìèçàöèè ôóíêöèîíàëà ýíåðãèè [16]

inf
� 2 K

…(� ); (8)

ãäå
K = f � 2 H (Šc) j � = ( W; w;  ) óäîâëåòâîðÿåò (7)g

� ìíîæåñòâî äîïóñòèìûõ ôóíêöèé. Èçâåñòíî, ÷òî çàäà÷à (8) èì ååò åäèíñòâåí-
íîå ðåøåíèå � = ( U; u; � ) è ýêâèâàëåíòíà ñëåäóþùåìó âàðèàöèîííîìó íåðàâåí-
ñòâó:

� 2 K; B (�; � � � ) �
Z

Š c

F (� � � ) 8� 2 K: (9)

Êðîìå òîãî, ïðè óñëîâèè äîñòàòî÷íîé ãëàäêîñòè ðåøåíèÿ � âàðèàöèîííîé çàäà-
÷è (8) ôóíêöèÿ óäîâëåòâîðÿåò ñëåäóþùåé äèôôåðåíöèàëüíîé ï îñòàíîâêå, ñî-
ñòîÿùåé èç óðàâíåíèé ðàâíîâåñèÿ (10)�(12) è ãðàíè÷íûõ óñëî âèé (13)�(17):

� ij;j (U) = � f i ; â Šc; i = 1 ; 2; (10)

mij;j (� ) � qi (u; � ) = � � i ; â Šc i = 1 ; 2; (11)

qi ;i (u; � ) = � f 3 â Šc; (12)

U = � = 0 ; u = 0 íà @Š; (13)

[� � ] = [ m� ] = 0 ; [� � ] = [ m� ] = 0 ; � � tg � = q� íà €c; (14)

� � = m� = 0 ; [U� ] + [ u] tg � � hj[� � ]j; � h� � � j m� j íà €c; (15)
�

� � +
1
h

m�

�
([U� ] + [ u] tg � + h[� � ]) = 0 íà €c; (16)

�
� � �

1
h

m�

�
([U� ] + [ u] tg � � h[� � ]) = 0 íà €c: (17)

È íàîáîðîò, äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ � = ( U; u; � ), óäîâëåòâîðÿþùàÿ (10)�
(17), ÿâëÿåòñÿ ðåøåíèåì âàðèàöèîííîé çàäà÷è (8) (ñì. [16]) .

2. Ãëàäêîñòü ðåøåíèÿ â ñëó÷àå
íóëåâîãî ðàñêðûòèÿ òðåùèíû

Â ýòîì ðàçäåëå ðàññìàòðèâàåòñÿ âîïðîñ î ðåãóëÿðíîñòè ðåøåí èé. Äî ñèõ
ïîð ïðåäïîëàãàëîñü, ÷òî áåðåãà òðåùèíû ìîãóò ðàñõîäèòüñÿ. Ïóñòü òåïåðü ðàñ-
êðûòèå òðåùèíû â íåêîòîðîé îêðåñòíîñòè òî÷êè x0 = ( x0

1; x0
2) 2 €c ÿâëÿåòñÿ

íóëåâûì. Ýòî óñëîâèå ìîæíî çàïèñàòü â âèäå

[� ] = 0 íà O (x0) \ €c:
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Äîêàæåì, ÷òî â ýòîì ñëó÷àå ïðè äîïîëíèòåëüíîì óñëîâèè áåñêî íå÷íîé äèô-
ôåðåíöèðóåìîñòè ôóíêöèè F â ýòîé æå îêðåñòíîñòè O (x0) ðåøåíèå � òàêæå ñî-
ñòîèò èç áåñêîíå÷íî ãëàäêèõ ôóíêöèé â O (x0): Èìååò ìåñòî ñëåäóþùåå óòâåð-
æäåíèå.

Òåîðåìà 1. Ïóñòü F 2 C1 ( O (x0))5 è [� ] = 0 íà O (x0) \ €c. Òîãäà � 2
C1 ( O (x0))5:

Äîêàçàòåëüñòâî. Ïî óñëîâèþ òåîðåìû èìåþò ìåñòî ñîîòíîøåíèÿ
[U] = [ � ] = (0 ; 0), [u] = 0 íà O (x0) \ €c. Ñëåäîâàòåëüíî, âûïîëíÿþòñÿ ñîîò-
íîøåíèÿ (ñì. [21])

U; � 2 H 1( O (x0))2; u 2 H 1( O (x0)) :

Äëÿ íà÷àëà ðàññìîòðèì óðàâíåíèå (10) è óñòàíîâèì, ÷òî îíî âû ïîëíÿåòñÿ òàê-
æå â îáëàñòè O (x0). Èç âàðèàöèîííîãî íåðàâåíñòâà (9) ïîäñòàíîâêîé ïðîáíûõ
ôóíêöèé âèäà � = � � 	� , óäîâëåòâîðÿþùèõ 	 � = ( W ; w; 	 ), 	 = 0, w = 0, ïîëó÷èì

Z

Š c

� ij (U)wi;j =
Z

Š c

f i wi 8wi 2 H 1
0 (Šc); i = 1 ; 2:

Îòñþäà, ïîìåíÿâ îáëàñòè èíòåãðèðîâàíèÿ ñ Šc íà O (x0), ìîæíî ëåãêî ïîëó÷èòü
ðàâåíñòâà Z

Š c

� ij (U)�; j =
Z

O (x 0 )

� ij (U)�; j =
Z

Š c

f i � =
Z

O (x 0 )

f i �

äëÿ ëþáûõ � 2 C1
0 ( O (x0)), i = 1 ; 2. Äàííûå ñîîòíîøåíèÿ ïðè i = 1 ; 2 è îïðå-

äåëÿþò âûïîëíåíèå ðàâåíñòâà â (10) â ñìûñëå ðàñïðåäåëåíèé â îáëàñòè O (x0).
Àíàëîãè÷íî èç (9) ïîëó÷èì

Z

O (x 0 )

mij (� )�; j +
Z

O (x 0 )

qi (u; � )� =
Z

O (x 0 )

� i �; i = 1 ; 2; (18)

Z

O (x 0 )

qi (u; � )�; i =
Z

O (x 0 )

f 3� (19)

äëÿ ëþáîé � 2 C1
0 ( O (x0)). Ïîñëåäíèå ñîîòíîøåíèÿ îçíà÷àþò, ÷òî óðàâíåíèÿ

(11), (12) âûïîëíÿþòñÿ â ñìûñëå ðàñïðåäåëåíèé â îáëàñòè O (x0): Ïðåäñòàâèì
óðàâíåíèÿ (10)�(12), âûïîëíåííûå â O (x0), ñëåäóþùèì îáðàçîì:

L (� ) = r u � (� 1; � 2); (20)

M (U) = � (f 1; f 2); (21)

N (u) = � f 3 � ƒ� i;i ; (22)

ñîîòâåòñòâåííî. Çäåñü L , M , N � ýëëèïòè÷åñêèå îïåðàòîðû.
Äàëåå èñïîëüçóåì ðåçóëüòàòû î âíóòðåííåé ãëàäêîñòè ðåøåíè é ýëëèïòè÷å-

ñêèõ óðàâíåíèé (ñì. [22]). Èç (21) ñëåäóåò, ÷òî U 2 C1
0 ( O (x0))2. Ïîêàæåì,

÷òî
� 2 H l

loc ( O (x0))2; u 2 H l
loc ( O (x0)) (23)
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äëÿ ëþáîãî l = 1 ; 2; : : : . Â ñàìîì äåëå, èç (20) ñëåäóåò, ÷òî � 2 H 2
loc ( O (x0))2;

òîãäà ïðàâàÿ ÷àñòü â (22) ïðèíàäëåæèò H 1
loc ( O (x0)). Îòñþäà, â ñâîþ î÷åðåäü,

âûòåêàåò, ÷òî u 2 H 3
loc ( O (x0)) : Àíàëîãè÷íî, ïîñêîëüêó ïðàâàÿ ÷àñòü â (20) ïðè-

íàäëåæèò H 2
loc ( O (x0)), èìååì âêëþ÷åíèå � 2 H 4

loc ( O (x0))2: Ïðîäîëæàÿ îïèñàí-
íóþ ñõåìó, óñòàíàâëèâàåì ñïðàâåäëèâîñòü (23). Ñîãëàñíî òå îðåìàì âëîæåíèÿ
(ñì. [21]) çàêëþ÷àåì, ÷òî

� 2 Ck ( O (x0))2; u 2 Ck ( O (x0)) 8 k = 1 ; 2; : : : ;

îòêóäà è ñëåäóåò óòâåðæäåíèå òåîðåìû.

3. Äîïîëíèòåëüíàÿ ãëàäêîñòü ðåøåíèÿ

Â äàííîì ðàçäåëå èññëåäóåòñÿ ðåãóëÿðíîñòü áåç äîïîëíèòåëü íûõ óñëîâèé
íà ðåøåíèå � è ôóíêöèþ F , îïèñûâàþùóþ âíåøíèå íàãðóçêè. Äîêàæåì, ÷òî ðå-
øåíèå ïðè äîïîëíèòåëüíîì óñëîâèè íà ïîâåðõíîñòü òðåùèíû èì ååò ëîêàëüíóþ
ãëàäêîñòü âûøå, ÷åì ãëàäêîñòü, äîñòàâëÿåìóþ âàðèàöèîííîé ïîñòàíîâêîé.

Çäåñü ñíîâà îáîçíà÷èì ÷åðåç x0 = ( x0
1; x0

2) 2 €c íåêîòîðóþ ôèêñèðîâàííóþ
òî÷êó. Ñôîðìóëèðóåì ñëåäóþùåå óñëîâèå.

Ïðåäïîëîæåíèå 1. Ïóñòü ëîêàëüíî ïîâåðõíîñòü òðåùèíû ÿâëÿåòñÿ ÷à-
ñòüþ íåêîòîðîé ïëîñêîñòè, äëÿ êîòîðîé ïåðåñå÷åíèå €c \ O (x0) ãðàíèöû €c ñ
íåêîòîðîé îêðåñòíîñòüþ O (x0) � R2 òî÷êè x0 ïàðàëëåëüíî îñè Ox1 (ðèñ. 2).

Ðèñ. 2. Ïðÿìîëèíåéíûé ó÷àñòîê

ðàçðåçà €c ñ îêðåñòíîñòüþ O (x0)

Çàìåòèì, ÷òî ïðè âûïîëíåíèè ïðåäïîëîæå-
íèÿ 1 â îêðåñòíîñòè O (x0) óãîë � , õàðàêòåðèçó-
þùèé íàêëîí ïîâåðõíîñòè òðåùèíû, ïîñòîÿíåí.
Îáîçíà÷èì ÷åðåç R� (x0) � R2 îòêðûòûé øàð ðà-
äèóñà � ñ öåíòðîì â òî÷êå x0. Ñïðàâåäëèâî ñëå-
äóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ ïðåä-
ïîëîæåíèÿ 1. Òîãäà èìååò ìåñòî âêëþ÷åíèå � 2
H 2(R� (x0) \ Šc)5 äëÿ äîñòàòî÷íî ìàëûõ � .

Äîêàçàòåëüñòâî. Âûáåðåì ãëàäêóþ ôóíêöèþ ' òàêóþ, ÷òî ' � 1 â
R� (x0), ' � 0 âíå R3�= 2(x0), 0 � ' � 1 âñþäó. Âêëþ÷åíèå R2� (x0) � O (x0)
ïðåäïîëàãàåòñÿ âûïîëíåííûì.

Ââåäåì îáîçíà÷åíèÿ

d� � p(x) = � � 1(p(x � �e ) � p(x)) ; • � = � d� � d� ;

e � åäèíè÷íûé âåêòîð îñè Ox1, 0 < j� j < �= 2. Â ýòîì ñëó÷àå ôóíêöèè

u� = u +
� 2

2
' 2• � u; u�

i = ui +
� 2

2
' 2• � ui ; � �

i = � i +
� 2

2
' 2• � � i ; i = 1 ; 2;

îïðåäåëåíû â îáëàñòè Šc. Â ñîîòâåòñòâèè ñ âûøåóêàçàííûìè ïðåäïîëîæåíèÿìè
íîðìàëü � èìååò êîîðäèíàòû (0 ; 1) âáëèçèx0, çíà÷èò, óñëîâèå íåïðîíèêàíèÿ (2)
íà €c \ O (x0) èìååò âèä

[u2] + [ u] tg � � hj[� 2]j: (24)
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Ëåãêî ïðîâåðèòü, ÷òî äëÿ ââåäåííîé âûøå ôóíêöèè ' îòîáðàæåíèå G : H (Šc) !
H (Šc), îïðåäåëåííîå ðàâåíñòâîì

G(p) = p +
� 2

2
' 2• � p;

ñîõðàíÿåò íåîòðèöàòåëüíûé çíàê íà €c \ O (x0), ò. å. åñëèp � 0 íà €c \ O (x0), òî

G(p) � 0 íà €c \ O (x0):

Äåéñòâèòåëüíî, äëÿ x 2 €c \ O (x0) èìååì

p(x) +
� 2

2
' 2(x)• � p(x) = (1 � ' 2(x))p(x) +

' 2(x)
2

[p(x � �e ) + p(x + �e )] � 0:

Êðîìå òîãî, ìîæíî çàìåòèòü ñëåäóþùåå ñâîéñòâî ëèíåéíîñòè:

G(Ap1 + Bp2) = AG(p1) + BG(p2)

äëÿ ëþáûõ ïîñòîÿííûõ A; B 2 R. Ïîñêîëüêó � óäîâëåòâîðÿåò íà €c \ O (x0)
íåðàâåíñòâó (24), ôóíêöèÿ � � =

�
u�

1 ; u�
2 ; u� ; � �

1 ; � �
2

�
â ñèëó ñâîéñòâ îòîáðàæåíèÿ

G : H (Šc) ! H (Šc) òàêæå óäîâëåòâîðÿåò íåðàâåíñòâó

[u�
2 ] + [ u� ] tg � � hj[� �

2 ]j íà €c \ O (x0):

Ñëåäîâàòåëüíî,
[(U � )� ] + [ u� ] tg � � hj[(� � )� ]j íà €c:

Ïðåäûäóùèå ðàññóæäåíèÿ ïîçâîëÿþò çàêëþ÷èòü, ÷òî � � 2 K . Ïîäñòàâèì
� � â âàðèàöèîííîå íåðàâåíñòâî â êà÷åñòâå ïðîáíîé ôóíêöèè. Â èò îãå ïîëó÷àåì
íåðàâåíñòâî

hmij (� ); " ij (' 2• � � )i c + h� ij (U); " ij (' 2• � U)i c

+ hqi (u; � ); (' 24 � u);i + ' 24 � � i i c �
2hF; � � � � i c

� 2 ; (25)

ãäå ÷åðåçh �; �
�

c äëÿ óäîáñòâà îáîçíà÷åíî ñêàëÿðíîå ïðîèçâåäåíèå â ñîîòâåòñ òâó-
þùåì ïðîñòðàíñòâå L 2(Šc) (äëÿ ïðàâîé ÷àñòè â L 2(Šc)5). Ìîæíî ïðîâåðèòü,
÷òî ðàçíîñòü ìåæäó âûðàæåíèÿìè

h� ij (U); " ij (' 2• � U)i c è � h � ij (d� 'U ); " ij (d� 'U )i c

ìîæåò áûòü îöåíåíà ñâåðõó ïðàâîé ÷àñòüþ ñëåäóþùåãî äàëåå íå ðàâåíñòâà (26)
(ñì. [23]). Àíàëîãè÷íî ðàçíîñòü ìåæäó

hmij (� ); " ij (' 2• � � )i c è � h mij (d� '� ); " ij (d� '� )i c

ìåæäó

hu;i + � i ; (' 24 � u);i + ' 24 � � i i c è � h (d� ('u );i + d� ('� i )) ; (d� ('u );i + d� ('� i )) i c

ìîæåò áûòü òàêæå îöåíåíà ñâåðõó òîé æå âåëè÷èíîé.
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Òàêèì îáðàçîì, ñîîòíîøåíèå (25) âëå÷åò ñëåäóþùåå íåðàâåíñ òâî:

hmij (d� ('� )) ; " ij (d� ('� )) i c + h� ij (d� ('U )) ; " ij (d� ('U )) i c

+ ƒ h(d� ('u );i + d� ('� i )) ; (d� ('u );i + d� ('� i )) i c � (A + B kd� ('� )kH (Š c ) ); (26)

ãäåA; B � ïîëîæèòåëüíûå âåëè÷èíû, íå çàâèñÿùèå îò �: Ïðèìåíÿÿ äëÿ ëåâîé
÷àñòè (26) íåðàâåíñòâî (3), íàõîäèì

C3kd� ('� )k2
H (Š c ) � (A + B kd� ('� )kH (Š c ) );

ãäå ïîñòîÿííàÿ C3 > 0 íå çàâèñèò îò �: Îòñþäà ïîëó÷àåì îöåíêó

kd� ('� )kH (Š c ) � c

ðàâíîìåðíî äëÿ âñåõ � 2 (0; � 0]. Ïîñëåäíåå îçíà÷àåò (ñì. [21]), ÷òî

@
@x

('� ) 2 H (Šc):

Ñëåäîâàòåëüíî, ôóíêöèè ui; 11, ui; 12, � i; 11, � i; 12; i = 1 ; 2; u;11, u;12 ïðèíàäëåæàò
L 2(R� (x0) \ Šc): Âìåñòå ñ ýòèì ðàâåíñòâî (10) ìîæåò áûòü ïðåäñòàâëåíî òàê:

U;22 = ˆ:

Ôóíêöèÿ ˆ çàâèñèò îò f 1, f 2, U;12, U;11 ëèíåéíî. Ââèäó óñòàíîâëåííûõ âêëþ-
÷åíèé èìååì ˆ 2 L 2(R� (x0) \ Šc). Òàêèì îáðàçîì, ïðîèçâîäíûå U äî âòî-
ðîãî ïîðÿäêà âêëþ÷èòåëüíî ïðèíàäëåæàò L 2(R� (x0) \ Šc). Ðàññìîòðèì òå-
ïåðü óðàâíåíèå (11). Ïîñêîëüêó u, � i 2 L 2(Šc) ïðè i = 1 ; 2; åãî ìîæíî çà-
ïèñàòü â âèäå�; 22 = S: Ôóíêöèÿ S ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ôóíêöèé èç
L 2(R� (x0) \ Šc): Ïåðåïèøåì óðàâíåíèå (12) â âèäå u;22 = � (� i;i + u;11 ) � ƒ � 1f 3:
Î÷åâèäíî, ÷òî ïðàâàÿ ÷àñòü ïîñëåäíåãî ðàâåíñòâà ïðèíàäëåæ èò L 2(R� (x0) \ Šc):
Òåîðåìà äîêàçàíà.
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ON THE SOLUTION REGULARITY

OF AN EQUILIBRIUM PROBLEM

FOR THE TIMOSHENKO PLATE

HAVING AN INCLINED CRACK

N. P. Lazarev, H. Itou,
P. V. Sivtsev, and I. M. Tikhonova

Abstract: The equilibrium problem for an transversely isotropic elas tic plate (Timo-
shenko model) with an inclined crack is studied. It is suppos ed that the crack does
not touch the external boundary. For initial state, we assum e that opposite crack faces
are in contact with each other on a frictionless crack surfac e. Herewith, the crack is
described with the use of a surface satisfying certain assum ptions. On the crack curve
de�ning the crack in the middle plane, we impose a nonlinear b oundary condition as
an inequality describing the nonpenetration of the opposit e crack faces. It is assumed
that on the exterior boundary of the cracked elastic plate th e homogeneous Dirichlet
boundary conditions are prescribed. We establish addition al smoothness of the solution
in comparison with that given in the variational statement. We prove that the solution
functions are in�nitely smooth under additional assumptio ns on the function of external
loads and the functions of displacements near the curve desc ribing the inclined crack.

DOI: 10.25587/SVFU.2018.1.12767

Keywords: variational inequality, Timoshenko plate, crack, nonpene tration condition,
solution regularity.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÑÎÂÌÅÑÒÍÎÑÒÈ

ÏÅÐÅÎÏÐÅÄÅËÅÍÍÎÉ ÑÈÑÒÅÌÛ

ÄËß ÌÍÎÃÎÌÅÐÍÎÃÎ

ÓÐÀÂÍÅÍÈß ÍÅËÈÍÅÉÍÎÉ

ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ (ÎÁÙÈÉ ÑËÓ×ÀÉ)

Ã. À. Ðóäûõ, Ý. È. Ñåìåíîâ

Àííîòàöèÿ. Èññëåäóåòñÿ ìíîãîìåðíîå ïàðàáîëè÷åñêîå óðàâíåíèå âòîðîã î ïîðÿä-
êà ñ íåÿâíûì âûðîæäåíèåì è ñ êîíå÷íîé ñêîðîñòüþ ðàñïðîñòðàí åíèÿ âîçìóùåíèé.
Ðàññìàòðèâàåìîå óðàâíåíèå ïðåäñòàâëÿåòñÿ â âèäå ïåðåîïðå äåëåííîé (÷èñëî óðàâ-
íåíèé ïðåâîñõîäèò ÷èñëî èñêîìûõ ôóíêöèé, ïîäëåæàùèõ îïðåä åëåíèþ) ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. ßñíî , ÷òî ó ïåðåîïðå-
äåëåííîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ìîæåò âîîáùå íå ñóùåñòâîâàòü
ðåøåíèé. Ïîýòîìó äëÿ óñòàíîâëåíèÿ ôàêòà ñóùåñòâîâàíèÿ åå ð åøåíèé è ñòåïåíè
èõ ïðîèçâîëà ïðîâîäèòñÿ èññëåäîâàíèå, ñâÿçàííîå ñ àíàëèçî ì ñîâìåñòíîñòè ââåäåí-
íîé ïåðåîïðåäåëåííîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé . Â èòîãå ïðîâåäåí-
íîãî èññëåäîâàíèÿ ïîëó÷åíû êàê äîñòàòî÷íûå, òàê è íåîáõîäè ìûå è äîñòàòî÷íûå
óñëîâèÿ ñîâìåñòíîñòè ïåðåîïðåäåëåííîé ñèñòåìû äèôôåðåíö èàëüíûõ óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè. Íà îñíîâå ýòèõ ðåçóëüòàòîâ ñ èñïîëü çîâàíèåì óðàâíå-
íèÿ Ëèóâèëëÿ è òåîðåìû î ïîòåíöèàëüíûõ îïåðàòîðàõ êîíñòðóê òèâíî ñòðîÿòñÿ íî-
âûå òî÷íûå íåîòðèöàòåëüíûå ðåøåíèÿ ìíîãîìåðíîãî óðàâíåíè ÿ íåëèíåéíîé òåï-
ëîïðîâîäíîñòè. Ïîìèìî ýòîãî ïîëó÷åíû íîâûå òî÷íûå íåîòðèö àòåëüíûå ðåøåíèÿ
íåëèíåéíûõ ýâîëþöèîííûõ óðàâíåíèé Ãàìèëüòîíà � ßêîáè, íåë èíåéíîé òåïëîïðî-
âîäíîñòè è âîëíû Ðèìàíà, íå ÿâëÿþùèåñÿ èíâàðèàíòíûìè ñ òî÷ê è çðåíèÿ ãðóïï
òî÷å÷íûõ ïðåîáðàçîâàíèé è ãðóïï Ëè � Áåêëóíäà. Íàêîíåö, ïîë ó÷åíû ïðåîáðà-
çîâàíèÿ Áåêëóíäà, ñâÿçûâàþùèå ðåøåíèÿ èññëåäóåìîãî ìíîãî ìåðíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè ñ ðîäñòâåííûìè íåëèíåéíûìè ýâîëþöèîííû ìè óðàâíåíèÿìè.

DOI: 10.25587/SVFU.2018.1.12768

Êëþ÷åâûå ñëîâà: ìíîãîìåðíîå óðàâíåíèå íåëèíåéíîé òåïëîïðîâîäíîñòè, íåëè -
íåéíîå ýâîëþöèîííîå óðàâíåíèå, êîíå÷íàÿ ñêîðîñòü ðàñïðîñ òðàíåíèÿ âîçìóùåíèé,
òî÷íîå íåîòðèöàòåëüíîå ðåøåíèå, ïðåîáðàçîâàíèå Áåêëóíäà .

1. Ââåäåíèå

Â ðàáîòå ñ èñïîëüçîâàíèåì óðàâíåíèÿ Ëèóâèëëÿ [1, 2] è òåîðåì û î íåîáõî-
äèìîì è äîñòàòî÷íîì óñëîâèè ïîòåíöèàëüíîñòè âåêòîðíîãî ïî ëÿ [3, 4] èçëàãàåò-
ñÿ ïîäõîä, ïîçâîëÿþùèé â ðÿäå ñëó÷àåâ êîíñòðóêòèâíî ñòðîèò ü íîâûå òî÷íûå

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ ( ïðîåêò • 15�08�06680)
è Ñîâåòà ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè äëÿ ãîñ óäàðñòâåííîé ïîääåðæêè âå-
äóùèõ íàó÷íûõ øêîë (ÍØ�8081.2016.9).

c 2018 Ðóäûõ Ã. À., Ñåìåíîâ Ý. È.
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íåîòðèöàòåëüíûå ðåøåíèÿ ìíîãîìåðíîãî óðàâíåíèÿ íåëèíåéí îé òåïëîïðîâîäíî-
ñòè ñ êîíå÷íîé ñêîðîñòüþ ðàñïðîñòðàíåíèÿ âîçìóùåíèé [5�7] , ÷àñòü èç êîòîðûõ
íå ÿâëÿþòñÿ èíâàðèàíòíûìè ñ òî÷êè çðåíèÿ ãðóïï òî÷å÷íûõ ïðå îáðàçîâàíèé è
ãðóïï Ëè � Áåêëóíäà [8, 9].

2. Ìíîãîìåðíîå óðàâíåíèå íåëèíåéíîé
òåïëîïðîâîäíîñòè ñ íåÿâíûì âûðîæäåíèåì

Ðàññìîòðèì ìíîãîìåðíîå óðàâíåíèå íåëèíåéíîé òåïëîïðîâîä íîñòè

ut = r � (K (u)r u); u = u(x; t) : Š � R
+

! R
+

; (1)

ãäåx 2 Rn ; Š � Rn � îáëàñòü; R+ = (0 ; + 1 ); R
+

= [0 ; + 1 ); u(x; t) � 0 � òåì-
ïåðàòóðà ñðåäû; K (u) � ôóíêöèÿ, îïðåäåëåííàÿ ïðè âñåõ u 2 R

+
; K (u) > 0 ïðè

u > 0, ïðè÷åì K (0) = 0; K (u) 2 C2(R+ ) \ C(R
+

) � êîýôôèöèåíò íåëèíåéíîé
òåïëîïðîâîäíîñòè. Óðàâíåíèå (1) âîçíèêàåò âî ìíîãèõ ïðèêë àäíûõ çàäà÷àõ è
ïðèíàäëåæèò ê êëàññó òàê íàçûâàåìûõ íåÿâíî âûðîæäàþùèõñÿ ï àðàáîëè÷å-
ñêèõ óðàâíåíèé. Ñòðîãàÿ ìàòåìàòè÷åñêàÿ òåîðèÿ ýòèõ óðàâíå íèé áåðåò ñâîå
íà÷àëî â ñðàâíèòåëüíî íåäàâíèõ ðàáîòàõ [5, 10�12]. Âñþäó â ý òîé ðàáîòå îòíî-
ñèòåëüíî ôóíêöèè K (u) áóäåì ïðåäïîëàãàòü, ÷òî

1Z

0

K (u)
u

du < + 1 : (2)

Èçâåñòíî [13�15], ÷òî ñõîäèìîñòü èíòåãðàëà (2) ÿâëÿåòñÿ íå îáõîäèìûì è äîñòà-
òî÷íûì óñëîâèåì êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ âîçìóù åíèé â ïðîöåññàõ,
îïèñûâàåìûõ óðàâíåíèåì (1). Êðîìå òîãî, åñëè K (u) 2 C2(R+ ) \ C(R

+
) è âû-

ïîëíÿåòñÿ íåðàâåíñòâî (2), òî óðàâíåíèå (1) ïîìèìî ïðîöåññ îâ íåñòàöèîíàðíîé
ôèëüòðàöèè îïèñûâàåò äèôôóçèþ è ðàñïðîñòðàíåíèå òåïëà â ñï ëîøíîé ñðåäå
ñ áîëüøèìè òåìïåðàòóðíûìè ïåðåïàäàìè [5].

Òåïåðü ïðåäñòàâèì èññëåäóåìîå óðàâíåíèå (1) â âèäå ñëåäóþù åé ñèñòåìû:

ut + r � (uf (x; t)) = 0 ; (3)

f (x; t) = �
K (u)

u
r u: (4)

Ñèñòåìà óðàâíåíèé (3), (4) ÿâëÿåòñÿ ïåðåîïðåäåëåííîé (÷èñ ëî óðàâíåíèé ïðå-
âîñõîäèò ÷èñëî èñêîìûõ ôóíêöèé, ïîäëåæàùèõ îïðåäåëåíèþ) î òíîñèòåëüíî
u(x; t). Ïðè ýòîì âåêòîð-ôóíêöèÿ f (x; t) 2 Rn óäîâëåòâîðÿåò âêëþ÷åíèþ
f (x; t) 2 C1(G ! Rn ), ãäå G � Rn +1 � îòêðûòîå ìíîæåñòâî; G = Š � I ;
I = f t : 0 < t < + 1g ; Š � ïðîåêöèÿ G â Rn . Î÷åâèäíî, ÷òî ó ïåðåîïðå-
äåëåííîé ñèñòåìû óðàâíåíèé (3), (4) ìîæåò âîîáùå íå ñóùåñòâ îâàòü ðåøåíèé.
Ïîýòîìó äëÿ óñòàíîâëåíèÿ ôàêòà ñóùåñòâîâàíèÿ ðåøåíèé è ñòå ïåíè èõ ïðîèçâî-
ëà íåîáõîäèìî ïðîâåñòè èññëåäîâàíèå è àíàëèç ñîâìåñòíîñòè ïåðåîïðåäåëåííîé
ñèñòåìû (3), (4). Ìåòîäû èññëåäîâàíèÿ ñîâìåñòíîñòè ïåðåîï ðåäåëåííûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè èçëîæ åíû â [16�19].
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Îòìåòèì, ÷òî óðàâíåíèå íåëèíåéíîé òåïëîïðîâîäíîñòè (1) è ë èíåéíîå äèôôå-
ðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîð ÿäêà (3) ìîæíî
ðàññìàòðèâàòü êàê ñèñòåìó óðàâíåíèé ñ äèôôåðåíöèàëüíîé ñâ ÿçüþ (4). Ïðè
ýòîì ìåòîä äèôôåðåíöèàëüíûõ ñâÿçåé [17�19] ñóùåñòâåííî èñ ïîëüçóåò òåîðèþ
ñîâìåñòíîñòè ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Â [20, 21 ] ðàññìàòðèâàëîñü
ïðèëîæåíèå ýòîãî ìåòîäà äëÿ óðàâíåíèÿ (1) ñî ñòåïåííûì êîýô ôèöèåíòîì òåï-
ëîïðîâîäíîñòè.

Ïðåäïîëîæèì, ÷òî f (x; t) 2 C1(G ! Rn ), òîãäà ñîîòíîøåíèå (3) ïðè çàäàí-
íîé âåêòîð-ôóíêöèè f (x; t) ÿâëÿåòñÿ óðàâíåíèåì Ëèóâèëëÿ [1, 2] îòíîñèòåëüíî
òåìïåðàòóðû u(x; t) äëÿ íîðìàëüíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé (ÎÄÓ)


x = f (x; t); x 2 Rn ; 
x =
d
dt

x(t):

Â ñèëó ôîðìóëû (2) èìååò ñìûñë ôóíêöèÿ

ˆ (u) =

uZ

0

K (� )
�

d�; u � 0; ˆ (0) = 0 : (5)

Ïîìèìî ýòîãî ââèäó ìîíîòîííîñòè ˆ (u) ñóùåñòâóåò îáðàòíàÿ ôóíêöèÿ ˆ � 1(� ),
ïðè÷åì 0 � � < ˆ (1 ) � + 1 .

Çàìå÷àíèå 1. Â ðàáîòå [22] ïðîâåäåíî èññëåäîâàíèå ñîâìåñòíîñòè ïåðå-
îïðåäåëåííîé ñèñòåìû óðàâíåíèé (3), (4) â âàæíîì ÷àñòíîì ñë ó÷àå f (x; t) =
� A(t)x � B (t), ãäåA(t) = [ aij (t)] � âåùåñòâåííàÿ ñèììåòðè÷íàÿ ( n� n)-ìàòðèöà;
B (t) = ( b1(t); : : : ; bn (t))0 � âåêòîð-ñòîëáåö; aij (t), bi (t) 2 C1(R+ ); i; j = 1 ; 2; : : : ; n.

Ïåðåéäåì ê ðàññìîòðåíèþ îáùåãî ñëó÷àÿ, êîãäà âåêòîð-ôóíêö èÿ f (x; t) 2
Rn óäîâëåòâîðÿåò âêëþ÷åíèþ f (x; t) 2 C1(G ! Rn ).

3. Èññëåäîâàíèå ñîâìåñòíîñòè ïåðåîïðåäåëåííîé
ñèñòåìû óðàâíåíèé (îáùèé ñëó÷àé)

Â ýòîì ðàçäåëå ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ îòíîñèòåëü íî âåêòîð-
ôóíêöèè f (x; t) 2 C1(G ! Rn ) è ñ èñïîëüçîâàíèåì òåîðåìû î ïîòåíöèàëüíûõ
îïåðàòîðàõ [3, 4, 23] óñòàíàâëèâàåòñÿ, ÷òî ñêàëÿðíàÿ ôóíêö èÿ u(x; t), îïðåäåëÿå-
ìàÿ èç ñîîòíîøåíèÿ (4) è óäîâëåòâîðÿþùàÿ óðàâíåíèþ Ëèóâèëë ÿ (3), ÿâëÿåòñÿ
òî÷íûì ðåøåíèåì ìíîãîìåðíîãî óðàâíåíèÿ íåëèíåéíîé òåïëîï ðîâîäíîñòè (1) ñ
êîíå÷íîé ñêîðîñòüþ ðàñïðîñòðàíåíèÿ âîçìóùåíèé.

Èìååò ìåñòî ñëåäóþùèé îñíîâîïîëàãàþùèé ðåçóëüòàò äëÿ âñåõ äàëüíåéøèõ
èññëåäîâàíèé.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (2), (5) è êîìïîíåíòû âåêòîðíîãî
ïîëÿ f (x; t) 2 C1(G ! Rn ) ñâÿçàíû ñîîòíîøåíèÿìè

@
@xi

f j (x; t) =
@

@xj
f i (x; t); i 6= j; i; j = 1; n: (6)
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Òîãäà ôóíêöèÿ

u(x; t) =
�

ˆ � 1(F (x; t)) â îáëàñòè F (x; t) > 0;

0 â îáëàñòè F (x; t) � 0;
(7)

F (x; t) = �

1Z

0

(f (� x ; t); x) d�; (8)

îïðåäåëÿåìàÿ èç (4) è óäîâëåòâîðÿþùàÿ óðàâíåíèþ Ëèóâèëëÿ (3), ÿâëÿåòñÿ
òî÷íûì íåîòðèöàòåëüíûì ðåøåíèåì óðàâíåíèÿ íåëèíåéíîé òåï ëîïðîâîäíîñòè
(1). Ïðè ýòîì âûïîëíÿþòñÿ ñîîòíîøåíèÿ

Ft = R(F )•F + jr F j2; (9)

d
dF

ln ˆ � 1(F ) =
1

R(F )
; (10)

R(F ) = K (ˆ � 1(F )) ; (11)

f t = r (R(F )r � f � j f j2): (12)

Êðîìå òîãî, óðàâíåíèå (9) (ñîîòâåòñòâåííî (12)) ÿâëÿåòñÿ äîñòàòî÷íûì (íåîáõî-
äèìûì è äîñòàòî÷íûì ) óñëîâèåì ñîâìåñòíîñòè ïåðåîïðåäåëåííîé îòíîñèòåëüíî
ôóíêöèè u(x; t) ñèñòåìû (3), (4).

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî îòìåòèì [23], ÷òî äëÿ ïîòåíöèàëüíîñòè
âåêòîðíîãî ïîëÿ f (x; t) 2 Rn , îïðåäåëÿåìîãî ôîðìóëîé f (x; t) = r U(x; t), íåîá-
õîäèìî è äîñòàòî÷íî, ÷òîáû åãî êîìïîíåíòû óäîâëåòâîðÿëè ñî îòíîøåíèþ (6).
Ïðè ýòîì ñîîòâåòñòâóþùèé ïîòåíöèàë U(x; t) îïðåäåëÿåòñÿ ñîãëàñíî òåîðåìå î
ïîòåíöèàëüíûõ îïåðàòîðàõ ïî ôîðìóëå

U(x; t) =

1Z

0

(f (� x ; t); x) d� + C (t);

ãäå C (t) � ïðîèçâîëüíàÿ ôóíêöèÿ, çàâèñÿùàÿ îò ïåðåìåííîé t. Ñ ó÷åòîì ôîð-
ìóëû (5) óðàâíåíèå (4) ìîæåò áûòü çàïèñàíî â âèäå

r ˆ (u) = � f (x; t): (13)

Ñ äðóãîé ñòîðîíû, òàê êàê âûïîëíÿþòñÿ ðàâåíñòâà (6), ñîãëàñ íî òåîðåìå î ïî-
òåíöèàëüíûõ îïåðàòîðàõ èç ñîîòíîøåíèÿ (13) ñëåäóåò, ÷òî

ˆ (u) = �

1Z

0

(f (� x ; t); x) d� = F (x; t); (14)

ãäå (�; �) � ñêàëÿðíîå ïðîèçâåäåíèå â Rn . Ñîîòíîøåíèå (14) ïðèâîäèò ê ñïðàâåä-
ëèâîñòè ôîðìóëû (7), â êîòîðîé ˆ � 1 � ôóíêöèÿ, îáðàòíàÿ ê ˆ , ñóùåñòâóþùàÿ
â ñèëó ìîíîòîííîñòè ïîñëåäíåé. Èç ôîðìóë (13), (14) èìååì

r F (x; t) = � f (x; t): (15)
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Ïîäñòàâëÿÿ ôóíêöèþ (7) â óðàâíåíèå Ëèóâèëëÿ (3) è ïðèíèìàÿ â î âíèìàíèå
ôîðìóëû (5), (14), ïðèõîäèì ê íåëèíåéíîìó ýâîëþöèîííîìó óð àâíåíèþ òèïà
íåëèíåéíîé òåïëîïðîâîäíîñòè (9) è ñîîòíîøåíèþ (10). Ïðè ýò îì óðàâíåíèå (9)
ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì ñîâìåñòíîñòè

r
@
@t

u =
@
@t

r u

ïåðåîïðåäåëåííîé îòíîñèòåëüíî ôóíêöèè u = u(x; t) ñèñòåìû

ut =
�
•F +

jr F j2

K (u)

�
u; (16)

r u =
u

K (u)
r F; (17)

ïîëó÷àåìîé èç (3), (4) ñ ó÷åòîì ôîðìóëû (15). Äåéñòâèòåëüíî , ðàñïèñûâàÿ
óñëîâèå ñîâìåñòíîñòè ñèñòåìû (16), (17) è ó÷èòûâàÿ, ÷òî u(x; t) 6= 0, ïîëó÷èì

r
@
@t

u �
@
@t

r u = �
u

K (u)
r [Ft � R(F )•F � jr F j2]:

Ïðè ýòîì ôîðìóëû (7), (10) ïðèâîäÿò ê öåïî÷êå ðàâåíñòâ

u(x; t) = ˆ � 1(F (x; t)) = exp
� Z

dF
R(F )

�
: (18)

Êðîìå òîãî, èç ñîîòíîøåíèÿ (10) ñ ó÷åòîì ôîðìóë (5), (7), (14 ) ñëåäóåò ñïðàâåä-
ëèâîñòü ôóíêöèîíàëüíîãî ñîîòíîøåíèÿ (11). Îòìåòèì, ÷òî ñè ñòåìà óðàâíåíèé
(3), (4) èìååò òàêæå äðóãîå ïðåäñòàâëåíèå

ut =
�
�r � f +

jf j2

K (u)

�
u; (19)

r u = �
u

K (u)
f : (20)

Ïîêàæåì, ÷òî óðàâíåíèå (12) íà âåêòîð-ôóíêöèþ f 2 Rn , â êîòîðîì F îïðåäåëÿ-
åòñÿ ïîñðåäñòâîì ôîðìóëû (8), ÿâëÿåòñÿ íåîáõîäèìûì è äîñòà òî÷íûì óñëîâèåì
ñîâìåñòíîñòè ïåðåîïðåäåëåííîé îòíîñèòåëüíî ôóíêöèè u = u(x; t) ñèñòåìû (19),
(20). Â ñàìîì äåëå, ðàñïèñûâàÿ óñëîâèå ñîâìåñòíîñòè ñèñòåì û (19), (20) è èñ-
êëþ÷àÿ èç ðàññìîòðåíèÿ òðèâèàëüíîå ðåøåíèå u(x; t) = 0, èìååì

r
@
@t

u �
@
@t

r u =
u

K (u)
[f t � r (R(F )r � f � j f j2)]:

Èòàê, åñëè ñèñòåìà óðàâíåíèé (19), (20) ñîâìåñòíà, òî âåêòî ð-ôóíêöèÿ f =
f (x; t) óäîâëåòâîðÿåò óðàâíåíèþ (12), è íàîáîðîò, åñëè f (x; t) óäîâëåòâîðÿåò
óðàâíåíèþ (12), òî ñèñòåìà (19), (20) ñîâìåñòíà. Ïðè ýòîì ñî îòíîøåíèÿ (16),
(17) è (19), (20) ÿâëÿþòñÿ ïðåîáðàçîâàíèÿìè Áåêëóíäà [24], ñâÿçûâàþùèìè ñî-
îòâåòñòâåííî ðåøåíèÿ u(x; t), F (x; t) è u(x; t), f (x; t) óðàâíåíèé (1), (8) è (1),
(12). Ëåãêî ïðîâåðèòü, ÷òî ôóíêöèÿ (7) ÿâëÿåòñÿ ðåøåíèåì óð àâíåíèÿ (1). Äåé-
ñòâèòåëüíî, ïîäñòàâëÿÿ (7) â (1) è èñïîëüçóÿ ôîðìóëû (9)�(1 1), (18), íåòðóäíî
óáåäèòüñÿ, ÷òî óðàâíåíèå âûïîëíÿåòñÿ òîæäåñòâåííî. Òåîðå ìà äîêàçàíà.

Îòìåòèì, ÷òî ïðè n = 3 óñëîâèå (6) îçíà÷àåò, ÷òî r � f (x; t) = 0, ò. å.
âåêòîðíîå ïîëå f (x; t) áåçâèõðåâîå.
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Ñëåäñòâèå 1. Åñëè R(F ) � � > 0, òî óðàâíåíèÿ (9), (12) çàïèøóòñÿ òàê:

Ft = �•F + jr F j2; (21)

f t = � r (r � f ) � rj f j2; (22)

è ÿâëÿþòñÿ ìíîãîìåðíûìè àíàëîãàìè [25, 26]îäíîìåðíîãî óðàâíåíèÿ Áþðãåðñà

ut + uux = �u xx

ãäå� 2 R+ � êîýôôèöèåíò äèôôóçèè.

Îäíîìåðíîå óðàâíåíèå Áþðãåðñà çíàìåíèòî ïî íåñêîëüêèì ïðè ÷èíàì. Âî-
ïåðâûõ, îíî âêëþ÷àåò â ñåáÿ òèïè÷íóþ íåëèíåéíîñòü ñ òèïè÷íî é òåïëîâîé äèô-
ôóçèåé è ïîýòîìó ìîæåò ðàññìàòðèâàòüñÿ êàê íåëèíåéíàÿ âåðñ èÿ ëèíåéíîãî
óðàâíåíèÿ òåïëîïðîâîäíîñòè. Âî-âòîðûõ, ýòî óðàâíåíèå ìîæ íî ñ÷èòàòü îäíî-
ìåðíîé ðåäóêöèåé íå ìåíåå èçâåñòíûõ óðàâíåíèé Íàâüå � Ñòîêñ à, òàê êàê îíî
â ïðîñòåéøåé èç âîçìîæíûõ ôîðì îïèñûâàåò áàëàíñ ìåæäó íåëèí åéíûì êîí-
âåêòèâíûì (÷ëåí uux ) è äèññèïàòèâíûì (÷ëåí �u xx ) ïðîöåññàìè. Â-òðåòüèõ,
÷òî ãîðàçäî çàìå÷àòåëüíåå, äàííîå óðàâíåíèå ìîæåò áûòü ëèí åàðèçîâàíî ïðè
ïîìîùè èçâåñòíîãî ïðåîáðàçîâàíèÿ Êîóëà � Õîïôà. Êðîìå òîãî , â ýòèõ ðàáî-
òàõ ïîêàçàíî, ÷òî îáùåå ðåøåíèå óðàâíåíèÿ Áþðãåðñà ìîæíî ïî ëó÷èòü â ÿâíîì
âèäå.

Ðåøåíèÿ óðàâíåíèé (21), (22) ñâÿçàíû ôîðìóëîé (15). Ïîìèìî ýòîãî â
ðàññìàòðèâàåìîì ñëó÷àå ñîîòíîøåíèÿ (19), (20) ïðèíèìàþò â èä

ut =
�

1
�

jf j2 � r � f
�

u; r u = �
1
�

uf (23)

è ïðåäñòàâëÿåò ñîáîé ïðåîáðàçîâàíèå Áåêëóíäà � Õîïôà, ñâÿç ûâàþùåå ðåøå-
íèÿ óðàâíåíèÿ Áþðãåðñà (22) è ëèíåéíîãî óðàâíåíèÿ òåïëîïðî âîäíîñòè

ut = �•u; � 2 R; � > 0: (24)

C äðóãîé ñòîðîíû, èç ôîðìóëû (18) èìååì

u(x; t) = ˆ � 1(F (x; t)) = exp
�

1
�

F (x; t)
�

;

ïðè÷åì

F (x; t) = �

1Z

0

 
nX

i =1

x i f i (� x ; t)

!

d� + �; � 2 R;

ãäåF (x; t) � ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óðàâíåíèþ (21). Òàê êàê îáùåå ð åøå-
íèå óðàâíåíèÿ (24) õîðîøî èçâåñòíî, ïî ôîðìóëàì

F (x; t) = � ln u(x; t); f (x; t) = � � r ln u(x; t)

ìîæíî íàéòè òî÷íûå ðåøåíèÿ óðàâíåíèé (21), (22). Ïóñòü R(F ) � � > 0, òîãäà
ôóíêöèÿ

u(x; t) =  exp

0

@�
1
�

1Z

0

 
nX

i =1

x i f i (� x ; t)

!

d�

1

A ;  2 R+ ;
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ÿâëÿåòñÿ òî÷íûì ïîëîæèòåëüíûì ðåøåíèåì óðàâíåíèÿ (24). Êð îìå òîãî, âåê-
òîð-ôóíêöèÿ f (x; t) 2 Rn óäîâëåòâîðÿåò óðàâíåíèþ Áþðãåðñà (22), à âòîðîå èç
ñîîòíîøåíèé (23) � ïðåîáðàçîâàíèå Êîóëà � Õîïôà, ñâÿçûâàþù åå ðåøåíèÿ
f (x; t), u(x; t) óðàâíåíèé (22), (24).

Ñëåäñòâèå 2. Ïóñòü R(F ) = �F , òîãäà (9), (12) ïðèíèìàþò ñîîòâåòñòâåí-
íî âèä óðàâíåíèÿ íåëèíåéíîé òåïëîïðîâîäíîñòè

Ft = �F •F + jr F j2; � 2 R+ ; (90)

è íåëèíåéíîãî èíòåãðîäèôôåðåíöèàëüíîãî óðàâíåíèÿ

f t = r

0

@� �

1Z

0

(f (� x ; t); x) d� r � f � j f j2

1

A (120)

îòíîñèòåëüíî âåêòîð-ôóíêöèè f = f (x; t) 2 Rn . Ïðè ýòîì óðàâíåíèå íåëèíåéíîé
òåïëîïðîâîäíîñòè (1) ñîãëàñíî ôîðìóëå (18) êîíêðåòèçèðóåòñÿ è çàïèøåòñÿ â
ôîðìå

ut = r � (u� r u); u = u(x; t) : Š � R
+

! R+ ; (10)

ãäåx 2 Rn ; Š � Rn � îáëàñòü; � 2 R+ .

Òåì ñàìûì èç òåîðåì 1, 2 ðàáîòû [22] è òåîðåìû 1 äàííîé ñòàòüè ñ ëåäóåò,
÷òî óðàâíåíèÿ (9 0), (120) îáëàäàþò ÿâíûìè òî÷íûìè ðåøåíèÿìè

F (x; t) =
1
�

(u(x; t)) � ; f (x ; t) = � (u(x; t)) � � 1r u(x; t):

Ïðè ýòîì u(x; t) � íåîòðèöàòåëüíîå ðåøåíèå óðàâíåíèÿ ïîðèñòîé ñðåäû (íåñò à-
öèîíàðíîé ôèëüòðàöèè) (1 0), ïîëó÷åííîå â ðàáîòå [22].

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (2), (5), (6) è êîìïîíåíòû âåêòîð-
íîãî ïîëÿ f (x; t) 2 C1(G ! Rn ) óäîâëåòâîðÿþò ñîîòíîøåíèþ

r � f (x; t) =
nX

i =1

@
@xi

f i (x; t) = 0 : (25)

Òîãäà ôóíêöèÿ u(x; t) âèäà (7), (8), îïðåäåëÿåìàÿ èç (4) è óäîâëåòâîðÿþùàÿ
óðàâíåíèþ Ëèóâèëëÿ (3), ÿâëÿåòñÿ òî÷íûì íåîòðèöàòåëüíûì ðåøåíèåì ìíî-
ãîìåðíûõ íåëèíåéíûõ ýâîëþöèîííûõ óðàâíåíèé òèïà Ãàìèëüòî íà � ßêîáè è
òåïëîïðîâîäíîñòè

ut =
K (u)

u
jr uj2; (26)

ut =
K 2(u)

K (u) � uK 0(u)
•u; (27)

ãäåK 0(u) = dK (u)
du , K (u) 6= u ,  2 R+ , ïðè÷åì âûïîëíÿþòñÿ ñîîòíîøåíèÿ

Ft = jr F j2; •F = 0 ; (28)

f t = �rj f j2; (29)
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d
dF

ln ˆ � 1(F ) =
1

K (ˆ � 1(F ))
; ˆ � 1(F ) 6= 0 : (30)

Êðîìå òîãî, óðàâíåíèå (28) (ñîîòâåòñòâåííî (29)) ÿâëÿåòñÿ äîñòàòî÷íûì (íåîá-
õîäèìûì è äîñòàòî÷íûì ) óñëîâèåì ñîâìåñòíîñòè ïåðåîïðåäåëåííîé îòíîñèòåëü-
íî u(x; t) ñèñòåìû óðàâíåíèé (3), (4).

Äîêàçàòåëüñòâî. Ðàññóæäàÿ, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1, ïðèõî-
äèì ê ñïðàâåäëèâîñòè ôîðìóë (7), (8) è (13)�(15). Ïðè ýòîì ñî îòíîøåíèÿ (6)
ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè äëÿ òîãî, ÷ òîáû âåêòîðíîå
ïîëå f (x; t) 2 Rn áûëî ïîòåíöèàëüíûì. Ïðè ýòîì ñîîòâåòñòâóþùèé ïîòåíöè-
àë F (x; t) îïðåäåëÿåòñÿ ñîãëàñíî (8). Ñ äðóãîé ñòîðîíû, â ñèëó óñëîâè ÿ (25)
âåêòîðíîå ïîëå f (x; t) 2 Rn ñîëåíîèäàëüíî (íåñæèìàåìî). Â ñâÿçè ñ ýòèì èç
ôîðìóë (15), (25) ñëåäóåò, ÷òî ôóíêöèÿ F (x; t) ÿâëÿåòñÿ ãàðìîíè÷åñêîé, ò. å.

•F (x; t) = 0 ; x 2 Š � Rn ; t 2 R+ : (31)

Òàê êàê èç ðàññìîòðåíèÿ èñêëþ÷àåòñÿ òðèâèàëüíîå ðåøåíèå u(x; t) = 0, óðàâ-
íåíèå (31) çàïèøåòñÿ â âèäå

K (u)•u =
�

K (u)
u

� K 0(u)
�

jr uj2; (32)

èëè, ÷òî òî æå ñàìîå,

•u +
�

K 0(u)
K (u)

�
1
u

�
jr uj2 = 0 ; K (u) 6= 0 : (33)

Ïîäñòàâëÿÿ ôóíêöèþ (7) â óðàâíåíèå Ëèóâèëëÿ (3) è ïðèíèìàÿ â î âíèìàíèå
ôîðìóëó (31), ïîëó÷èì óðàâíåíèå (28). Ñîîòíîøåíèÿ (5), (7) , (14) ïðèâîäÿò ê
ñïðàâåäëèâîñòè ðàâåíñòâà (30). Èç ôîðìóë (13), (28) ñëåäóå ò óðàâíåíèå (29).
Äîëåå óðàâíåíèå íåëèíåéíîé òåïëîïðîâîäíîñòè (1) ñ ó÷åòîì ñ îîòíîøåíèÿ (32)
ìîæåò áûòü ïðåîáðàçîâàíî ê íåëèíåéíûì ýâîëþöèîííûì óðàâíå íèÿì (26), (27).
Ëåãêî ïðîâåðèòü, ÷òî ôóíêöèÿ u(x; t), îïðåäåëÿåìàÿ ñîãëàñíî (7), (8), óäîâëå-
òâîðÿåò óðàâíåíèÿì (26), (27). Íàêîíåö, àíàëîãè÷íî, êàê è â òåîðåìå 1, äîêà-
çûâàåòñÿ, ÷òî óðàâíåíèå (28) ÿâëÿåòñÿ äîñòàòî÷íûì, à óðàâí åíèå (28) � íåîá-
õîäèìûì è äîñòàòî÷íûì óñëîâèåì ñîâìåñòíîñòè ïåðåîïðåäåëå ííîé ñèñòåìû (3),
(4). Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 2. Îòìåòèì, ÷òî óðàâíåíèÿ (28), (29) ÿâëÿþòñÿ ñîîòâåòñòâåí-
íî èçâåñòíûìè ìíîãîìåðíûìè íåëèíåéíûìè ýâîëþöèîííûìè óðà âíåíèÿìè Ãà-
ìèëüòîíà � ßêîáè è âîëíû Ðèìàíà.

Ñëåäñòâèå 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Òîãäà ôóíêöèÿ (7),
(8), óäîâëåòâîðÿþùàÿ óñëîâèþ (31), îïðåäåëÿåò êëàññ òî÷íûõ íåîòðèöàòåëüíûõ
ðåøåíèé íåëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ (33), îòûñêèâàåìûõ èç êâàä-
ðàòóðû

ˆ (u) =

uZ

0

K (� )
�

d� = F; u � 0; (34)
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ãäåF � ãàðìîíè÷åñêàÿ ôóíêöèÿ.

Äîêàçàòåëüñòâî. Â ñïðàâåäëèâîñòè ýòîãî ðåçóëüòàòà óáåäèìñÿ íåïîñðåä-
ñòâåííîé ïîäñòàíîâêîé ôóíêöèè (7) â èññëåäóåìîå óðàâíåíèå (33). Èòàê, ïîä-
ñòàâëÿÿ (7) â (31), ïðèõîäèì ê óðàâíåíèþ

•ˆ � 1(F ) +
�

K 0(ˆ � 1(F ))
K (ˆ � 1(F ))

�
1

ˆ � 1(F )

�
jr ˆ � 1(F )j2 = 0 : (35)

Òàê êàê èìååò ìåñòî çàâèñèìîñòü

r ˆ � 1(F ) =
dˆ � 1(F )

dF
r F

è ôóíêöèÿ F = F (x; t) ãàðìîíè÷åñêàÿ, ò. å. óäîâëåòâîðÿåò óðàâíåíèþ (31), òî
ñïðàâåäëèâû ñîîòíîøåíèÿ

•ˆ � 1(F ) = r � (r ˆ � 1(F )) =
d2ˆ � 1(F )

dF 2 jr F j2;

jr ˆ � 1(F )j2 = [
dˆ � 1(F )

dF
]2jr F j2:

Äàëåå, ïîëüçóÿñü îïðåäåëåíèåì ôóíêöèè, óäîâëåòâîðÿþùåé ñ îîòíîøåíèþ (30),
íàõîäèì, ÷òî

dˆ � 1(F )
dF

=
ˆ � 1(F )

K (ˆ � 1(F ))
;

d2ˆ � 1(F )
dF 2 =

ˆ � 1(F )
K 2(ˆ � 1(F ))

�
K 0(ˆ � 1(F ))
K 3(ˆ � 1(F ))

(ˆ � 1(F ))2:

Òåì ñàìûì, èñïîëüçóÿ ïîëó÷åííûå ôîðìóëû, íåòðóäíî óáåäèòü ñÿ, ÷òî óðàâíå-
íèå (35) âûïîëíÿåòñÿ òîæäåñòâåííî. Íàêîíåö, èç öåïî÷êè ðàâ åíñòâ (34) ñëåäóåò
ñïðàâåäëèâîñòü ôîðìóëû (7). Ñëåäñòâèå äîêàçàíî.

Ïðèìåð 1. Ïóñòü K (u) = u� , � 2 R+ . Òîãäà íåëèíåéíîå ýëëèïòè÷åñêîå
óðàâíåíèå (33) çàïèøåòñÿ êàê

u(x)•u (x) + ( � � 1)jr u(x)j2 = 0 ; u(x) � 0; � 2 R+ : (36)

Èç êâàäðàòóðû (34) ïîëó÷èì, ÷òî óðàâíåíèå (36) îáëàäàåò òî÷ íûì íåîòðèöà-
òåëüíûì ðåøåíèåì

u(x) =
�

(�F (x))1=� â îáëàñòè F (x) > 0;

0 â îáëàñòè F (x) � 0;

ãäå F (x) � ïðîèçâîëüíàÿ ãàðìîíè÷åñêàÿ ôóíêöèÿ. Ïðè ýòîì F (x) ñâÿçàíà ñ
ôóíêöèåé f (x) ôîðìóëîé (15). Ïóñòü n = 2, âîçüìåì ãàðìîíè÷åñêóþ ôóíêöèþ
âèäà F (x1; x2) = 3 x2

1x2 � x3
2. Òîãäà ôóíêöèÿ

u(x1; x2) =

( �
3�x 2

1x2 � �x 3
2

� 1=�
â îáëàñòè 3x2

1x2 � x3
2 > 0;

0 â îáëàñòè 3x2
1x2 � x3

2 � 0

ÿâëÿåòñÿ òî÷íûì ðåøåíèåì óðàâíåíèÿ (36) â äâóìåðíîì êîîðäè íàòíîì ïðî-
ñòðàíñòâå.
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Çàìå÷àíèå 3. Òî÷íûå ðåøåíèÿ íåêîòîðûõ êëàññîâ íåëèíåéíûõ ýëëèïòè-
÷åñêèõ óðàâíåíèé âèäà (33) ñòðîèëèñü â [27, 28]. Â ÷àñòíîñòè, â ýòèõ èññëåäî-
âàíèÿõ ïîêàçàíî, ÷òî òî÷íîå ðåøåíèå óðàâíåíèÿ

•u +
1

2g(u)
dg(u)

du
jr uj2 = 0

îïðåäåëÿåòñÿ èç êâàäðàòóðû
uZ

0

(g(� ))1=2d� = v;

ãäåv � ïðîèçâîëüíàÿ ãàðìîíè÷åñêàÿ ôóíêöèÿ.
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G. A. Rudykh and E. I. Semenov

Abstract: We study the multidimensional parabolic second-order equa tion with the
implicit degeneration and the �nite velocity of propagatio n of perturbations. This
equation is given in the form of an overdetermined system of t he di�erential equations
with partial derivatives (the number of the equations excee ds the number of the required
functions). It is known that an overdetermined system of the di�erential equations may
not be compatible as well as may not have any solutions. There fore, in order to determine
the existence of the solutions and the degree of their arbitr ariness the analysis of this
overdetermined system is carried out. As a result of the rese arch, the su�cient and the
necessary and su�cient compatibility conditions for the ov erdetermined system of the
di�erential equations with partial derivatives are receiv ed. On the basis of these results
with the use of the equation of Liouville and the theorem of th e potential operators,
the exact non-negative solutions of the multidimensional n onlinear heat equation with
the �nite velocity of propagation of perturbations are cons tructed. In addition, the new
exact non-negative solutions of the nonlinear evolution of Hamilton�Jacobi equations
are obtained; the solutions of the nonlinear heat equation a nd the solutions of Riemann
wave equation are also found. Some solutions are not invaria nt from the point of view
of the groups of the pointed transformations and Lie�B�ackl und's groups. Finally, the
transformations of B�acklund linking the solutions of the m ultidimensional nonlinear heat
equation with the related nonlinear evolution equations ar e obtained.
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ÇÀÄÀ×À ÊÎØÈ ÄËß ÓÐÀÂÍÅÍÈß

ÐÀÑÏÐÅÄÅËÅÍÍÎÃÎ ÏÎÐßÄÊÀ

Â ÁÀÍÀÕÎÂÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Å. Ì. Ñòðåëåöêàÿ, Â. Å. Ô¼äîðîâ, À. Äåáóø

Àííîòàöèÿ. Èññëåäóåòñÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ ðàñïðåäåëåííîãî ïîð ÿäêà â
áàíàõîâîì ïðîñòðàíñòâå ñ äðîáíîé ïðîèçâîäíîé Ãåðàñèìîâà � Êàïóòî è ñ ëèíåé-
íûì îãðàíè÷åííûì îïåðàòîðîì â ïðàâîé ÷àñòè. Ìåòîäàìè òåîðè è ïðåîáðàçîâàíèÿ
Ëàïëàñà íàéäåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðå øåíèÿ çàäà÷è â ïðî-
ñòðàíñòâå ýêñïîíåíöèàëüíî ðàñòóùèõ ôóíêöèé. Ðåøåíèå ïðåä ñòàâëåíî â âèäå êîí-
òóðíîãî èíòåãðàëà îò ðåçîëüâåíòû îãðàíè÷åííîãî îïåðàòîðà ñî ñëîæíûì àðãóìåí-
òîì, îïðåäåëÿåìûì âèäîì ðàñïðåäåëåííîé ïðîèçâîäíîé. Äîêà çàíà àíàëèòè÷íîñòü
ïîëó÷åííîãî ðåøåíèÿ â ïðàâîé ïîëóïëîñêîñòè êîìïëåêñíîé ïë îñêîñòè. Ïîëó÷åí-
íûé îáùèé ðåçóëüòàò èñïîëüçîâàí ïðè èññëåäîâàíèè çàäà÷è Êî øè äëÿ îäíîé èí-
òåãðîäèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé, ïðàâàÿ ÷àñòü êî òîðîé ïðåäñòàâëÿåò
ñîáîé êîìïîçèöèþ èíòåãðàëüíîãî ïî ïðîñòðàíñòâåííûì ïåðåì åííûì è ëèíåéíîãî
ïðåîáðàçîâàíèé íåèçâåñòíîé âåêòîð-ôóíêöèè.

DOI: 10.25587/SVFU.2018.1.12769

Êëþ÷åâûå ñëîâà: ýâîëþöèîííîå óðàâíåíèå, äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà �
Êàïóòî, çàäà÷à Êîøè, óðàâíåíèå ðàñïðåäåëåííîãî ïîðÿäêà.

1. Ââåäåíèå è ïðåäâàðèòåëüíûå ñâåäåíèÿ

Óðàâíåíèÿ c ðàñïðåäåëåííûìè äðîáíûìè ïðîèçâîäíûìè âñòðå÷ àþòñÿ ïðè
ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ñëîæíûõ ñèñòåì [1�7]. Ñóùåñ òâóåò áîëüøîå
êîëè÷åñòâî ðàáîò, ïîñâÿùåííûõ êà÷åñòâåííîìó è ÷èñëåííîìó àíàëèçó ðàçëè÷-
íûõ óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè, îòìåòèì ñðåäè íèõ ðà áîòû àâòîðîâ
äàííîé ñòàòüè [8�19], áëèçêèå ïî ìåòîäàì èññëåäîâàíèÿ è ïîñ âÿùåííûå èññëå-
äîâàíèþ êà÷åñòâåííûõ âîïðîñîâ ðàçðåøèìîñòè óðàâíåíèé äðî áíîãî ïîðÿäêà â
áàíàõîâûõ è ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâàõ. Â íàñòîÿùåé ð àáîòå ðàññìàò-
ðèâàåòñÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ ðàñïðåäåëåííîãî äðîáíî ãî ïîðÿäêà ñ ïðî-
èçâîäíîé Ãåðàñèìîâà � Êàïóòî

bZ

a

! (� )D �
t x(t) d� = Ax (t); t � 0;

â áàíàõîâîì ïðîñòðàíñòâå. Îïåðàòîð A ïðåäïîëàãàåòñÿ ëèíåéíûì è îãðàíè÷åí-
íûì. Äîêàçàíà òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè ýòîé çàä à÷è â ïðîñòðàí-
ñòâå ýêñïîíåíöèàëüíî ðàñòóùèõ ôóíêöèé, ïîëó÷åí âèä åå ðåøå íèÿ, àíàëèòè÷å-
ñêîãî â ïðàâîé ïîëóïëîñêîñòè. Ïîëó÷åííûé îáùèé ðåçóëüòàò è ñïîëüçîâàí ïðè
èññëåäîâàíèè îäíîé èíòåãðîäèôôåðåíöèàëüíîé ñèñòåìû óðàâ íåíèé.
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Ïðè � > 0 îáîçíà÷èì g� (t) := t � � 1=€(� ) äëÿ t > 0,

J �
t h(t) := ( g� � h)( t) :=

tZ

0

g� (t � s)h(s) ds =
1

€(� )

tZ

0

(t � s)� � 1h(s) ds:

Ïóñòü � > 0, m � íàèìåíüøåå öåëîå ÷èñëî, íå ïðåâîñõîäèìîå ÷èñëîì � , D m
t �

îáû÷íàÿ ïðîèçâîäíàÿ ïîðÿäêà m 2 N, D �
t � äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà �

Êàïóòî [20, 21], ò. å.

D �
t h(t) := D m

t J m � �
t

 

h(t) �
m � 1X

k=0

h(k ) (0)gk+1 (t)

!

:

Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, îáîçíà÷èì ÷åðåç L (X) áàíàõîâî ïðî-
ñòðàíñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ, äåéñòâóþ ùèõ èç X â X:

Ñôîðìóëèðóåì èñïîëüçóåìóþ â äàëüíåéøåì òåîðåìó. Îáîçíà÷è ì

Sa0 ;� 0 := f � 2 C : j arg(� � a0)j < � 0; � 6= a0g; † ' := f t 2 C : j arg tj < '; t 6= 0 g;

R+ := f 0g[ R+ . Ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè x : R+ ! X áóäåì îáîçíà÷àòü
÷åðåç �x.

Òåîðåìà 1 [22, òåîðåìà 2.6.1]. Ïóñòü � 0 2 (�= 2; � ), a0 2 R, R : (a0; + 1 ) !
X. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû.

1. Ôóíêöèÿ R èìååò àíàëèòè÷åñêîå ïðîäîëæåíèå eR : Sa0 ;� 0 ! X, ïðè ýòîì

8� 2 (�= 2; � 0) 9K = K (� ) > 08� 2 Sa0 ;� k eR(� )kX �
K (� )

j� � a0j
:

2. Ñóùåñòâóåò òàêàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ T : † � 0 � �= 2 ! X, ÷òî

8� 2 (�= 2; � 0) 9C = C(� ) > 08t 2 † � � �= 2 kT(t)kX � C(� )ea0 Re t

è bT(� ) = R(� ) ïðè âñåõ � > a 0.

2. Î ðåøåíèè çàäà÷è Êîøè äëÿ ýâîëþöèîííîãî
óðàâíåíèÿ ðàñïðåäåëåííîãî äðîáíîãî ïîðÿäêà

Ïðè A 2 L (X) ðàññìîòðèì çàäà÷ó Êîøè

x(0) = x0 (1)

äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ðàñïðåäåëåííîãî ïîðÿäêà

bZ

a

! (� )D �
t x(t) d� = Ax (t); t � 0; (2)

ãäå D�
t � äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà � Êàïóòî, 0 � a < b � 1. Ðåøåíèåì

çàäà÷è(1), (2) áóäåì íàçûâàòü ôóíêöèþ x 2 C(R+ ; X) òàêóþ, ÷òî ñóùåñòâóåò
bR

a
! (� )D �

t x(t) d� 2 C(R+ ; X) è âûïîëíÿþòñÿ ðàâåíñòâà (1) è (2).
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Îáîçíà÷èì ÷åðåç E(K; a 0; X) ìíîæåñòâî òàêèõ ôóíêöèé x : R+ ! X, ÷òî

9K > 09a0 > 08t 2 R+ kx(t)kX � Kea0 t :

Áóäåì èñïîëüçîâàòü òàêæå îáîçíà÷åíèÿ

E(X) :=
[

K> 0

[

a0 > 0

E(K; a 0; X); W (� ) :=

bZ

a

! (� )� � d�;

 =
3[

k=1

 k ;  1 = f � 2 C : j� j = r0; arg � 2 (� �; � )g

 2 = f � 2 C : arg� = �; � 2 [� r0; �1 )g;

 3 = f � 2 C : arg� = � �; � 2 (�1 ; � r0]g:

Òåîðåìà 2. Ïóñòü A 2 L (X), x0 2 X è ôóíêöèÿ ! : (a; b) ! R òàêîâà, ÷òî
ïðè íåêîòîðîì � > 0 ôóíêöèÿ W (� ) àíàëèòè÷íà íà ìíîæåñòâå f � 2 C : j� j �
�; arg � 2 (� �; � )g, ïðè ýòîì

9C > 09� > 08� 2 C (j� j � � ) ) (jW (� )j � Cj� j � ):

Òîãäà ôóíêöèÿ

x(t) =
1

2�i

Z



W (� )
�

(W (� )I � A)� 1e�t x0 d�; r 0 = max
�

�;
�

2kAk
L (X )

C

� 1=� �
;

(3)
ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (1), (2) â ïðîñòðàíñòâå E(X).

Äîêàçàòåëüñòâî. Äëÿ r0 = max f �; (2kAk
L (X ) =C)1=� g è � 2  âûïîëíÿ-

åòñÿ íåðàâåíñòâî jW (� )j � 2kAk
L (X ) è ñóùåñòâóåò îïåðàòîð (W (� )I � A) � 1 2

L (X), ïðè ýòîì

kW (� )(W (� )I � A)� 1k
L (X ) = k(I � W (� )� 1A)� 1k

L (X ) �
1

1 � 1
2

= 2 : (4)

Ïîýòîìó çíà÷åíèÿ x(t) îïðåäåëåíû ôîðìóëîé (3) ïî êðàéíåé ìåðå ïðè t > 0.
Ïóñòü R > r 0,

€R =
4[

k=1

€k;R ; €1;R =  1;

€2;R = f � 2 C : j� j = R; arg � 2 (�; � � )g

€3;R = f � 2 C : arg� = �; � 2 [� r0; � R]g;

€4;R = f � 2 C : arg� = � �; � 2 [� R; � r0]g;

çàìêíóòûé êîíòóð €R îáõîäèòñÿ ïî ÷àñîâîé ñòðåëêå. Ââåäåì â ðàññìîòðåíèå
åùå êîíòóðû

€5;R = f � 2 C : arg� = �; � 2 (� R; �1 )g;

€6;R = f � 2 C : arg � = � �; � 2 (�1 ; � R)g;
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òîãäà  = €5;R [ €6;R [ €R n €2;R .
Ïåðåïèøåì x(t) ïðè t > 0 â âèäå

x(t) =
1

2�i

Z



e�t

�

1X

k=0

W (� )� k Ak x0 d� = x0 +
1

2�i

Z



e�t

�

1X

k=1

W (� )� k Ak x0 d�

= x0 +
1

2�i

Z



e�t

�
W (� )� 1A

1X

k=0

W (� )� k Ak x0 d�:

Ïðè t 2 [0; 1], � 2 






e�t

�
W (� )� 1A

1X

k=0

W (� )� k Ak







L (X )

�
2C � 1er 0 kAk

L (X )

j� j1+ �

ñîãëàñíî óñëîâèÿì òåîðåìû íà ôóíêöèþ W , ïîýòîìó







1
2�i

Z



e�t

�
W (� )� 1A

1X

k=0

W (� )� k Ak d�








L (X )

�
2C � 1er 0 kAk

L (X )

r �
0

+
2C � 1er 0 kAk

L (X )

2��r �
0

:

Ñëåäîâàòåëüíî, èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî ïî t 2 [0; 1] è ïî íåïðåðûâíîñòè

x(0) = x0 +
1

2�i

Z



1
�

W (� )� 1A
1X

k=0

W (� )� k Ak x0 d�

= x0 + lim
R!1

1
2�i

� Z

€R

�
Z

€2;R

+
Z

€5;R

+
Z

€6;R

�
1
�

W (� )� 1A
1X

k=0

W (� )� k Ak x0 d� = x0;

òàê êàê ïî òåîðåìå Êîøè

1
2�i

Z

€R

1
�

W (� )� 1A
1X

k=0

W (� )� k Ak d� = 0 ;






Z

€2;R

1
�

W (� )� 1A
1X

k=0

W (� )� k Ak d�






L (X )
�

4�C � 1kAk
L (X )

R� ;






Z

€k;R

1
�

W (� )� 1A
1X

k=0

W (� )� k Ak d�






L (X )
�

4C � 1kAk
L (X )

�R � ; k = 5 ; 6:

Òàêèì îáðàçîì, x 2 C(R+ ; X), x(0) = x0.
Ïî ïîñòðîåíèþ

kx(t)kX �
1
�

Z



et Re �

j� j
dskx0kX � Ke r 0 t ;
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òàê êàê
Z

 1

et Re �

j� j
ds � er 0 t

2�Z

0

er 0 t (cos ' � 1) d' � 2�e r 0 t ;

Z

 k

et Re �

j� j
ds � er 0 t

� r 0Z

�1

ex � r 0

x
dx = C1er 0 t ; k = 2 ; 3; t � 1:

Ïðè ýòîì ìîæíî âçÿòü

K = 2 kx0kX +
2e� r 0

�

� r 0Z

�1

ex

x
dxkx0kX +

2
�

max
t 2 [0;1]

kx(t)kX :

Ñëåäîâàòåëüíî, x 2 E(X).
Ïðè Re � > r 0 âûïîëíÿåòñÿ ðàâåíñòâî

�x(� ) =
1

2�i

Z



W (� )
� (� � � )

(W (� )I � A)� 1x0 d�:

Â ñèëó (4) äàííûé èíòåãðàë ñõîäèòñÿ è ñïðàâåäëèâû ðàâåíñòâà

lim
R!1

1
2�i

Z

€k;R

W (� )
� (� � � )

(W (� )I � A)� 1x0 d� = 0 ; k = 2 ; 5; 6:

Ïîýòîìó ïî èíòåãðàëüíîé ôîðìóëå Êîøè è â ñèëó îòðèöàòåëüíîé îðèåíòàöèè
êîíòóðà €R

�x(� ) = lim
R!1

1
2�i

Z

€R

W (� )
� (� � � )

(W (� )I � A)� 1x0 d� =
W (� )

�
(W (� )I � A) � 1x0;

ïðè ýòîì � x(� ) àíàëèòè÷åñêè ïðîäîëæèìà íà f � 2 C : j� j > r 0; arg � 2 (� �; � )g
ââèäó àíàëèòè÷íîñòè ðåçîëüâåíòû.

Èñïîëüçóÿ òàêæå îáîçíà÷åíèå L äëÿ ïðåîáðàçîâàíèÿ Ëàïëàñà, çàïèøåì

L

2

4
bZ

a

! (� )D �
t x(t)d�

3

5 (� ) =
W (� )2

�
(W (� )I � A) � 1x0 �

W (� )
�

x0

=
W (� )

�
(W (� )(W (� )I � A)� 1x0 � x0) = A

W (� )
�

(W (� )I � A)� 1x0 = A �x(� ):

Çäåñü ïðèíÿò âî âíèìàíèå òîò ôàêò, ÷òî îïåðàòîð êîììóòèðóåò ñî ñâîåé ðå-
çîëüâåíòîé. Ïîäåéñòâóåì íà îáå ÷àñòè ïîëó÷åííîãî ðàâåíñòâ à îáðàòíûì ïðå-
îáðàçîâàíèåì Ëàïëàñà è ïîëó÷èì ðàâåíñòâî (2) âî âñåõ òî÷êàõ íåïðåðûâíîñòè
ôóíêöèè x, ò. å. ïðè âñåõ t � 0. Êàê áûëî çàìå÷åíî, x 2 C(R+ ; X), ïîýòîìó
â ñèëó íåïðåðûâíîñòè îïåðàòîðà A ïðàâàÿ ÷àñòü óðàâíåíèÿ (2) ïðèíàäëåæèò
ýòîìó ïðîñòðàíñòâó, à ïîòîìó è ëåâàÿ ÷àñòü óðàâíåíèÿ òàêæå â íåì ëåæèò è
ôóíêöèÿ x ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1), (2).
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Åñëè ñóùåñòâóþò äâà ðåøåíèÿ x1, x2 çàäà÷è (1), (2) èç ïðîñòðàíñòâà E(X),
òî èõ ðàçíîñòü y = x1 � x2 2 E(X) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2) è óäîâëå-
òâîðÿåò íà÷àëüíîìó óñëîâèþ y(0) = 0. Ïîäåéñòâóåì íà îáå ÷àñòè ðàâåíñòâà

bZ

a

! (� )D �
t y(t)d� = Ay(t)

ïðåîáðàçîâàíèåì Ëàïëàñà è ïîëó÷èì

W (� )�y(� ) = A �y(� ):

Ïîýòîìó ïðè Re � > r 0 èìååì � y(� ) = 0. Çíà÷èò, y � 0. �

Çàìå÷àíèå 1. Íåòðóäíî óáåäèòüñÿ, ÷òî, ñêàæåì, ! (� ) = const, ! (� ) = � n ,
n 2 N, èëè ! (� ) = c� , c > 0, óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 2.

Ñëåäñòâèå 1. Â óñëîâèÿõ òåîðåìû 2 ñåìåéñòâî îïåðàòîðîâ
�

X (t) =
1

2�i

Z



W (� )
�

(W (� )I � A)� 1e�t d� 2 L (X) : t 2 R+

�
;

à ïîýòîìó è ðåøåíèå (3) çàäà÷è (1), (2) àíàëèòè÷åñêè ïðîäîëæèìî â ïðàâóþ
ïîëóïëîñêîñòü f t 2 C : Ret > 0g.

Äîêàçàòåëüñòâî. Êàê çàìå÷åíî ïðè äîêàçàòåëüñòâå òåîðåìû 2,

bX (� ) =
W (� )

�
(W (� )I � A)� 1

ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé íà ìíîæåñòâå

f � 2 C : j� j > r 0; arg � 2 (� �; � )g:

Ïîýòîìó äëÿ ëþáîãî � 0 2 (�= 2; � ) ìîæíî âûáðàòü íàñòîëüêî áîëüøîå a0 > 0,
÷òî bX áóäåò àíàëèòè÷íà â ñåêòîðåSa0 ;� 0 , ïðè ýòîì â ñèëó (4)






W (� )
�

(W (� )I � A) � 1






L (X )
�

2
j� j

�
C

j� � a0j
8� 2 Sa0 ;� 0

ïðè íåêîòîðîì C = C(� 0; a0). Ïî òåîðåìå 1 îðèãèíàë X ýòîé ôóíêöèè àíàëè-
òè÷åñêè ïðîäîëæèì â † � 0 � �= 2. Óñòðåìèâ � 0 ê � , ïîëó÷èì åãî àíàëèòè÷íîñòü â
† �= 2 = f t 2 C : Re t > 0g. �

Ïðèìåð. Ðàññìîòðèì çàäà÷ó

v(x; 0) = v0(x); x 2 Š; (5)

bZ

a

! (� )D �
t v(x; t )d� =

Z

Š

K (x; � )Bv(�; t ) d�; (x; t ) 2 Š � R+ : (6)

ÇäåñüŠ � Rn � îãðàíè÷åííàÿ îáëàñòü, 0 � a < b � 1, ! : (a; b) ! R, (m � m)-
ìàòðèöà B , K : Š � Š ! Rm çàäàíû, v(x; t ) = ( v1(x; t ); v2(x; t ); : : : ; vm (x; t )) �
íåèçâåñòíûå ôóíêöèè.
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Âîçüìåì X = L 2(Š)m ,

(Aw)(x) =
Z

Š

K (x; � )Bw(� ) d�

äëÿ w = ( w1; w2; : : : ; wm ) 2 L 2(Š)m . Òîãäà A 2 L (L 2(Š)m ), è åñëè ôóíêöèÿ !
óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2, çàäà÷à (5), (6) èìååò åäè íñòâåííîå ðåøåíèå
â ïðîñòðàíñòâå E(L 2(Š)m ).
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ÇÀÄÀ×À ÑÎÏÐßÆÅÍÈß ÓÏÐÓÃÎÃÎ ÂÊËÞ×ÅÍÈß

ÒÈÌÎØÅÍÊÎ È ÏÎËÓÆÅÑÒÊÎÃÎ ÂÊËÞ×ÅÍÈß

À. Ì. Õëóäíåâ, Ò. Ñ. Ïîïîâà

Àííîòàöèÿ. Èññëåäóåòñÿ êðàåâàÿ çàäà÷à, îïèñûâàþùàÿ ðàâíîâåñèå äâóìå ðíîãî
óïðóãîãî òåëà ñ äâóìÿ òîíêèìè ñîïðÿãàþùèìèñÿ âêëþ÷åíèÿìè ï ðè íàëè÷èè îòñëî-
åíèÿ. Ïðè ýòîì îäíî èç âêëþ÷åíèé ÿâëÿåòñÿ óïðóãèì, à äðóãîå � ïîëóæåñòêèì.
Íàëè÷èå îòñëîåíèÿ îçíà÷àåò ñóùåñòâîâàíèå òðåùèíû ìåæäó âê ëþ÷åíèÿìè è óïðó-
ãèì òåëîì. Íà áåðåãàõ òðåùèíû çàäàþòñÿ íåëèíåéíûå êðàåâûå ó ñëîâèÿ âèäà íåðà-
âåíñòâ, êîòîðûå íå ïîçâîëÿþò ïðîòèâîïîëîæíûì áåðåãàì òðåù èí ïðîíèêàòü äðóã
â äðóãà. Óêàçàííûå êðàåâûå óñëîâèÿ ïðèâîäÿò ê ôîðìóëèðîâêå ïðîáëåìû â âèäå
çàäà÷è ñ íåèçâåñòíûì ìíîæåñòâîì êîíòàêòà. Ïðèâåäåíà êàê äè ôôåðåíöèàëüíàÿ
ïîñòàíîâêà â âèäå êðàåâîé çàäà÷è, òàê è âàðèàöèîííàÿ ïîñòàí îâêà â âèäå çàäà÷è
ìèíèìèçàöèè ôóíêöèîíàëà ýíåðãèè íà âûïóêëîì ìíîæåñòâå äîï óñòèìûõ ïåðåìå-
ùåíèé. Îáîñíîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü ïîñòàâëåííîé çàäà÷è. Ïîêàçàíà
ýêâèâàëåíòíîñòü äèôôåðåíöèàëüíîé è âàðèàöèîííîé ïîñòàíî âîê. Èññëåäîâàí ïðå-
äåëüíûé ïåðåõîä ïî ïàðàìåòðó æåñòêîñòè òîíêîãî óïðóãîãî âê ëþ÷åíèÿ. Íàéäåíû
óñëîâèÿ ñîïðÿæåíèÿ êàê äëÿ èñõîäíîé çàäà÷è, òàê è äëÿ ïðåäåë üíîé.

DOI: 10.25587/SVFU.2018.1.12770

Êëþ÷åâûå ñëîâà: âêëþ÷åíèå Òèìîøåíêî, ïîëóæåñòêîå âêëþ÷åíèå, óïðóãîå òåëî ,
òðåùèíà, íåëèíåéíûå êðàåâûå óñëîâèÿ

1. Ôîðìóëèðîâêà çàäà÷è ðàâíîâåñèÿ. Ïîâåäåíèå è ñâîéñòâà êîìïî-
çèòíûõ ìàòåðèàëîâ â çíà÷èòåëüíîé ñòåïåíè çàâèñÿò îò ñâîéñò â ñâÿçóþùåãî è
õàðàêòåðà åãî êîíòàêòà ñ íàïîëíèòåëåì. Â êà÷åñòâå íàïîëíèò åëÿ ÷àñòî âûñòó-
ïàþò òîíêèå âîëîêíà (âêëþ÷åíèÿ). Â ñâîþ î÷åðåäü, ìîäåëèðîâ àíèå ïîâåäåíèÿ
âîëîêîí ìîæåò áûòü ðàçíûì ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîé ìîä åëè; ïðè ýòîì
êà÷åñòâî ìîäåëè ñèëüíî âëèÿåò íà êîíå÷íûé ðåçóëüòàò. Â ïîñë åäíèå ãîäû âû-
ïîëíåíî áîëüøîå ÷èñëî ðàáîò, â êîòîðûõ ïîâåäåíèå âîëîêîí îï èñûâàåòñÿ íà îñ-
íîâå ìîäåëåé áàëîê Áåðíóëëè � Ýéëåðà è Òèìîøåíêî è ðàçëè÷íûõ ïðåäåëüíûõ
ìîäåëåé, ïîëó÷àåìûõ ïîñëå ïåðåõîäîâ ê ïðåäåëó ïî ôèçè÷åñêè ì ïàðàìåòðàì
[1�5]. Ïðè ýòîì äîïóñêàëîñü îòñëîåíèå âîëîêîí îò ñâÿçóþùåã î, ÷òî ñ òî÷êè
çðåíèÿ ìàòåìàòè÷åñêîé ìîäåëè îçíà÷àåò íàëè÷èå ðàçðåçà (òð åùèíû) â îáëàñòè
ðåøåíèÿ. Êàê èçâåñòíî, êëàññè÷åñêèé ïîäõîä ê îïèñàíèþ òðåù èí â äåôîðìèðó-
åìûõ òåëàõ õàðàêòåðèçóåòñÿ ëèíåéíûìè êðàåâûìè óñëîâèÿìè í à áåðåãàõ. Ïðè
ýòîì ìîäåëè äîïóñêàþò âçàèìíîå ïðîíèêàíèå áåðåãîâ, ÷òî ïðî òèâîðå÷èò ïðàê-
òèêå [6]. Â óêàçàííûõ âûøå ðàáîòàõ, îòíîñÿùèõñÿ ê òîíêèì âêë þ÷åíèÿì, íà
áåðåãàõ òðåùèí çàäàâàëèñü íåëèíåéíûå êðàåâûå óñëîâèÿ, íå ä îïóñêàþùèå âçà-
èìíîãî ïðîíèêàíèÿ áåðåãîâ. Â ýòîì ñëó÷àå ðàññìàòðèâàåìûå ç àäà÷è îòíîñÿòñÿ
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ê êëàññó ïðîáëåì ñ íåèçâåñòíûì ìíîæåñòâîì êîíòàêòà. Ïî ïîâî äó ðàçëè÷íûõ
êðàåâûõ çàäà÷ òåîðèè òðåùèí ñ êðàåâûìè óñëîâèÿìè âçàèìíîãî íåïðîíèêàíèÿ
áåðåãîâ ìîæíî îáðàòèòüñÿ ê [7�23].

Ñóùåñòâóþò è äðóãèå ïîäõîäû, èñïîëüçóåìûå äëÿ îïèñàíèÿ âêë þ÷åíèé â
óïðóãèõ òåëàõ áåç îòñëîåíèÿ [24�28].

Ñëåäóåò òàêæå ïîä÷åðêíóòü òðóäíîñòü îòûñêàíèÿ êðàåâûõ óñë îâèé â òî÷êå
êîíòàêòà âêëþ÷åíèé. Óêàçàííûå òî÷êè ÿâëÿþòñÿ òî÷êàìè ñîïð ÿæåíèÿ, ïîýòîìó
âèä ñîîòâåòñòâóþùèõ êðàåâûõ óñëîâèé çàâèñèò îò ìîäåëåé, èñ ïîëüçóåìûõ äëÿ
îïèñàíèÿ âêëþ÷åíèé. Îòìåòèì áîëüøîå ÷èñëî ðàáîò, â êîòîðûõ èññëåäîâàëèñü
çàäà÷è ñîïðÿæåíèÿ êàê â ñëó÷àå òîíêèõ âêëþ÷åíèé, òàê è â äðóã èõ ñèòóàöèÿõ
[29�37].

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à ñîïðÿæåíèÿ äâóõ òîíêèõ â êëþ÷åíèé,
ðàñïîëîæåííûõ â óïðóãîì òåëå. Êàê áûëî îòìå÷åíî, ïðåäåëüíû å ïåðåõîäû ïî
ïàðàìåòðàì äëÿ âêëþ÷åíèé Áåðíóëëè � Ýéëåðà è Òèìîøåíêî ïðèâ îäÿò ê ðàç-
ëè÷íûì ïðåäåëüíûì ìîäåëÿì äëÿ òîíêèõ âêëþ÷åíèé. Â ÷àñòíîñò è, ìîæíî ïî-
ëó÷èòü íåñêîëüêî ðàçíûõ ñ òî÷êè çðåíèÿ ìîäåëèðîâàíèÿ ïîëóæ åñòêèõ âêëþ÷å-
íèé. Ìû ðàññìàòðèâàåì ñëó÷àé ïîëóæåñòêîãî âêëþ÷åíèÿ, ïîëó ÷åííîãî èç ìîäå-
ëè Áåðíóëëè � Ýéëåðà ïðè ïåðåõîäå ïàðàìåòðà æåñòêîñòè ê áåñê îíå÷íîñòè [3].
Óêàçàííàÿ ìîäåëü ñîäåðæèò îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ÷åò-
âåðòîãî ïîðÿäêà äëÿ îïðåäåëåíèÿ ïðîãèáà òîíêîãî âêëþ÷åíèÿ ñ ïðàâîé ÷àñòüþ,
ó÷èòûâàþùåé âëèÿíèå îêðóæàþùåãî óïðóãîãî òåëà; êàñàòåëüí ûå ïåðåìåùåíèÿ
òîíêîãî âêëþ÷åíèÿ ïðè ýòîì èìåþò çàäàííóþ ñòðóêòóðó.

Ñîäåðæàíèå ðàáîòû òàêîâî. Â ðàçä. 1 ôîðìóëèðóåòñÿ çàäà÷à ðà âíîâåñèÿ
óïðóãîãî òåëà ñ óïðóãèì è ïîëóæåñòêèì âêëþ÷åíèåì. Óñòàíîâë åíà ýêâèâàëåíò-
íîñòü âàðèàöèîííîé è äèôôåðåíöèàëüíîé ïîñòàíîâîê. Íàéäåí û óñëîâèÿ ñîïðÿ-
æåíèÿ â òî÷êå êîíòàêòà òîíêèõ âêëþ÷åíèé. Â ðàçä. 2 îáîñíîâàí à âîçìîæíîñòü
ïðåäåëüíîãî ïåðåõîäà ïî ïàðàìåòðó æåñòêîñòè óïðóãîãî âêëþ ÷åíèÿ è íàéäåíû
óñëîâèÿ ñîïðÿæåíèÿ â òî÷êå êîíòàêòà.

Ïðèâåäåì ôîðìóëèðîâêó çàäà÷è ðàâíîâåñèÿ óïðóãîãî òåëà ñ äâ óìÿ òîíêèìè
âêëþ÷åíèÿìè. Ïóñòü Š � R2 � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé €,
 � Š; Š  = Š n 	; ãäå

 t = ( � 1; 0) � f 0g;  s = (0 ; 1) � f 0g;  =  t [  s [ f (0; 0)gg:

Ñ÷èòàåì, ÷òî ñðåäèííàÿ ëèíèÿ òîíêîãî óïðóãîãî âêëþ÷åíèÿ ñî âïàäàåò ñ  t ; à
 s ñîâïàäàåò ñî ñðåäèííîé ëèíèåé ïîëóæåñòêîãî âêëþ÷åíèÿ. Òàê èì îáðàçîì,
 ìîæíî ðàññìàòðèâàòü êàê íåîäíîðîäíîå âêëþ÷åíèå, ñîñòîÿùå å èç äâóõ ÷à-
ñòåé t ;  s. Óïðóãîå òåëî ïðè ýòîì çàíèìàåò îáëàñòü Š  (ðèñ. 1). Äëÿ îïèñà-
íèÿ óïðóãîãî âêëþ÷åíèÿ èñïîëüçóåòñÿ ìîäåëü áàëêè Òèìîøåíê î (ñì., íàïðè-
ìåð, [38]), à äëÿ îïèñàíèÿ ïîëóæåñòêîãî âêëþ÷åíèÿ � ìîäåëü, ïîëó÷åííàÿ èç
áàëêè Áåðíóëëè � Ýéëåðà ïðåäåëüíûì ïåðåõîäîì ïî ïàðàìåòðó æ åñòêîñòè [3].
Ïóñòü � = (0 ; 1) � åäèíè÷íûé âåêòîð íîðìàëè ê ; à � = (1 ; 0); A = f aijkl g,
i; j; k; l = 1 ; 2, � çàäàííûé ïîëîæèòåëüíî îïðåäåëåííûé òåíçîð êîýôôèöèåí òîâ
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1

2

�
� �

1

�

�  

�
t- 1

s

x

x

Ðèñ. 1. Óïðóãîå òåëî ñ âêëþ÷åíèÿìè  t ;  s

óïðóãîñòè:

aijkl = ajikl = aklij ; i; j; k; l = 1 ; 2; aijkl 2 L 1 (Š);

aijkl ' ij ' kl � c0j' j2 äëÿ âñåõ' ji = ' ij ; c0 = const > 0:

Ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïðîèçâîäèòñÿ ñóììèðîâàíèå. Âñå âåëè÷èíû ñ äâó-
ìÿ íèæíèìè èíäåêñàìè â äàëüíåéøåì ñ÷èòàþòñÿ ñèììåòðè÷íûìè ïî ýòèì èí-
äåêñàì; f = ( f 1; f 2) 2 L 2(Š)2 � çàäàííûé âåêòîð âíåøíèõ ñèë, äåéñòâóþùèõ íà
óïðóãîå òåëî.

Áóäåì ïðåäïîëàãàòü, ÷òî ïîëîæèòåëüíûé (ïî îòíîøåíèþ ê íîðì àëè � ) áå-
ðåã âêëþ÷åíèÿ  îòñëàèâàåòñÿ, îáðàçóÿ òåì ñàìûì òðåùèíó ìåæäó óïðóãèì
òåëîì è âêëþ÷åíèåì. Íà áåðåãàõ òðåùèíû áóäåì çàäàâàòü êðàåâ ûå óñëîâèÿ
âèäà íåðàâåíñòâ, îáåñïå÷èâàþùèå âçàèìíîå íåïðîíèêàíèå áå ðåãîâ. Ïîñòàíîâ-
êà çàäà÷è ðàâíîâåñèÿ óïðóãîãî òåëà ñ âêëþ÷åíèÿìè  t ,  s ñîñòîèò â ñëåäóþ-
ùåì. Íàéòè âåêòîð ïåðåìåùåíèé u = ( u1; u2) è òåíçîð íàïðÿæåíèé � = f � ij g,
i; j = 1 ; 2; îïðåäåëåííûå â Š  ; è ôóíêöèè v; w; ' , îïðåäåëåííûå äëÿ  ,  ,  t

ñîîòâåòñòâåííî, à òàêæå ïîñòîÿííóþ c0 òàêèå, ÷òî

� div � = f; � � A" (u) = 0 â Š  ; (1.1)

� w;11 = [ � � ]; � ' ;11 + v;1 + ' = 0 ; � v;11 � ' ;1 = [ � � ] íà  t ; (1.2)

w = c0; v;1111 = [ � � ] íà  s; (1.3)

u = 0 íà €; w = u�
� ; v = u�

� íà ; (1.4)

v;11 = v;111 = 0 ïðè x1 = 1; ' + v;1 = w;1 = ' ;1 = 0 ïðè x1 = � 1; (1.5)

[u� ] � 0; � +
� � 0; � +

� = 0 ; � +
� [u� ] = 0 íà ; (1.6)

v;11(0+) = � ' ;1(0� ); v;111(0+) = � (v;1 + ' )(0� ); (1.7)

v;1(0+) = � ' (0� ); [v(0)] = [ w(0)] = 0; w;1(0� ) = 0 ;
Z

 s

� �
� = 0 : (1.8)
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Çäåñü [h] = h+ � h� � ñêà÷îê ôóíêöèè h íà ; ãäåh� � çíà÷åíèÿ ôóíêöèè h íà
ïîëîæèòåëüíîì è îòðèöàòåëüíîì áåðåãàõ ðàçðåçà â ñîîòâåòñò âèè ñ âûáðàííûì
íàïðàâëåíèåì íîðìàëè � ; [p(0)] = p(0+) � p(0� ), p;1 = dp

dx 1
; " (u) = f " ij (u)g �

òåíçîð äåôîðìàöèé, " ij (u) = 1
2 (ui;j + uj;i ), i; j = 1 ; 2; �� = ( � 1j � j ; � 2j � j ), � � =

� ij � j � i , � � = ( �� )� , u� = u�: Ïðè ýòîì (1.1) � óðàâíåíèÿ ðàâíîâåñèÿ óïðóãî-
ãî òåëà è óðàâíåíèå ñîñòîÿíèÿ (çàêîí Ãóêà), à (1.2) ïðåäñòàâ ëÿþò óðàâíåíèÿ
ðàâíîâåñèÿ òîíêîãî âêëþ÷åíèÿ  t . Óðàâíåíèÿ äëÿ ýòîãî òîíêîãî âêëþ÷åíèÿ
â òî÷íîñòè ñîîòâåòñòâóþò ìîäåëè óïðóãîé áàëêè Òèìîøåíêî. Ï ðàâûå ÷àñòè
[� � ]; [� � ] â óðàâíåíèÿõ (1.2) îïèñûâàþò ñèëû, äåéñòâóþùèå íà âêëþ÷åí èå ñî
ñòîðîíû óïðóãîãî òåëà. Ñîîòíîøåíèÿ (1.3) îòíîñÿòñÿ ê ïîëóæ åñòêîìó âêëþ÷å-
íèþ  s : Â ÷àñòíîñòè, èìååì óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà äëÿ âåðòèê àëüíûõ
(âäîëü îñè x2) ïåðåìåùåíèé ýòîãî âêëþ÷åíèÿ, à ãîðèçîíòàëüíûå (âäîëü îñè x1)
ïåðåìåùåíèÿ ïîñòîÿííû. Ïåðâîå êðàåâîå óñëîâèå èç (1.6) îáå ñïå÷èâàåò âçàèì-
íîå íåïðîíèêàíèå áåðåãîâ òðåùèíû. Âòîðîå è òðåòüå óñëîâèÿ ( 1.4) ãàðàíòèðóþò
ðàâåíñòâî ïåðåìåùåíèé òî÷åê óïðóãîãî òåëà è òîíêîãî âêëþ÷å íèÿ íà  � : Âòîðàÿ
ãðóïïà êðàåâûõ óñëîâèé (1.5) ñîîòâåòñòâóþò íóëåâîìó ìîìåí òó, íóëåâîé ïåðå-
ðåçàþùåé ñèëå è íóëåâîé äåôîðìàöèè ðàñòÿæåíèÿ (ñæàòèÿ) òîí êîãî âêëþ÷åíèÿ
 t â òî÷êå x1 = � 1. Ïåðâûå ÷åòûðå óñëîâèÿ (1.8) è óñëîâèÿ (1.7) ÿâëÿþòñÿ óñëî -
âèÿìè ñîïðÿæåíèÿ òîíêèõ âêëþ÷åíèé â òî÷êå (0 ; 0): ×òî êàñàåòñÿ îñòàâøèõñÿ
êðàåâûõ óñëîâèé (1.6), òî îíè ÿâëÿþòñÿ òèïè÷íûìè ïðè ôîðìóë èðîâêå êðàåâûõ
çàäà÷ ñ íåèçâåñòíîé îáëàñòüþ êîíòàêòà (ñì. [10]). Â ÷àñòíîñ òè, åñëè â çàäàííîé
òî÷êå x0 êîíòàêò îòñóòñòâóåò, ò. å. [u� (x0)] > 0; ïîëó÷àåì íóëåâîå çíà÷åíèå ïî-
âåðõíîñòíîé ñèëû: ( �� )+ (x0) = 0 : Ñ äðóãîé ñòîðîíû, åñëè ïîâåðõíîñòíàÿ ñèëà
íåíóëåâàÿ, ò. å. � +

� (x0) < 0; òî èìååì óñëîâèå êîíòàêòà [ u� (x0)] = 0 : Íàêîíåö,
ïîñëåäíåå óñëîâèå (1.8) îáåñïå÷èâàåò ðàâåíñòâî íóëþ ñèë, ä åéñòâóþùèõ âäîëü
îñè x1 íà ïîëóæåñòêîå âêëþ÷åíèå  s.

Äëÿ ïðîñòîòû ôèçè÷åñêèå ïàðàìåòðû â óðàâíåíèÿõ ðàâíîâåñèÿ (1.2) äëÿ
óïðóãîãî âêëþ÷åíèÿ è âî âòîðîì óðàâíåíèè (1.3) âçÿòû ðàâíûì è åäèíèöå.
Â äàëüíåéøåì çàâèñèìîñòü îò ïàðàìåòðà, õàðàêòåðèçóþùåãî æ åñòêîñòü âêëþ-
÷åíèÿ  t ; áóäåò èññëåäîâàíà ïîäðîáíî (ñì. ðàçä. 3). Â ÷àñòíîñòè, áóäå ò îáîñíî-
âàíà âîçìîæíîñòü ïðåäåëüíîãî ïåðåõîäà ïî ýòîìó ïàðàìåòðó ï ðè åãî ñòðåìëå-
íèè ê áåñêîíå÷íîñòè.

Êàê ïîêàçàíî íèæå, ñîîòíîøåíèÿ (1.1)�(1.8) â òî÷íîñòè ýêâè âàëåíòíû âà-
ðèàöèîííîé ôîðìóëèðîâêå çàäà÷è ìèíèìèçàöèè ôóíêöèîíàëà ý íåðãèè íà ïîä-
õîäÿùåì ìíîæåñòâå ôóíêöèé. Ïðè ýòîì ôóíêöèîíàë ýíåðãèè áóä åò ñîäåðæàòü
ñëàãàåìûå, ñîîòâåòñòâóþùèå ýíåðãèè äåôîðìèðîâàíèÿ óïðóã îãî òåëà, ðàáîòå
âíåøíèõ ñèë, ýíåðãèè äåôîðìèðîâàíèÿ âêëþ÷åíèÿ  t è ýíåðãèè èçãèáà âêëþ-
÷åíèÿ  s. Ïðèâåäåì âàðèàöèîííóþ ôîðìóëèðîâêó çàäà÷è (1.1)�(1.8). Ââåäåì â
ðàññìîòðåíèå âñïîìîãàòåëüíûé ôóíêöèîíàë

F ( ) =
1
2

Z

 t

�
w2

;1 + ' 2
;1 + ( v;1 + ' )2	

;  = ( v; w; ' );
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äåéñòâóþùèé èç H 1( t )3 â R: Îïðåäåëèì ôóíêöèîíàë ýíåðãèè

� (u;  ) =
1
2

Z

Š 

� (u)" (u) �
Z

Š 

fu + F ( ) +
1
2

Z

 s

v2
;11;  = ( v; w; ' ):

Çäåñü è äàëåå äëÿ êðàòêîñòè� ij (u)" ij (u) îáîçíà÷àåòñÿ ÷åðåç � (u)" (u). Ââåäåì
ïðîñòðàíñòâî ôóíêöèé

H = f (u;  ) j u 2 H 1
€ (Š  )2; (v; w) 2 H 1( )2; ' 2 H 1( t );

vj  s 2 H 2( s); wj  s 2 R;  = ( v; w; ' )g

è ìíîæåñòâî äîïóñòèìûõ ïåðåìåùåíèé

K = f (u;  ) 2 H j [u� ] � 0; v = u�
� ; w = u�

� íà  ; v;1(0+) = � ' (0� )g;

ãäå
H 1

€ (Š  ) = f � 2 H 1(Š  ) j � = 0 íà €g:

Òîãäà çàäà÷à ìèíèìèçàöèè:

íàéòè ( u;  ) 2 K òàê, ÷òî � (u;  ) = inf
K

�;

èìååò ðåøåíèå, óäîâëåòâîðÿþùåå âàðèàöèîííîìó íåðàâåíñòâ ó

(u;  ) 2 K; (1.9)
Z

Š 

� (u)" (	u � u) �
Z

Š 

f (	u � u) + F 0( )( 	 �  )

+
Z

 s

v;11(	v;11 � v;11) � 0 äëÿ âñåõ (	u; 	 ) 2 K: (1.10)

Çàäà÷à (1.9), (1.10) ðàçðåøèìà. Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè ôàêòè÷åñêè
òðåáóåòñÿ óñòàíîâèòü êîýðöèòèâíîñòü ôóíêöèîíàëà � íà ìíîæåñòâå K , òàê êàê
ñëàáàÿ ïîëóíåïðåðûâíîñòü ñíèçó ýòîãî ôóíêöèîíàëà î÷åâèäí à. Ïðè ( u;  ) 2 K
è � > 0 èìååì

� (u;  ) =
1
2

Z

Š 

� (u)" (u) �
Z

Š 

fu + F ( ) +
1
2

Z

 s

v2
;11 � �

Z



(v2 + w2);  = ( v; w; ' ):

Â ñèëó êðàåâûõ óñëîâèé w = u�
� , v = u�

� íà ; íåðàâåíñòâà Êîðíà è òåîðåì
âëîæåíèÿ ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî ïðè ìàëûõ � :

1
4

Z

Š 

� (u)" (u) � �
Z



(v2 + w2) � 0: (1.11)

Âîñïîëüçîâàâøèñü ëåììîé, äîêàçàííîé â [2], ïîëó÷èì, ÷òî ñó ùåñòâóþò ïîñòî-
ÿííûå c1, c2, c3; íå çàâèñÿùèå îò ôóíêöèé, òàêèå, ÷òî

�
Z

 t

(v2 + w2) + �
Z

 s

(v2 + w2) +
1
2

Z

 t

�
w2

;1 + ' 2
;1 + ( v;1 + ' )2	

+
1
2

Z

 s

v2
;11 � c1k(v; w; ' )k2

H 1 (  t )3 + c2kvk2
H 2 (  s ) + c3kwk2

H 1 (  s ) : (1.12)
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Çäåñü ìû ïðèíèìàåì âî âíèìàíèå òîò ôàêò, ÷òî w = const íà  s: Òàêèì îáðàçîì,
èç (1.11), (1.12) âûòåêàåò, ÷òî

� (u;  ) ! + 1 ; k(u;  )kH ! 1 ; (u;  ) 2 K;  = ( v; w; ' );

÷òî îçíà÷àåò êîýðöèòèâíîñòü ôóíêöèîíàëà �:
Íèæå äîêàçûâàåòñÿ, ÷òî íà êëàññå ãëàäêèõ ðåøåíèé çàäà÷è (1.1)�(1.8) è

(1.9), (1.10) ýêâèâàëåíòû. Ýòî îçíà÷àåò, ÷òî âñå ñîîòíîøåí èÿ (1.1)�(1.8) âû-
òåêàþò èç (1.9), (1.10) è, îáðàòíî, íåðàâåíñòâî (1.9), (1.1 0) ìîæíî âûâåñòè èç
(1.1)�(1.8).

Ïðåäëîæåíèå 1. Ôîðìóëèðîâêè (1.1)�(1.8) è (1.9), (1.10) ýêâèâàëåíòíû
íà êëàññå äîñòàòî÷íî ãëàäêèõ ðåøåíèé.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíî (1.9), (1.10). Ïîäñòàíîâêîé â (1.10)
òåñòîâûõ ôóíêöèé âèäà (	u; 	 ) = ( u;  ) � (�u; 0), �u 2 C1

0 (Š  )2, ìîæíî ïîëó÷èòü
óðàâíåíèå ðàâíîâåñèÿ (ñì. (1.1)). Âòîðîå è òðåòüå óñëîâèÿ è ç (1.8) âûïîëíåíû
â ñèëó òåîðåì âëîæåíèÿ, òàê êàê v; w 2 H 1=2( ): Ïîäñòàâèì â (1.10) ôóíêöèþ
(	u; 	 ) = ( u;  ) � (�u; � ), (�u; � ) 2 K , � = (�v; ew; �' ), [�u� ] = 0 íà : Ïîëó÷èì

Z

Š 

� (u)" (�u) �
Z

Š 

f �u +
Z

 t

f w;1 ew;1 + ' ;1 �' ;1 + ( v;1 + ' )(�v;1 + �' )g +
Z

 s

v;11 �v;11 = 0 :

Èíòåãðèðîâàíèå ïî ÷àñòÿì çäåñü äàåò

�
Z



[(�� )�u] �
Z

 t

f w;11 ew + ( ' ;11 � v;1 � ' ) �' + ( v;11 + ' ;1)�vg

+
Z

 s

v;1111 �v + w;1 ewj0� 1 + ' ;1 �' j0� 1 + ( v;1 + ' )�vj0� 1 + v;11 �v;1j10 � v;111 �vj10 = 0 : (1.13)

Âûáèðàÿ â (1.13) òåñòîâûå ôóíêöèè, îáëàäàþùèå ñâîéñòâàìè

�v = ew = �' = 0 ïðè x1 = � 1; ew = c 2 R íà  s;

�' = 0 ïðè x1 = 0 � ; �v = �v;1 = 0 ïðè x1 = 0+ ; 1;
(1.14)

íàéäåì

�
Z



[� � ]�u� �
Z



[� � �u� ] �
Z

 t

f w;11 ew + ( ' ;11 � v;1 � ' ) �' + ( v;11 + ' ;1)�vg

+
Z

 s

v;1111 �v + ( w;1 ew)(0� ) = 0 : (1.15)

Â ñèëó ïðîèçâîëüíîñòè � u+
� ïîëó÷àåì � +

� = 0 íà : Ó÷èòûâàÿ óñëîâèÿ �u�
� =

ew; �u�
� = �v íà ; èç (1.15) ïîëó÷èì óðàâíåíèÿ (1.2) è âòîðîå óðàâíåíèå èç (1.3 ).

Áîëåå òîãî, ïîñêîëüêó ïîñòîÿííàÿ c èç (1.14) âûáèðàåòñÿ ïðîèçâîëüíûì îáðà-
çîì, èç (1.15) ñëåäóåò ïîñëåäíÿÿ ãðóïïà óñëîâèé (1.8).
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Âåðíåìñÿ ê òîæäåñòâó (1.13), ñïðàâåäëèâîìó äëÿ âñåõ óêàçàí íûõ âûøå
ôóíêöèé (� u; � ). Â ñèëó óæå äîêàçàííûõ óðàâíåíèé è êðàåâûõ óñëîâèé ïîëó÷èì

(w;1 ew)j � 1 + ( ' ;1 �' )j0� 1 + (( v;1 + ' )�v)j0� 1 + ( v;11 �v;1)j10 � (v;111 �v)j10 = 0 : (1.16)

Èç ýòîãî òîæäåñòâà ïîëó÷àåì ñïðàâåäëèâîñòü êðàåâûõ óñëîâè é (1.5) äëÿ w; v; '
è, òàêèì îáðàçîì, èç (1.16) ñëåäóåò, ÷òî

(' ;1 �' )(0� ) + (( v;1 + ' )�v)(0� ) � (v;11 �v;1)(0+) + ( v;111 �v)(0+) = 0 :

Ïîñêîëüêó � v(0+) = � v(0� ) è �' (0� ) = � �v;1(0+) ; îòñþäà óáåæäàåìñÿ â ñïðàâåä-
ëèâîñòè êðàåâûõ óñëîâèé èç (1.7). Âòîðîå, òðåòüå è ÷åòâåðòîå óñëîâèÿ èç (1.6)
ñòàíäàðòíû äëÿ êîíòàêòíûõ çàäà÷ ñ íåèçâåñòíûì ìíîæåñòâîì ê îíòàêòà ñ òîí-
êèìè âêëþ÷åíèÿìè, ïîýòîìó èõ âûâîä èç (1.9), (1.10) îïóñòèì (ñì. [2, 3, 10]).

Òàêèì îáðàçîì, èç (1.9), (1.10) ñëåäóþò âñå ñîîòíîøåíèÿ (1. 1)�(1.8).

Îáðàòíî, ïóñòü âûïîëíåíû ñîîòíîøåíèÿ (1.1)�(1.8). Äîêàæå ì, ÷òî ñîîò-
âåòñòâóþùèå ôóíêöèè óäîâëåòâîðÿþò âàðèàöèîííîìó íåðàâåí ñòâó (1.9), (1.10).
Âûáåðåì ïðîèçâîëüíóþ ôóíêöèþ (	 u; 	 ) 2 K; 	 = ( 	w; 	v; 	' ): Èç (1.1)�(1.3) ñëåäó-
åò, ÷òî

Z

Š 

(� div � � f )(	u � u) �
Z

 t

(w;11 + [ � � ])( 	w � w) �  t (v;11 + ' ;1 + [ � � ])(	v � v)+

+
Z

 t

(� ' ;11 + v;1 + ' )( 	' � ' ) +
Z

 s

(v;1111 � [� � ])(	v � v) = 0 :

Èíòåãðèðóÿ çäåñü ïî ÷àñòÿì, ïîëó÷èì

Z

Š

� (u)" (	u � u) �
Z

Š 

f (	u � u) +
Z



[�� (	u � u)]

+
Z

 t

f w;1( 	w;1 � w;1) + ' ;1( 	' ;1 � ' ;1) + ( v;1 + ' )(	v;1 + 	' � v;1 � ' )g

+
Z

 s

v;11(	v;11v;11) �
Z

 s

[� � ](	v � v) �
Z

 t

f [� � ]( 	w � w) + [ � � ](	v � v)g

� w;1( 	w � w)j0� 1 � ' ;1( 	' � ' )j0� 1 � (v;1 + ' )(	v � v)j0� 1

+ v;111(	v � v)j10 � v;11(	v;1 � v;1)j10 = 0 : (1.17)

Ñ ó÷åòîì êðàåâûõ óñëîâèé (1.5), (1.7), ïåðâîãî è ïîñëåäíåãî èç óñëîâèé (1.8)
äëÿ âûâîäà âàðèàöèîííîãî íåðàâåíñòâà (1.10) èç (1.17) äîñò àòî÷íî äîêàçàòü,
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÷òî ñïðàâåäëèâî ñîîòíîøåíèå
Z



[� � (	u� � u� )] +
Z

 t

[� � (	u� � u� )] �
Z

 s

[� � ](	v � v)

�
Z

 t

f [� � ]( 	w � w) + [ � � ](	v � v)g � 0: (1.18)

Îäíàêî ñïðàâåäëèâîñòü íåðàâåíñòâà (1.18) ëåãêî ïðîâåðÿåò ñÿ ñ ïîìîùüþ êðàå-
âûõ óñëîâèé (1.4), (1.6).

Òàêèì îáðàçîì, èç (1.1)�(1.8) ïîëó÷àåì (1.9), (1.10). Ïðåä ëîæåíèå 1 ïîëíî-
ñòüþ äîêàçàíî.

2. Ïðåäåëüíûé ïåðåõîä ïî ïàðàìåòðó æåñòêîñòè. Â ýòîì ðàçäåëå
ââåäåì ïîëîæèòåëüíûé ïàðàìåòð â ìîäåëü (1.1)�(1.8). Ýòîò ï àðàìåòð áóäåò õà-
ðàêòåðèçîâàòü æåñòêîñòü òîíêîãî âêëþ÷åíèÿ  t . Öåëüþ ïðîâîäèìûõ íèæå ðàñ-
ñóæäåíèé ÿâëÿåòñÿ îáîñíîâàíèå âîçìîæíîñòè ïðåäåëüíîãî ïå ðåõîäà ïðè ñòðåì-
ëåíèè óêàçàííîãî ïàðàìåòðà ê áåñêîíå÷íîñòè. Èòàê, ïóñòü � > 0 � ïàðàìåòð.
Äëÿ êàæäîãî � ìîæíî íàéòè åäèíñòâåííîå ðåøåíèå çàäà÷è

(u� ;  � ) 2 K; (2.1)

Z

Š 

� (u� )" (	u � u� ) �
Z

Š 

f (	u � u� ) + �F 0( � )( 	 �  � )

+
Z

 s

v�
;11

�
	v;11 � v�

;11

�
� 0 äëÿ âñåõ (	u; 	 ) 2 K: (2.2)

Çàäà÷à (2,1), (2.2) ñîîòâåòñòâóåò ìèíèìèçàöèè ôóíêöèîíàë à ýíåðãèè

1
2

Z

Š 

� (u)" (u) �
Z

Š 

fu + �F ( ) +
1
2

Z

 s

v2
;11;  = ( v; w; ' );

íà ìíîæåñòâå K è íà êëàññå ãëàäêèõ ðåøåíèé ýêâèâàëåíòíà ñëåäóþùåé äèô-
ôåðåíöèàëüíîé ïîñòàíîâêå: íàéòè âåêòîð ïåðåìåùåíèé u� =

�
u�

1; u�
2

�
è òåíçîð

íàïðÿæåíèé � � =
�

� �
ij

	
, i; j = 1 ; 2; îïðåäåëåííûå â Š  ; è ôóíêöèè v� , w� , ' � ,

îïðåäåëåííûå íà  ,  ,  t ñîîòâåòñòâåííî, à òàêæå ïîñòîÿííóþ c�
0 òàêèå, ÷òî

� div � � = f; � � � A" (u� ) = 0 â Š  ;

� �w �
;11 =

�
� �

�

�
; � �' �

;11 + �v �
;1 + �' � = 0 ; � �v �

;11 � �' �
;1 = [ � �

� ] íà  t ;

w� = c�
0; v�

;1111 =
�
� �

�

�
íà  s ;

u� = 0 íà €; w� = u� �
� ; v� = u� �

� íà ;

v�
;11 = v�

;111 = 0 ïðè x1 = 1; ' � + v�
;1 = w�

;1 = ' �
;1 = 0 ïðè x1 = � 1;

�
u�

�

�
� 0; � � +

� � 0; � � +
� = 0 ; � � +

� [u� ] = 0 íà ;
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v�
;11(0+) = � �' �

;1(0� ); v�
;111(0+) = � � (v�

;1 + ' � )(0� );

v�
;1(0+) = � ' � (0� ); [v� (0)] = [ w� (0)] = 0; w�

;1(0� ) = 0 ;
Z

 s

� � �
� = 0 :

Ñíà÷àëà ïîëó÷èì àïðèîðíûå îöåíêè ðåøåíèÿ çàäà÷è (2.1), (2. 2). Èç (2.2)
ïðè � > 0 èìååì

Z

Š 

� (u� )" (u� ) �
Z

Š 

fu � + �
Z

 t

��
w�

;1

� 2
+

�
' �

;1

� 2
+

�
v�

;1 + ' � � 2	

+
Z

 s

�
v�

;11

� 2
� �

Z



f (w� )2 + ( v� )2g = 0 : (2.3)

Â ñèëó íåðàâåíñòâà Êîðíà, êðàåâûõ óñëîâèé (1.4) è òåîðåì âëî æåíèÿ ïðè ìàëûõ
� èìååì

1
2

Z

Š 

� (u� )" (u� ) � �
Z



f (w� )2 + ( v� )2g � 0:

Ïðèìåíÿÿ ðàññóæäåíèÿ, èñïîëüçîâàííûå ïðè äîêàçàòåëüñòâå êîýðöèòèâíîñòè
ôóíêöèîíàëà �; ïðè � � � 0 > 0 ïîëó÷èì

ku� kH 1
€ (Š )2 � c; k(v� ; w� )kH 1 (  )2 � c; kv� kH 2 (  s ) + k' � kH 1 (  t ) � c (2.4)

è ðàâíîìåðíî ïî �

�
Z

 t

��
w�

;1

� 2
+

�
' �

;1

� 2
+

�
v�

;1 + ' � � 2	
� c: (2.5)

Â ñèëó (2.4), (2.5) ìîæíî ïðåäïîëàãàòü, ÷òî ïðè � ! 1

u� ! u ñëàáî â H 1
€ (Š  )2; v� ! v ñëàáî â H 2( s); (2.6)

(v� ; w� ) ! (v; w) ñëàáî â H 1( )2; ' � ! ' ñëàáî â H 1( t ); (2.7)

w;1 = 0 ; ' ;1 = 0 ; v;1 + ' = 0 íà  t :

Ñëåäîâàòåëüíî, ñóùåñòâóþò ïîñòîÿííûå c1, c2, c3 òàêèå, ÷òî

w(x1) = c1; ' (x1) = c2; v(x1) = � c2x1 + c3 íà  t :

Ââåäåì ìíîæåñòâî äîïóñòèìûõ ïåðåìåùåíèé äëÿ ïðåäåëüíîé çà äà÷è

K 1 =
�

(u; v) j u 2 H 1
€ (Š  )2; vj  s 2 H 2( s); vj  t 2 L( t );

u�
� j  2 R; [u� ] � 0; v = u�

� íà  ; [v;1(0)] = 0
	

;

ãäå
L( t ) = f l j l (x1) = c1x1 + c0 íà  t ; c0; c1 2 Rg:

Ïðè îïðåäåëåíèè ìíîæåñòâà L( t ) ñ÷èòàåòñÿ, ÷òî ïîñòîÿííûå c0, c1 ïðîèçâîëü-
íû.
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Âîçüìåì òåïåðü ïðîèçâîëüíûé ýëåìåíò (	 u; 	v) 2 K 1 : Òîãäà 	v(x1) = b0 + b1x1

íà  t ; bi 2 R, i = 0 ; 1; 	u�
� j  = c0 2 R: Ïîëîæèì 	 = (	v; 	w; 	' ); ãäå 	w = c0 íà ;

' = � b1 íà  t : Â ýòîì ñëó÷àå (	u; 	 ) 2 K: Ïîäñòàâèì ýëåìåíò (	 u; 	 ) â êà÷åñòâå
òåñòîâîé ôóíêöèè â (2.2) è ïåðåéäåì ê ïðåäåëó ïðè � ! 1 íà îñíîâå ñõîäèìîñòè
(2.6), (2.7). Ïîëó÷èì

(u; v) 2 K 1 ; (2.8)

Z

Š 

� (u)" (	u � u) �
Z

Š 

f (	u � u) +
Z

 s

v;11(	v;11 � v;11) � 0 äëÿ âñåõ (	u; 	v) 2 K 1 : (2.9)

Ñëåäóåò ïîÿñíèòü ïðèíàäëåæíîñòü ïðåäåëüíîãî ýëåìåíòà ( u; v) ìíîæåñòâó K 1 :
Â ÷àñòíîñòè, òðåáóåò ïîÿñíåíèÿ óñëîâèå [ v;1(0)] = 0 : Ïðè � > 0 ìû èìåëè
(u� ;  � ) 2 K; â ÷àñòíîñòè, v�

;1(0+) = � ' � (0� ): Â ñèëó óêàçàííîé ñõîäèìîñòè v� ,
' � ýòî óñëîâèå áóäåò âûïîëíåíî è â ïðåäåëå ïðè � ! 1 , ò. å. v;1(0+) = � ' (0� ):
Îäíàêî ' (0� ) = c2; v;1(0� ) = � c2; ïîýòîìó [ v;1(0)] = 0 : Êðîìå òîãî, ÿñíî, ÷òî
äëÿ ïðåäåëüíîé ôóíêöèè w èç (2.7) áóäåì èìåòü [ w(0)] = 0 è, òàêèì îáðàçîì,
w = u�

� j  2 R: Âñå îñòàëüíûå óñëîâèÿ, íåîáõîäèìûå äëÿ ïðèíàäëåæíîñòè ìíî -
æåñòâóK 1 ; äëÿ ïðåäåëüíîãî ýëåìåíòà ( u; v) î÷åâèäíû.

Èòàê, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Ðåøåíèÿ çàäà÷è (2.1), (2.2) ñõîäÿòñÿ ïðè � ! 1 â ñìûñëå (2.6),
(2.7) ê ðåøåíèþ çàäà÷è (2.8), (2.9).

Çàäà÷à (2.8), (2.9) îïèñûâàåò ðàâíîâåñèå óïðóãîãî òåëà ñ òî íêèì âêëþ÷å-
íèåì ; êîòîðîå îòñëàèâàåòñÿ íà ïîëîæèòåëüíîì áåðåãó. Áîëåå òîãî, ÷àñòü t

âêëþ÷åíèÿ ÿâëÿåòñÿ æåñòêîé, à ÷àñòü s � ïîëóæåñòêîé.
Ïðèâåäåì äèôôåðåíöèàëüíóþ ôîðìóëèðîâêó çàäà÷è (2.8), (2. 9). Òðåáóåòñÿ

íàéòè âåêòîð ïåðåìåùåíèé u = ( u1; u2) è òåíçîð íàïðÿæåíèé � = f � ij g, i; j =
1; 2; îïðåäåëåííûå â Š  ; è ôóíêöèþ v; îïðåäåëåííóþ íà ; à òàêæå ïîñòîÿííûå
b0, a0, a1 òàêèå, ÷òî

� div � = f; � � A" (u) = 0 â Š  ; (2.10)

v;1111 = [ � � ] íà  s; v;11 = v;111 = 0 ïðè x1 = 1 ; (2.11)

u = 0 íà €; b0 = u�
� ; v = u�

� íà ; (2.12)

[v(0)] = 0 ; [v;1(0)] = 0; v(x1) = a0 + a1x1; x1 2 (� 1; 0); (2.13)

[u� ] � 0; � +
� � 0; � +

� = 0 ; � +
� [u� ] = 0 íà  ;

Z



� �
� = 0 ; (2.14)

Z

 t

[� � ]l � (v;111)(0+) l (0� ) + v;11(0+) l ;1(0� ) = 0 äëÿ âñåõ l 2 L ( t ): (2.15)
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Ó÷èòûâàÿ ñòðóêòóðó ýëåìåíòîâ ïðîñòðàíñòâà L( t ); çàìåòèì, ÷òî òîæäå-
ñòâî (2.15) ìîæíî ïåðåïèñàòü â âèäå äâóõ ñîîòíîøåíèé

�
Z

 t

[� � ] + v;111(0+) = 0 ;
Z

 t

[� � ]x1 + v;11(0+) = 0 ;

êîòîðûå èìåþò ÿñíûé ôèçè÷åñêèé ñìûñë.

Ïðåäëîæåíèå 2. Ôîðìóëèðîâêè (2.8), (2.9) è (2.10)�(2.15) ýêâèâàëåíòíû
íà êëàññå äîñòàòî÷íî ãëàäêèõ ðåøåíèé.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíî (2.8), (2.9). Âîçüìåì â (2.9) òåñòîâóþ
ôóíêöèþ (	 u; 	v) = ( u; v) � (�u; 0), �u 2 C1

0 (Š  )2: Ïîëó÷èì óðàâíåíèå ðàâíîâåñèÿ
(ñì. (2.10)). Äàëåå âûáåðåì â (2.9) òåñòîâóþ ôóíêöèþ âèäà (	 u; 	v) = ( u; v)� (�u; �v);
(�u; �v) 2 K 1 , [�u� ] = 0 íà : Áóäåì èìåòü òîæäåñòâî

Z

Š 

� (u)" (�u) �
Z

Š 

f �u +
Z

 s

v;11 �v;11 = 0 :

Îòñþäà ñëåäóåò ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì

�
Z



[(�� )�u] +
Z

 s

v;1111 �v + v;11 �v;1j10 � v;111 �vj10 = 0 ;

èëè

�
Z

 t

[� � ]�u� �
Z

 s

[� � ]�u� �
Z



[� � �u� ] +
Z

 s

v;1111 �v + v;11 �v;1j10 � v;111 �vj10 = 0 : (2.16)

Â ñèëó ïðîèçâîëüíîñòè âåëè÷èí � u�
� îòñþäà çàêëþ÷àåì, ÷òî

� +
� = 0 íà  ;

Z



� �
� = 0 :

Êðîìå òîãî, èç (2.16) ïîëó÷àåì

v;1111 = [ � � ] íà  s ; v;11 = v;111 = 0 ïðè x1 = 1 :

Èòàê, èç (2.16), îáîçíà÷àÿ �u� j  t ÷åðåçl , èìååì
Z

 t

[� � ]l � (v;111)(0+) l (0� ) + v;11(0+) l ;1(0� ) = 0 äëÿ âñåõ l 2 L ( t );

ò. å. òîæäåñòâî (2.15). Ïðè ýòîì ìû âîñïîëüçîâàëèñü òåì, ÷òî l ;1(0� ) = �v;1(0+) :
Ñïðàâåäëèâîñòü îñòàâøèõñÿ êðàåâûõ óñëîâèé (2.14) ñîìíåíè é íå âûçûâàåò.

Îíè ñòàíäàðòíû äëÿ çàäà÷ ñ íåèçâåñòíûì ìíîæåñòâîì êîíòàêòà ïðè íàëè÷èè
óïðóãèõ, æåñòêèõ èëè ïîëóæåñòêèõ âêëþ÷åíèé (ñì. [2, 3, 10]) .

Èòàê, èç (2.8), (2.9) âûòåêàþò âñå óñëîâèÿ (2.10)�(2.15).
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Äîêàæåì îáðàòíîå. Ïóñòü âûïîëíåíû âñå ñîîòíîøåíèÿ (2.10)� (2.15). Èìå-
åì

Z

Š 

(� div � � f )(	u � u) +
Z

 s

(v;1111 � [� � ])(	v � v) = 0 äëÿ âñåõ (	u; 	v) 2 K 1 :

Èíòåãðèðóÿ çäåñü ïî ÷àñòÿì, íàõîäèì
Z

Š

� (u)" (	u � u) �
Z

Š 

f (	u � u) +
Z



[�� (	u � u)] +
Z

 s

v;11(	v;11 � xv;11)

�
Z

 s

[� � ](	v � v) + v;111(	v � v)j10 � v;11(	v;1 � v;1)j10 = 0 : (2.17)

Äëÿ òîãî ÷òîáû äîêàçàòü ñïðàâåäëèâîñòü âàðèàöèîííîãî íåðà âåíñòâà (2.9), èç
(2.17) äîñòàòî÷íî óñòàíîâèòü, ÷òî
Z



[�� (	u � u)]+
Z

 s

v;11(	v;11 � v;11) �
Z

 s

[� � ](	v � v)+ v;111(	v � v)j10 � v;11(	v;1 � v;1)j10 � 0:

(2.18)
Îäíàêî ñïðàâåäëèâîñòü íåðàâåíñòâà (2.18) ëåãêî ïðîâåðÿåò ñÿ â ñèëó êðàåâûõ
óñëîâèé (2.14), (2.15).

Ïðåäëîæåíèå 2 äîêàçàíî.
Â çàêëþ÷åíèå îòìåòèì, ÷òî óñëîâèÿ ñîïðÿæåíèÿ äëÿ ïðåäåëüíî é ìîäåëè

(2.10)�(2.15) õàðàêòåðèçóþòñÿ ïåðâûìè äâóìÿ ðàâåíñòâàìè (2.13) è òîæäåñòâîì
(2.15). Ãîðèçîíòàëüíûå ïåðåìåùåíèÿ âêëþ÷åíèé  t ;  s â òî÷êå (0; 0) ñîâïàäàþò
â ñèëó (2.12) è ðàâíû b0.
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Abstract: An equilibrium problem for elastic bodies with a thin elasti c inclusion and
a thin semi-rigid inclusion is investigated. The inclusion s are assumed to be delaminated
from the elastic bodies, forming therefore a crack between t he inclusions and the elastic
matrix. Nonlinear boundary conditions are considered at th e crack faces to prevent
mutual penetration between the crack faces. The inclusions have a joint point. We
present both di�erential formulation in the form of a bounda ry value problem and a
variational formulation in the form of a minimization probl em for an energy functional
on a convex set of admissible displacements. The unique solv ability of the problem is
substantiated. Equivalence of di�erential and variationa l statements is shown. Passage
to the limit is investigated as the rigidity parameter of the elastic inclusion goes to
in�nity. The limit model is analyzed. Junction boundary con ditions are found at the
joint point for the considered problem as well as for the limi t problem.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÄÂÈÆÅÍÈß ×ÀÑÒÈÖÛ

Â ÂÈÍÒÎÂÎÌ ÏÍÅÂÌÎÑÅÏÀÐÀÒÎÐÅ

ÑÒÀÒÈÑÒÈ×ÅÑÊÈÌÈ ÌÅÒÎÄÀÌÈ

Ñ. Ð. Êðûëàòîâà, À. È. Ìàòâååâ,
È. Ô. Ëåáåäåâ, Á. Â. ßêîâëåâ

Àííîòàöèÿ. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ïðîöåññîâ, ïðîèñõîäÿùè õ â óñò-
ðîéñòâàõ îáîãàùåíèÿ ïîëåçíûõ èñêîïàåìûõ, ïîÿâëÿþòñÿ çàäà ÷è îïðåäåëåíèÿ âåðî-
ÿòíîñòè ìåñòîíàõîæäåíèÿ ÷àñòèöû íà ðàáî÷èõ ïîâåðõíîñòÿõ ó ñòðîéñòâ. Â íàñòî-
ÿùåé ðàáîòå äëÿ ðåøåíèÿ ïîäîáíîé çàäà÷è ïðåäëàãàåòñÿ ñòàòè ñòè÷åñêèé ïîäõîä,
ò. å. ïðè îïðåäåëåíèè âåðîÿòíîñòè èñïîëüçóåòñÿ èäåÿ ìåòîäà Ãèááñà. Ðàññìîò-
ðåíû ïðîáëåìû ìîäåëèðîâàíèÿ ïðîöåññîâ, ïðîèñõîäÿùèõ â âîç äóøíîì âèíòîâîì
ñåïàðàòîðå. Ðàçðàáîòàíû ìàòåìàòè÷åñêàÿ ìîäåëü âèíòîâîé ï îâåðõíîñòè ïíåâìî-
ñåïàðàòîðà, ìîäåëè äâèæåíèÿ ÷àñòèöû, ïîòîêà íåâçàèìîäåéñ òâóþùèõ ÷àñòèö ïî
ðàáî÷åé ïîâåðõíîñòè ñåïàðàòîðà è àëãîðèòì îïðåäåëåíèÿ êîí öåíòðàöèè ïîòîêà ÷à-
ñòèö. Ðàññ÷èòàííîå ðàñïðåäåëåíèå êîíöåíòðàöèè íåâçàèìîä åéñòâóþùèõ ÷àñòèö íà
ðàáî÷åé ïîâåðõíîñòè óñòðîéñòâà îòîæäåñòâëÿåòñÿ ñ ðàñïðåä åëåíèåì âåðîÿòíîñòè
ìåñòîíàõîæäåíèÿ îäíîé ÷àñòèöû. Ðàçðàáîòàííûé àëãîðèòì îï ðåäåëåíèÿ âåðîÿò-
íîñòè ïîëîæåíèÿ ÷àñòèöû íà ðàáî÷åé ïîâåðõíîñòè ïíåâìîñåïà ðàòîðà ìîæåò áûòü
èñïîëüçîâàí êàê ýëåìåíò áîëåå ñëîæíîé ìàòåìàòè÷åñêîé ìîäå ëè, íàïðèìåð ìîäåëè,
ãäå ó÷èòûâàþòñÿ âçàèìîäåéñòâèÿ ìåæäó ÷àñòèöàìè.

DOI: 10.25587/SVFU.2018.1.12771

Êëþ÷åâûå ñëîâà: âèíòîâîé ñåïàðàòîð, êîíöåíòðàöèÿ, ñòàòèñòè÷åñêèé ìåòîä,
óðàâíåíèå äâèæåíèÿ, ïîòîê ÷àñòèö, îáîãàùåíèå, ìàòåìàòè÷å ñêàÿ ìîäåëü.

Äëÿ îïðåäåëåíèÿ îïòèìàëüíûõ ïàðàìåòðîâ [1], è óñîâåðøåíñò âîâàíèÿ ðà-
áî÷åé ïîâåðõíîñòè [2] âèíòîâîãî ïíåâìîñåïàðàòîðà íåîáõîä èìà ðàçðàáîòêà ìà-
òåìàòè÷åñêîé ìîäåëè ïðîöåññîâ, ïðîèñõîäÿùèõ âíóòðè ñåïàð àòîðà [3, 4]. Ïíåâ-
ìîñåïàðàòîð ïðîäóâàåòñÿ âîçäóõîì ñ íèæíåé ÷àñòè óñòðîéñòâ à [5]. ×àñòèöû
ïåñêà, ñîâåðøàÿ ïîä äåéñòâèåì ïîòîêà âîçäóõà âðàùàòåëüíîå äâèæåíèå, óõîäÿò
íàâåðõ è âûáðàñûâàþòñÿ èç ñåïàðàòîðà. Èç-çà íàêëîíà ðàáî÷å é ïîâåðõíîñòè
òÿæåëàÿ ÷àñòèöà ñìåùàåòñÿ â öåíòðàëüíóþ ÷àñòü ñåïàðàòîðà èîòäåëÿåòñÿ [6].
Â [7, 8] ïðåäñòàâëåíû ìàòåìàòè÷åñêèå ìîäåëè äâèæåíèÿ ÷àñòè öû â âèíòîâîì ñå-
ïàðàòîðå. Â [9] èññëåäîâàíû ïðîöåññû ñåïàðàöèè â âèíòîâîì ñ åïàðàòîðå ìåòî-
äîì äèñêðåòíûõ ýëåìåíòîâ. Â ýòèõ èññëåäîâàíèÿõ ïîÿâëÿåòñÿ çàäà÷à îïðåäåëå-
íèÿ âåðîÿòíîñòè ïîëîæåíèÿ ÷àñòèöû íà ðàáî÷åé ïîâåðõíîñòè â ïðîöåññå ðàáîòû
óñòðîéñòâà. Òàêàÿ çàäà÷à ìîæåò áûòü èñïîëüçîâàíà êàê îñíîâ íîé ýëåìåíò ìà-
òåìàòè÷åñêîé ìîäåëè êîëëåêòèâíîãî äâèæåíèÿ ÷àñòèö â ïíåâì îñåïàðàòîðå [10].

c 2018 Êðûëàòîâà Ñ. Ð., Ìàòâååâ À. È., Ëåáåäåâ È. Ô., ßêîâëåâ Á. Â.
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Ðèñ. 1. Ðàáî÷àÿ ïîâåðõíîñòü âèíòîâîãî ïíåâìîñåïàðàòîðà

Â íàñòîÿùåé ðàáîòå äëÿ îïèñàíèÿ äâèæåíèÿ ÷àñòèöû èñïîëüçóå òñÿ èäåÿ
ìåòîäà Ãèááñà [11, 12], ò. å. âìåñòî ïîñëåäîâàòåëüíûõ (ïî âð åìåíè) ñîñòîÿíèé
ñèñòåìû ââîäèòñÿ àíñàìáëü, êîòîðûé ïðåäñòàâëÿåò ñîáîé ñîâ îêóïíîñòü ñîñòîÿ-
íèé ìíîãèõ ñèñòåì ñ îïðåäåëåííûìè íà÷àëüíûìè óñëîâèÿìè. Íà ïåðâîì ýòàïå
ðàáîòû îïðåäåëÿåòñÿ äâèæåíèå îäíîé ÷àñòèöû âíóòðè ïíåâìîñ åïàðàòîðà ïîä
äåéñòâèåì íàïðàâëåííîãî ïîòîêà âîçäóõà [13]. Â êà÷åñòâå ðà áî÷åé ïîâåðõíîñòè
âûáðàíà âèíòîâàÿ ïîâåðõíîñòü ñ îïðåäåëåííûì óãëîì ðàñòâîð à è àêñèàëüíûì
óãëîì íàêëîíà. Ìàòåìàòè÷åñêàÿ ìîäåëü ðàáî÷åé ïîâåðõíîñòè âèíòîâîãî ñåïà-
ðàòîðà ïîëó÷åíà îáîáùåíèåì ìîäåëè êîíè÷åñêîé ïîâåðõíîñòè [14], ò. å. äîáàâ-
ëÿåòñÿ òðåòüÿ àêñèàëüíàÿ êîìïîíåíòà íîðìàëè ê ïîâåðõíîñòè (ðèñ. 1).

Óðàâíåíèå äâèæåíèÿ ÷àñòèöû èìååò âèä [15]

m �~R = ~Fâ + m~g + ~Fòð + ~N; (15)

ãäå ~R = r~er + z~ez � ðàäèóñ-âåêòîð ÷àñòèöû, m � åå ìàññà,

~Fâ = a(v0 cos(� ) � v )~e + a
�

v0 sin(� ) �
1

tg( � )
vr � tg( � )v 

�
~ez

� ñèëà äåéñòâèÿ ïîòîêà âîçäóõà, a � êîýôôèöèåíò ñîïðîòèâëåíèÿ ïðè äâè-
æåíèè òåëà â âîçäóøíîé ñðåäå, çàâèñÿùèé îò õàðàêòåðèñòèêè ñðåäû, ôîðìû è
ñâîéñòâ òåëà,v0 � ñêîðîñòü ïîòîêà âîçäóõà, v � àêñèàëüíàÿ ñîñòàâëÿþùàÿ ñêî-
ðîñòè äâèæåíèÿ òåëà,~g = � g~ez � óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ, ~Fòð = � Nf ~v

v �
ñèëà òðåíèÿ î ïîâåðõíîñòü, r � ðàññòîÿíèå îò îñè ìîäåëè äî ÷àñòèöû,  � óãîë
öèëèíäðè÷åñêîé ñèñòåìû êîîðäèíàò, ~er ; ~e ; ~ez � áàçèñíûå âåêòîðû öèëèíäðè-
÷åñêîé ñèñòåìû êîîðäèíàò.

Íîðìàëü ê ðàáî÷åé ïîâåðõíîñòè ñåïàðàòîðà îïðåäåëÿåòñÿ ñîî òíîøåíèåì

~eN = � cos(� ) cos(� )~er � sin(� ) sin(� )~e + sin( � ) cos(� )~ez ;
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ãäå � = arctg
�

h
2�R

�
� óãîë íàêëîíà ðàáî÷åé ïîâåðõíîñòè ïî àçèìóòàëüíîìó

íàïðàâëåíèþ, � � óãîë ïîëóðàñòâîðà êîíóñíîé ïîâåðõíîñòè, ò. å. óãîë íàêëîí à
íîðìàëè ðàáî÷åé ïîâåðõíîñòè ïî ðàäèàëüíîìó íàïðàâëåíèþ.

Íîðìàëü ê ðàáî÷åé ïîâåðõíîñòè îòíîñèòåëüíî âåðòèêàëüíîé î ñè ìîæíî íà-
ïèñàòü â ñëåäóþùåì âèäå:

~eN = � sin( 1) cos( 2)~er � sin( 1) sin( 2)~e + cos( 1)~ez ;

ãäå  1 � óãîë ìåæäó íîðìàëüþ è âåðòèêàëüíîé îñüþ,  2 � àçèìóò ïðîåêöèè
íîðìàëè íà ãîðèçîíòàëüíóþ ïëîñêîñòü,

cos( 1) = sin( � ) cos(� ); tg(  2) = � tg( � ) tg( � );

~N = ~N (v ; r ) =
�

mgcos( 1) +
mv2

 

r
cos( 2) sin( 1)

�
~en

� ñèëà ðåàêöèè ïîâåðõíîñòè.
Èç (1) ïîëó÷åíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íà÷àë üíûìè óñëî-

âèÿìè

r (0) = r0;  (0) =  0; z(0) = z0; vr (0) = 0 ; v (0) = 0 ; vz (0) = 0 ;


r = vr ;


 =
v 

r
;


z =
1

tg( � )
vr + tg( � )v ;


vr =
v2

 

r
�

N
m

cos(� ) cos(� ) � f
N
m

vr

v
tg( � );


v =
N
m

sin(� ) sin(� ) +
a
m

(v0 cos(� ) � v ) �
vr v 

r
� f

N
m

v 

v
;


vz = � g +
a
m

�
v0 sin(� ) �

�
vr

tg( � )
+ tg( � )v 

��

+
N
m

sin � cos� � f
N
m

1
v

�
1

tg( � )
vr + tg( � )v 

�
:

Ýòà ñèñòåìà ðåøàåòñÿ ìåòîäîì Ðóíãå � Êóòòû, òåì ñàìûì îïðåäå ëÿåò-
ñÿ çàêîí äâèæåíèÿ ÷àñòèöû ïî ðàáî÷åé ïîâåðõíîñòè. Èñïîëüçó ÿ ïîëó÷åííûé
ðåçóëüòàò, ìîæíî îïðåäåëèòü òðàåêòîðèè è çàêîíû äâèæåíèÿ è äëÿ ñèñòåìû
íåâçàèìîäåéñòâóþùèõ ÷àñòèö. Ñîâîêóïíîñòü ñîñòîÿíèé íåâç àèìîäåéñòâóþùèõ
÷àñòèö ïðèíèìàåì çà ñòàòèñòè÷åñêèé àíñàìáëü. ßñíî, ÷òî â íà ÷àëüíûé ìîìåíò
âðåìåíè âäîëü ðàäèóñà âèíòîâîé ïîâåðõíîñòè ðàñïðåäåëåíèå âåðîÿòíîñòè ïîëî-
æåíèÿ ÷àñòèöû îäíîðîäíî. Çíàÿ íà÷àëüíûå óñëîâèÿ äëÿ íåâçàè ìîäåéñòâóþùèõ
÷àñòèö, ìîæíî îïðåäåëèòü êîíöåíòðàöèþ ÷àñòèö íà âèíòîâîé ï îâåðõíîñòè â ïî-
ñëåäóþùèå ìîìåíòû âðåìåíè. Ïðè ñòàöèîíàðíîì ñëó÷àå ïîëó÷à åòñÿ îïðåäåëåí-
íîå íå çàâèñÿùåå îò âðåìåíè ðàñïðåäåëåíèå ïëîòíîñòè ÷àñòèö íà ïîâåðõíîñòè.
Ñîãëàñíî ìåòîäó Ãèááñà ýòî ðàñïðåäåëåíèå îòîæäåñòâëÿåòñÿ ñ ðàñïðåäåëåíèåì
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Ðèñ. 2. Ðàñïðåäåëåíèå êîíöåíòðàöèè íåâçàèìîäåéñòâóþùèõ ÷ àñòèö

Ðèñ. 3. Ðàñïðåäåëåíèå ÷àñòèö íà ìîäåëüíîé ïëîñêîñòè äëÿ òðå õ âèòêîâ

âåðîÿòíîñòè ìåñòîíàõîæäåíèÿ îäíîé ÷àñòèöû. Â êà÷åñòâå ïðè ìåðà â ðàáîòå
ðàññìîòðåí ïîòîê èç 30 ÷àñòèö ñ ðàâíîìåðíûì íà÷àëüíûì ðàñïð åäåëåíèåì ïî
ðàäèóñó (ðèñ. 2). Âåðîÿòíîñòü ìåñòîíàõîæäåíèÿ ÷àñòèöû íà ð àáî÷åé ïîâåðõíî-
ñòè îïðåäåëÿåòñÿ êàê êîíöåíòðàöèÿ ýòîãî ïîòîêà.

Ñ öåëüþ îïðåäåëåíèÿ êîíöåíòðàöèè ïîòîêà ÷àñòèö ðàáî÷óþ ïîâ åðõíîñòü
êàæäîãî âèòêà îòîáðàæàåì íà ïëîñêîñòü (ðèñ. 3), êîòîðóþ íàç îâåì ìîäåëü-
íîé ïëîñêîñòüþ . Èìååì íåêîòîðûé ïîòîê ÷àñòèö â ìîäåëüíîé ïëîñêîñòè ñ
çàäàííûìè êîîðäèíàòàìè è ñêîðîñòÿìè â íà÷àëüíûé ìîìåíò âðå ìåíè. Çàêî-
íû äâèæåíèÿ äëÿ êàæäîé ÷àñòèöû èçâåñòíû. Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçó-
åì âû÷èñëèòåëüíûå ñâîéñòâà êîìïüþòåðà. Íà êîìïüþòåðå ñòðî èì ïîëîæåíèå
÷àñòèöû â ïëîñêîñòè çà ðàâíûå ïðîìåæóòêè âðåìåíè (ïîòîìó ÷ò î â íà÷àëü-
íûé ìîìåíò âðåìåíè ïîòîê îäíîðîäíûé). Â îêðåñòíîñòè òî÷êè í àáëþäåíèÿ
(X; Y ) âûäåëÿåì ôèçè÷åñêè áåñêîíå÷íî ìàëóþ îáëàñòü, íàïðèìåð, ä ëÿ ïëîñêîé
çàäà÷è îêðóæíîñòü ðàäèóñà R ñ öåíòðîì â òî÷êå íàáëþäåíèÿ. Îòíîñèòåëüíî
ýòîé òî÷êè íàáëþäåíèÿ îïðåäåëÿåì ðàññòîÿíèå âñåõ òî÷åê ïîò îêà ïî ôîðìóëå
L i =

p
(X � x i )2 + ( Y � yi )2.

Ñëåäóþùèé øàã: ñîçäàåì ïðîãðàììó, îïðåäåëÿþùóþ ðàññòîÿíè ÿ äî òî÷åê,
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Ðèñ. 4. Ðàñïðåäåëåíèå êîíöåíòðàöèè íà ìîäåëüíîé ïëîñêîñòè .

à � âèä ñâåðõó, b � âèä ñáîêó

êîòîðûå ëåæàò òîëüêî âíóòðè ýòîé îêðóæíîñòè:

L1i;k =
�

0; åñëèL i;k > R;

L i;k ; èíà÷å:
Ðàññòîÿíèÿ äî òåõ òî÷åê, êîòîðûå ëåæàò âíå îêðóæíîñòè, çàíó ëÿþòñÿ ïðîãðàì-
ìîé. Òàêèì îáðàçîì ïîëó÷àåòñÿ äâóõìåðíàÿ ìàòðèöà äàííûõ, î ïðåäåëÿþùàÿ
ðàññòîÿíèÿ îò öåíòðà îêðóæíîñòè äî òî÷åê, ëåæàùèõ âíóòðè íå ãî. Ýëåìåíòû
ìàòðèöû äåëÿòñÿ íà çíà÷åíèå ñàìèõ ýëåìåíòîâ:

K i;k =
L1i;k

L1i;k
:

Òîãäà ýëåìåíòàìè ìàòðèöû ÿâëÿþòñÿ òîëüêî 0 è 1. Ñëåäîâàòåëü íî, ñóììè-
ðóÿ âñå ýëåìåíòû ìàòðèöû

k =
nX

i = o

 
nX

k=0

K i;k

!

;

ïîëó÷àåì êîëè÷åñòâî ÷àñòèö âíóòðè îêðóæíîñòè ñ ôèçè÷åñêè á åñêîíå÷íî ìà-
ëûì îáúåìîì. Âûáèðàÿ êîîðäèíàòû òî÷åê íàáëþäåíèÿ è ââåäÿ ñî îòâåòñòâåí-
íî ôèçè÷åñêè áåñêîíå÷íî ìàëûå îáëàñòè, îïðåäåëÿåì êîëè÷åñ òâî ÷àñòèö âíóò-
ðè òàêîé ¾ïîäâèæíîé¿ îêðóæíîñòè íà âñåé ïëîñêîñòè. Êîíöåíò ðàöèÿ ÷àñòèö
îïðåäåëÿåòñÿ îòíîøåíèåì êîëè÷åñòâà ÷àñòèö ê ïëîùàäè îêðóæ íîñòè. Íà ðèñ. 4
ïðåäñòàâëåí ãðàôèê êîíöåíòðàöèè ÷àñòèö íà ìîäåëüíîé ïëîñê îñòè. Ñîãëàñíî
ìîäåëè âåðîÿòíîñòü íàõîæäåíèÿ ÷àñòèöû íà ýòîé ïëîñêîñòè ïð îïîðöèîíàëüíà
êîíöåíòðàöèè.

Èçëîæåííûé ñòàòèñòè÷åñêèé ìåòîä îïðåäåëåíèÿ âåðîÿòíîñòè ïîëîæåíèÿ
÷àñòèöû ìîæåò áûòü èñïîëüçîâàí è äëÿ äðóãèõ óñòðîéñòâ.
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MODELING OF PARTICLE MOTION IN SPIRAL

PNEUMOSEPARATOR BY STATISTICAL METHODS

S. R. Krylatova, A. I. Matveev,
I. F. Lebedev, and B. V. Yakovlev

Abstract: In mathematical modeling of mineral processing, there aris e problems of
determining the probability of the particle presence on the working surfaces of devices.
In the paper, we propose a statistical approach to solving su ch problem, i. e., the idea
of the Gibbs method is used. We consider problems of modeling processes in an air
spiral separator. A mathematical model of the spiral surfac e of a pneumoseparator,
a model of particle motion, a �ux of noninteracting particle s along the separator working
surface, and an algorithm for determining the particle �ux c oncentration are developed.
The calculated distribution of the noninteracting particl es concentration on the working
surface of the device is identi�ed with the probability dist ribution of the location of
one particle. The developed algorithm for determining the p robability of position of
a particle on the working surface of the pneumoseparator can be used as an element of
a more complex mathematical model, for example, a model wher e interactions between
particles are taken into account.
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Î ÍÅÊÎÒÎÐÛÕ ÏÐÈÌÅÍÅÍÈßÕ

ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

È ÌÅÒÎÄÀÕ ÅÃÎ ÐÅØÅÍÈß

Â. Í. Õàíõàñàåâ, Ý. Â. Äàðìàõååâ

Àííîòàöèÿ. Ñîçäàíèå íîâûõ òåõíîëîãè÷åñêèõ ïðîöåññîâ, îñíîâàííûõ íà è ñïîëü-
çîâàíèè âûñîêîèíòåíñèâíûõ ïîòîêîâ ýíåðãèè, âûíóæäàåò ïðè îïðåäåëåíèè òåìïå-
ðàòóðíîãî ñîñòîÿíèÿ ó÷èòûâàòü êîíå÷íóþ ñêîðîñòü ðàñïðîñò ðàíåíèÿ òåïëà. Ýòîò
ó÷åò ìîæåò áûòü îñóùåñòâëåí ïðè ïîìîùè ãèïåðáîëè÷åñêîãî óð àâíåíèÿ òåïëîïðî-
âîäíîñòè, ïîëó÷åííîãî À. Â. Ëûêîâûì â ðàìêàõ íåðàâíîâåñíîé ôåíîìåíîëîãè÷å-
ñêîé òåðìîäèíàìèêè êàê ñëåäñòâèå îáîáùåíèÿ çàêîíà Ôóðüå äë ÿ ïîòîêîâ è óðàâ-
íåíèÿ òåïëîâîãî áàëàíñà. Â ïðåæíèõ ðàáîòàõ Â. Í. Õàíõàñàåâà ìîäåëèðîâàëñÿ
ïðîöåññ êîììóòàöèîííîãî îòêëþ÷åíèÿ ýëåêòðè÷åñêîé äóãè â ñ ïóòíîì ïîòîêå ãàçà
ñ èñïîëüçîâàíèåì ýòîãî óðàâíåíèÿ. Â äàííîé ðàáîòå ðàçâèâàå òñÿ ìàòåìàòè÷åñêàÿ
ìîäåëü ýòîãî ïðîöåññà ñ äîáàâëåíèåì ïåðèîäà óñòîé÷èâîãî ãî ðåíèÿ äóãè äî ìîìåí-
òà îòêëþ÷åíèÿ, è çàìåíîé ñòðîãî ãèïåðáîëè÷åñêîãî óðàâíåíè ÿ òåïëîïðîâîäíîñòè
ãèïåðáîëî-ïàðàáîëè÷åñêèì. Äëÿ ïîëó÷åííîãî ñìåøàííîãî óð àâíåíèÿ òåïëîïðîâîä-
íîñòè êîððåêòíî ïîñòàâëåíû è ÷èñëåííî ðåøàþòñÿ ðÿä êðàåâûõ çàäà÷ â ïðîãðàìì-
íûõ ñðåäàõ Ôîðòðàí è Ìàòêàä ñ ïîëó÷åíèåì ïîëåé òåìïåðàòóð, õ îðîøî ñîãëàñóþ-
ùèõñÿ ñ èìåþùèìèñÿ ýêñïåðèìåíòàëüíûìè äàííûìè.

DOI: 10.25587/SVFU.2018.1.12772

Êëþ÷åâûå ñëîâà: ãèïåðáîëî-ïàðàáîëè÷åñêèå óðàâíåíèÿ, ãèïåðáîëè÷åñêîå óð àâ-
íåíèå òåïëîïðîâîäíîñòè, ñõåìà ïåðåìåííûõ íàïðàâëåíèé, óð àâíåíèÿ Íàâüå � Ñòîê-
ñà, òåïëîâîé áàëàíñ.

Ââåäåíèå

Íåñìîòðÿ íà áîëüøîé îïûò â ðàçðàáîòêå êîììóòàöèîííûõ àïïàð àòîâ è
èññëåäîâàíèè ïðîèñõîäÿùèõ â íèõ ýëåêòðîäóãîâûõ ïðîöåññîâ , îòðàæåííûé, â
÷àñòíîñòè, â ìîíîãðàôèè À. È. Ïîëòåâà [1], ñóùåñòâóåò ðÿä ïð îáëåì, ñâÿçàí-
íûõ ñ èçó÷åíèåì êâàçèñòàöèîíàðíûõ è ñóùåñòâåííî íåñòàöèîí àðíûõ ïðîöåññîâ
â äóãå, îáäóâàåìîé ïîòîêîì ãàçà, ñîçäàíèåì ìåòîäîâ ðàñ÷åòà è ïîèñêîì ïóòåé
ïîâûøåíèÿ ýôôåêòèâíîñòè äóòüåâûõ ñèñòåì äëÿ óâåëè÷åíèÿ òå ïëîñúåìà ñ ýëåê-
òðè÷åñêîé äóãè.

Àíàëèç ðàáîòû âûïóñêàåìûõ â íàñòîÿùåå âðåìÿ ïðîìûøëåííûõ â ûñîêî-
âîëüòíûõ âûêëþ÷àòåëåé êëàññè÷åñêîãî òèïà ñ êîììóòàöèåé, ñ îïðîâîæäàþùåé-
ñÿ âîçíèêíîâåíèåì äóãè, ïîêàçûâàåò, ÷òî îíè çà÷àñòóþ íå îòâ å÷àþò ñîâðå-
ìåííûì òðåáîâàíèÿì ïî óðîâíÿì îòêëþ÷àåìûõ òîêîâ, íàïðÿæåí èé íà ðàçðûâ,
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áûñòðîäåéñòâèþ è íàäåæíîñòè. Â ðàáîòàõ Ñ. Ë. Áóÿíòóåâà è äð. [2] áûë ïðåäëî-
æåí è ýêñïåðèìåíòàëüíî íà ïåðâîì ýòàïå èññëåäîâàí íîâûé àâò îãàçîâûé ñïîñîá
ãàøåíèÿ êîììóòàöèîííîé äóãè, îñíîâàííûé íà ïðèíöèïå âîçãî íêè ýëåãàçà (SF6)
èç îäíîãî àãðåãàòíîãî ñîñòîÿíèÿ â äðóãîå ïîä äåéñòâèåì ýíåð ãèè äóãè ñ îáðà-
çîâàíèåì âûñîêîãî äàâëåíèÿ â äóòüåâîé êàìåðå. Íà âòîðîì ýòà ïå íåîáõîäèìî
ó÷èòûâàòü âëèÿíèå ïîòîêà ãàçà â ðàçíûå ñòàäèè ãîðåíèÿ è ãàøå íèÿ äóãè îò àì-
ïëèòóäíûõ äî íóëåâûõ çíà÷åíèé òîêà, ðàçëè÷íóþ ãåîìåòðèþ äó òüåâûõ ñèñòåì
è òåðìîõèìè÷åñêèå ýôôåêòû â ñòîëáå äóãè.

Â ñîîòâåòñòâèè ñ ïîëó÷åííûìè ðåçóëüòàòàìè è ñ öåëüþ äàëüíåé øåé ýô-
ôåêòèâíîé äîðàáîòêè ýòîãî ñïîñîáà âñòàëà çàäà÷à ïîñòðîåíè ÿ àäåêâàòíûõ ìà-
òåìàòè÷åñêèõ ìîäåëåé òåïëîîáìåíà è ìàòåìàòè÷åñêîãî àïïàð àòà äëÿ èõ îïèñà-
íèÿ ïðè îïðåäåëåííûõ ðåæèìàõ ðàáîòû. Â ñèëó òåïëîâîé èíåðöè è ïëàçìû â
îáëàñòè ïåðåõîäà òîêà ÷åðåç íîëü, ãäå íàõîäèòñÿ íàèáîëåå óä îáíîå âðåìÿ äëÿ
ðàçúåäèíåíèÿ ýëåêòðè÷åñêîé öåïè, òåìïåðàòóðà äóãè äîñòàò î÷íî âûñîêà (íà îñè
� 7000� K), à âðåìÿ ãàøåíèÿ è òåïëîâàÿ ïîñòîÿííàÿ âðåìåíè äóãè � äëÿ ïðî-
äîëüíîãî äóòüÿ â âîçäóõå, ýëåãàçå èëè ñìåñÿõ ýëåãàçà ñ àçîòîì èìåþò äëèòåëü-
íîñòü îò åäèíèö äî äåñÿòêîâ ìèêðîñåêóíä, è òåïëîâîå ðàâíîâå ñèå äîñòèãàåòñÿ
ñðàâíèòåëüíî áûñòðî. Ïîýòîìó åñëè ïðîöåññû â îáëàñòè àìïëè òóäû òîêà îáû÷-
íî ïðåäñòàâëÿþò êàê óñòàíîâèâøèåñÿ, îïèñûâàåìûå êëàññè÷å ñêèì óðàâíåíèåì
òåïëîïðîâîäíîñòè ïàðàáîëè÷åñêîãî òèïà, òî äóãîãàøåíèå â î áëàñòè íóëÿ òîêà
íåîáõîäèìî ðàññìàòðèâàòü êàê ñóùåñòâåííî íåñòàöèîíàðíûé ïðîöåññ, îïèñûâà-
åìûé ãèïåðáîëè÷åñêîé ìîäåëüþ [3�5].

Ê ýòîé ïðîáëåìå ïðèìûêàåò ìîäåëèðîâàíèå âîëíîâîãî ìåõàíèç ìà òåïëîïå-
ðåíîñà, îáóñëîâëåííîãî êîíå÷íîé ñêîðîñòüþ ðàñïðîñòðàíåí èÿ òåïëà. Èç êëàñ-
ñè÷åñêîé òåîðèè ïåðåíîñà èçâåñòíû ñëåäóþùèå çàêîíû:

	q(x; y; z; t ) = � � gradT(x; y; z; t ) � çàêîí Ôóðüå, � � êîýôôèöèåíò òåïëî-
ïðîâîäíîñòè, 	 q � ïëîòíîñòü òåïëîâîãî ïîòîêà, T � òåìïåðàòóðà;

	q(x; y; z; t ) = � D gradC(x; y; z; t ) � çàêîí Ôèêà, D � êîýôôèöèåíò äèôôó-
çèè, 	q � ïëîòíîñòü ïîòîêà äèôôóçèè, C � êîíöåíòðàöèÿ;

	q(x; y; z; t ) = � K gradH (x; y; z; t ) � çàêîí Äàðñè, K � êîýôôèöèåíò ôèëü-
òðàöèè, 	q � ïîòîê îáúåìíîãî ðàñõîäà èëè ñêîðîñòü ôèëüòðàöèè, H � äàâëåíèå.

Âñå îíè èìåþò îäèíàêîâóþ ôîðìó, è â îáùåì âèäå èõ ìîæíî çàïèñà òü òàê:
	q(x; y; z; t ) = � A gradU(x; y; z; t ) � îáîáùåííûé çàêîí ïåðåíîñà [6], ãäå A �

êîýôôèöèåíò ïåðåíîñà, 	 q � ïëîòíîñòü ïîòîêà, U � ïîòåíöèàë.
Äèôôåðåíöèàëüíîå óðàâíåíèå ïåðåíîñà, ïîëó÷àåìîå èç äàííî ãî çàêîíà â

îäíîìåðíîì ñëó÷àå, èìååò ïàðàáîëè÷åñêèé òèï:

@U
@t

= a
@2U
@x2

: (1)

Åñëè ïðîäèôôåðåíöèðîâàòü ôóíäàìåíòàëüíîå ðåøåíèå ýòîãî ó ðàâíåíèÿ

U(x; t ) =
1

p
4�at

exp
�

�
x2

4at

�
(2)

è óñòðåìèòü âðåìÿ ê íóëþ, òî áóäåò âèäíî, ÷òî ñêîðîñòü ïåðåíî ñà ïîòåíöèàëà
â íà÷àëüíûé ìîìåíò âðåìåíè ðàâíà áåñêîíå÷íîñòè. Ðåøåíèå ýò îãî ïàðàäîêñà â
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òîì, ÷òî ïðè ðàññìîòðåíèè ñðåäû íà ìîëåêóëÿðíîì óðîâíå åå íå ëüçÿ ñ÷èòàòü
ñïëîøíîé, òàê êàê ìåæäó ìîëåêóëàìè íàõîäèòñÿ ñâîáîäíîå ïðî ñòðàíñòâî.

Ïðèáëèæåíèå ñïëîøíîé ñðåäû, ïîäðàçóìåâàþùåå ó íåå îòñóòñò âèå âíóò-
ðåííåé ñòðóêòóðû, îçíà÷àåò, ÷òî â èíòåãðàëüíûõ çàêîíàõ ñîõ ðàíåíèÿ äëÿ ýòîé
ñðåäû ìîæíî ñîâåðøàòü ïðåäåëüíûé ïåðåõîä ïðè ñòðåìëåíèè îá úåìà ê íóëþ.
Òàêîé ïðåäåëüíûé ïåðåõîä ïîçâîëÿåò ïîëó÷èòü óðàâíåíèå ñîõ ðàíåíèÿ ýíåðãèè
â äèôôåðåíöèàëüíîé ôîðìå. Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ ýòà ïðî öåäóðà íåêîð-
ðåêòíà, òàê êàê ëþáàÿ ñðåäà âñåãäà ñîñòîèò èç îòäåëüíûõ ýëåìåíòîâ è èìååò
ñâîþ âíóòðåííþþ äèñêðåòíóþ ñòðóêòóðó [7].

Â ðàìêàõ òåîðèè òåïëîïðîâîäíîñòè Êàòòàíåî è Âåðíîòòå [8, 9] â 1958 ã.
èç ìîëåêóëÿðíî-êèíåòè÷åñêèõ ïðåäñòàâëåíèé, èñïîëüçóÿ ãè ïîòåçó î êîíå÷íîñòè
ïðîäîëæèòåëüíîñòè óäàðà ìîëåêóë è ïðåäñòàâëåíèÿ î äëèíå ñâ îáîäíîãî ïðîáåãà
ìîëåêóë, ÷èñòî ýìïèðè÷åñêè ïðåäëîæèëè íîâûé îáîáùåííûé çà êîí òåïëîïðî-
âîäíîñòè, â êîòîðîì ïîÿâèëîñü äîïîëíèòåëüíîå ñëàãàåìîå � @q

@t, ó÷èòûâàþùåå
äèñêðåòíóþ ìîëåêóëÿðíóþ ñòðóêòóðó ñðåäû è îòâå÷àþùåå çà èí åðöèîííîñòü
òåïëà. Â ýòîì ñëàãàåìîì � � âðåìÿ ðåëàêñàöèè, ò. å. âðåìÿ óñòàíîâëåíèÿ
òåðìîäèíàìè÷åñêîãî ðàâíîâåñèÿ ìåæäó òåïëîâûì ïîòîêîì è ãð àäèåíòîì òåì-
ïåðàòóðû. Òîãäà îáîáùåííûé çàêîí ïåðåíîñà çàïèøåòñÿ â ñëåä óþùåì âèäå:

�
@q
@t

+ q = � A gradU: (3)

Ýòî äîïîëíèòåëüíîå ñëàãàåìîå, ñ îäíîé ñòîðîíû, ïîçâîëÿåò î ñòàâàòüñÿ íà
óðîâíå ìàêðîñêîïè÷åñêèõ ïàðàìåòðîâ ñðåäû ïðè îïèñàíèè ïðî öåññîâ ïåðåíîñà
ïîòåíöèàëà è íå îïóñêàòüñÿ äî óðîâíÿ ìîëåêóëÿðíîé ôèçèêè, à ñ äðóãîé ñòî-
ðîíû, îíî ó÷èòûâàåò äèñêðåòíóþ ñòðóêòóðó ýòîé ñðåäû. Ââåäå íèå ýòîãî ñëà-
ãàåìîãî òåîðåòè÷åñêè îáîñíîâàë À. Â. Ëûêîâ [10] â ðàìêàõ íåð àâíîâåñíîé ôå-
íîìåíîëîãè÷åñêîé òåðìîäèíàìèêè êàê ñëåäñòâèå îáîáùåíèÿ ñ îîòíîøåíèÿ Îí-
çàãåðà äëÿ ïîòîêîâ. Êëàññè÷åñêèå òåîðèè ïåðåíîñà ñïðàâåäë èâû, åñëè ñêîðîñòü
ïðîòåêàíèÿ ïðîöåññîâ ìíîãî ìåíüøå ñêîðîñòè ðàñïðîñòðàíåí èÿ âîçìóùåíèé â
ðàññìàòðèâàåìîé ñðåäå, è òàêèå ïðîöåññû ìîæíî íàçâàòü êâàçèñòàöèîíàðíûìè.

Ðÿä ðàáîò ïî òåïëîôèçèêå ïîñëåäíèõ ëåò Â. À. Áóáíîâà [11], À. Ã. Øàøêîâà
[7], Î. Í. Øàáëîâñêîãî [12], Ã. Í. Êóâûðêèíà [13], Ã. ß. Áîðîä ÿíñêîãî [14],
À. Ñ. Ìàêàðåíêî [15], Â. Ô. Ôîðìàëåâà è È. À. Ñåëèíà [6] òàêæå ï îêàçàëè, ÷òî
äëÿ ñóùåñòâåííî íåñòàöèîíàðíûõ ïðîöåññîâ òåïëîïðîâîäíîñ òè ãèïåðáîëè÷åñêàÿ
ìîäåëü òî÷íåå ïåðåäàåò ñâîéñòâà ïðîöåññà òåïëîïåðåíîñà.

Ïðîäîëæàÿ ðàçâèâàòü ìàòåìàòè÷åñêóþ ìîäåëü èññëåäóåìîãî ï ðîöåññà, çà-
ìåíèì ïîñòîÿííûé êîýôôèöèåíò òåïëîâîé ðåëàêñàöèè � íà ôóíêöèþ îò âðåìåíè
k = k(t), à âîçìîæíî, è k = k(t; x ), ãäå k = 0 â îáëàñòè ïàðàáîëè÷íîñòè îïåðà-
òîðà òåïëîïðîâîäíîñòè ñìåøàííîãî òèïà (ãèïåðáîëî-ïàðàáî ëè÷åñêîãî) âòîðîãî
ïîðÿäêà, à òàêæå ðàññìîòðèì îáðàòíóþ çàäà÷ó äëÿ óñòàíîâëåí èÿ k = k(t; x )
ïî èçâåñòíûì ýêñïåðèìåíòàëüíûì äàííûì. Ïðèíèìàÿ â êà÷åñòâ å ðåøåíèÿ çà-
äà÷è ñòðóêòóðíîé èäåíòèôèêàöèè ìàòåìàòè÷åñêîé ìîäåëè ñî ñ ìåøàííûì îïå-
ðàòîðîì òåïëîïðîâîäíîñòè ñ óñòàíîâëåííûì k = k(t; x ), â äàëüíåéøåì ìîæíî
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ðåøàòü ðàçëè÷íûå äðóãèå çàäà÷è ïàðàìåòðè÷åñêîé èäåíòèôèê àöèè, ò. å. óòî÷í-
íÿòü äðóãèå êîýôôèöèåíòû óðàâíåíèÿ.

Äëÿ îäíîìåðíîãî ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ãèïåðáîëè ÷åñêîãî óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè îïóáëèêîâàíî äîñòàòî÷íî ìíîãî ðàç ëè÷íûõ àíàëèòè-
÷åñêèõ è ÷èñëåííûõ èññëåäîâàíèé. Ìîæíî ïîðåêîìåíäîâàòü ðà áîòû [7, 10], ãäå
èìååòñÿ ñðàâíåíèå ðåøåíèé êëàññè÷åñêîãî ïàðàáîëè÷åñêîãî è îáîáùåííîãî ãè-
ïåðáîëè÷åñêîãî óðàâíåíèé òåïëîïðîâîäíîñòè. Ãëàâíûì âûâî äîì ÿâëÿåòñÿ òàê-
æå òî, ÷òî ïðè ìàëûõ âðåìåíàõ è ïðè âûñîêîèíòåíñèâíûõ òåïëîâ ûõ íàãðóç-
êàõ ãèïåðáîëè÷åñêàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ëó÷øå îòîáðàæà åò ïåðåíîñ òåïëà.
Â îäíîìåðíîì ñëó÷àå ïðèâåäåì äëÿ ïðèìåðà ÷èñëåííîå ðåøåíèå ñìåøàííîãî
óðàâíåíèÿ òåïëîïðîâîäíîñòè â ñðåäå Mathcad-15 [16].

Â ðàáîòàõ [17, 18] ïðèâåäåíû òåîðåòè÷åñêîå îáîñíîâàíèå, àë ãîðèòì è ðàç-
íîñòíûå ñõåìû ÷èñëåííîãî ðàñ÷åòà äëÿ âíóòðåííèõ òî÷åê äèñê ðåòíîãî ðàçáèå-
íèÿ îáëàñòè çàäàíèÿ áîëåå îáùåãî ãèïåðáîëî-ïàðàáîëè÷åñêî ãî óðàâíåíèÿ. Â íà-
ñòîÿùåé ðàáîòå, áîëåå òåñíî ñâÿçàííîé ñ ïðîöåññîì òåïëîìàñ ñîîáìåíà, ñêîíöåí-
òðèðóåìñÿ íà áîëåå ïîäðîáíîì îïèñàíèè ðàçíîñòíûõ ñõåì äëÿ ã ðàíè÷íûõ òî÷åê
îáëàñòè çàäàíèÿ ïðè ââåäåíèè êðàåâûõ óñëîâèé òðåòüåãî ðîäà íà îñíîâå ñîõðà-
íåíèÿ òåïëîâîãî áàëàíñà è êîíñåðâàòèâíîñòè âñåé ñõåìû.

1. Ïîñòàíîâêà äâóìåðíîé çàäà÷è

Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà â ÷àñòíûõ ïðîèçâîäíû õ 2-ãî ïî-
ðÿäêà

k(� )
@2T
@�2

+
@T
@�

= �
�

@2T
@x2

+
@2T
@y2

�
+ qv (x; y; � ) (4)

â öèëèíäðè÷åñêîé îáëàñòè G = Š � [T1; T2], Š = [0 ; lx ] � [0; ly ]; T1 < 0, T2 > 0,
lx > 0, ly > 0; € =  � [T1; T2],  = @Š. Ïðè ýòîì k(� ) = 0, � � 0; k(� ) > 0,
� > 0; (x; y; � ) 2 G, ò. å. ïðè � � 0 óðàâíåíèå (4) ïàðàáîëè÷åñêîå, à ïðè
� > 0 ãèïåðáîëè÷åñêîå; � � êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè ( � = 70 èç
ýêñïåðèìåíòàëüíûõ äàííûõ), k � êîýôôèöèåíò òåïëîâîé ðåëàêñàöèè [10], qv �
äæîóëåâî òåïëî (âíóòðåííèå èñòî÷íèêè òåïëà), qv = 0 ïðè � > 0.

Êðàåâàÿ çàäà÷à. Íàéòè ðåøåíèå óðàâíåíèÿ (4) â îáëàñòè G òàêîå, ÷òî
�
� �

@T
@x

+ � 0x;lx T
�

x =0 ;l x

= q0x;lx ;
�
� �

@T
@y

+ � 0y;ly T
�

y=0 ;l y

= q0y;ly ; (5)

T(x; y; � )j � =T 1 = T0(x; y); (6)

� 0x;lx; 0y;ly è q0x;lx; 0y;ly � êîýôôèöèåíòû òåïëîîòäà÷è è ïëîòíîñòè òåïëîâîãî ïî-
òîêà ïîâåðõíîñòíûõ èñòî÷íèêîâ íà ãðàíèöå îáëàñòè Š ñîîòâåòñòâåííî, T0(x; y) �
íà÷àëüíîå ðàñïðåäåëåíèå ïîëÿ òåìïåðàòóð â ìîìåíò âðåìåíè � = T 1.

2. Îñíîâíîé ðåçóëüòàò äâóìåðíîé çàäà÷è

Èçîáðàçèì îáëàñòü ïåðåìåííûõ ( x; y) ïðÿìîóãîëüíîé ôîðìû è ââåäåì âíà-
÷àëå íåðàâíîìåðíóþ ïðîñòðàíñòâåííóþ ñåòêó, ïîêàçàííóþ íà ðèñ. 1:

f xn ; ym gN;M
n =1 ;m =1 ; hxn = xn +1 � xn ; hym = ym +1 � ym ;
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è ðàâíîìåðíóþ ñåòêó ïî âðåìåíè: f � j gJ
j =0 , � j = T 1 + j•� . Ãðàíè ýëåìåíòàðíûõ

îáúåìîâ ðàçìåñòèì ïîñåðåäèíå ìåæäó óçëîâûìè òî÷êàìè.

Ðèñ. 1

Ñíà÷àëà ñîñòàâèì êîíå÷íî-ðàçíîñòíîå óðàâíåíèå äëÿ ïðîèçâ îëüíîãî âíóò-
ðåííåãî ýëåìåíòàðíîãî îáúåìà, ñîäåðæàùåãî óçëîâóþ òî÷êó ( xn ; ym ). Ýòîò îáú-
åì îêðóæåí ÷åòûðüìÿ ñîñåäíèìè. Ïîýòîìó â óðàâíåíèè òåïëîâî ãî áàëàíñà ñëå-
äóåò ó÷èòûâàòü ÷åòûðå òåïëîâûõ ïîòîêà îò ñîñåäíèõ îáúåìîâ. Óðàâíåíèå áà-
ëàíñà èìååò âèä

x n +1 = 2Z

x n � 1= 2

ym +1 = 2Z

ym � 1= 2

k

 
dT
d�

j +1

�
dT
d�

j
!

dydx +

x n +1 = 2Z

x n � 1= 2

ym +1 = 2Z

ym � 1= 2

�
T j +1 � T j �

dydx

=

� j +1Z

� j

2

6
4� Pn +1 =2 + Pn � 1=2 � Pm +1 =2 + Pm � 1=2 +

x n +1 = 2Z

x n � 1= 2

ym +1 = 2Z

ym � 1= 2

qv dydx

3

7
5 d�;

ãäåxn � 1=2 = ( xn + xn � 1)=2 è ym � 1=2 = ( ym + ym � 1)=2.
Äëÿ ðàñ÷åòà òåïëîâûõ ïîòîêîâ Pn � 1=2, Pm � 1=2 èñïîëüçóþòñÿ ñëåäóþùèå

ôîðìóëû, îñíîâàííûå íà îáû÷íîì çàêîíå Ôóðüå:

Pn +1 =2 = �
(un;m � un +1 ;m )

hn

(hm + hm � 1)
2

;

Pm � 1=2 = �
(un;m � 1 � un;m )

hm � 1

(hn + hn � 1)
2

;

Pn � 1=2 = �
(un � 1;m � un +1 ;m )

hn � 1

(hm + hm � 1)
2

;

Pm +1 =2 = �
(un;m � un;m +1 )

hm

(hn + hn � 1)
2

:

Ìíîæèòåëè ( hm + hm � 1)=2 è (hn + hn � 1)=2 ñîîòâåòñòâóþò ¾ïëîùàäÿì¿ ãðàíåé
ýëåìåíòàðíîãî îáúåìà, ÷åðåç êîòîðûå ïðîõîäÿò òåïëîâûå ïîò îêè.

Òàêèì îáðàçîì, èç óðàâíåíèÿ òåïëîâîãî áàëàíñà ïîëó÷àåì ñëå äóþùóþ íåÿâ-
íóþ ñõåìó:

k

" �
uj +1

n;m � uj
n;m

�

•�
�

�
uj

n;m � uj � 1
n;m

�

•�

#
1

•�
(hm + hm � 1)(hn + hn � 1)

4
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+

�
uj +1

n;m � uj
n;m

�

•�
�

(hm + hm � 1)(hn + hn � 1)
4

= �

" �
uj +1

n +1 ;m � uj +1
n;m

�

hn
�

�
uj +1

n;m � uj +1
n � 1;m

�

hn

#
(hm + hm � 1)

2

+ �

" �
uj +1

n;m +1 � uj +1
n;m

�

hm
�

�
uj +1

n;m � uj +1
n;m � 1

�

hm

#
(hn + hn � 1)

2

+

x n +1 = 2Z

x n � 1= 2

ym +1 = 2Z

ym � 1= 2

qv dydx; (7)

ãäåuj
n;m � ñåòî÷íàÿ ôóíêöèÿ, ñîîòâåòñòâóþùàÿ òåìïåðàòóðå T(xn ; ym ; � j ).

Ñ ïîìîùüþ ìåòîäà òåïëîâîãî áàëàíñà íåñëîæíî ñîñòàâèòü ðàçí îñòíûå óðàâ-
íåíèÿ è äëÿ ãðàíè÷íûõ ýëåìåíòàðíûõ îáúåìîâ. Ïðè ýòîì â óðàâí åíèÿõ òåïëî-
âîãî áàëàíñà ñëåäóåò ó÷èòûâàòü òåïëîâûå ïîòîêè íà ãðàíèöå î áëàñòè â îêðó-
æàþùóþ ñðåäó, âûðàæåíèÿ äëÿ êîòîðûõ âûòåêàþò èç ãðàíè÷íûõ ó ñëîâèé (5).

Íàïðèìåð, äëÿ îáúåìà, ïðèëåãàþùåãî ê ãðàíèöå x = lx è ñîäåðæàùåãî óçåë
(xN ; ym ) (ñì. ðèñ. 1.), ïîëó÷èì

k

" �
uj +1

N;m � uj
N;m

�

•�
�

�
uj

N;m � uj � 1
N;m

�

•�

#
1

•�
(hm + hm � 1)hN � 1

4

+

�
uj +1

N;m � uj
N;m

�

•�
(hm + hm � 1)hN � 1

4

=

"

qlx � � lx uj +1
N;m + �

�
uj +1

N � 1;m � uj +1
N;m

�

hN � 1

#
(hm + hm � 1)

2

+

"

�

�
uj +1

N;m +1 � uj +1
N;m

�

hm
� �

�
uj +1

N;m � uj +1
N;m � 1

�

hm

#
hN � 1

2
+

x NZ

x N � 1= 2

ym +1 = 2Z

ym � 1= 2

qv dydx:

Äëÿ ýëåìåíòàðíûõ îáúåìîâ, ëåæàùèõ â óãëàõ, íàäî ó÷èòûâàòü ò åìïåðà-
òóðíûå ïîòîêè â ñðåäó ñ äâóõ ñìåæíûõ ãðàíåé. Òàê, äëÿ îáúåìà, ïîñòðîåííîãî
âîêðóã óçëà (xN ; y1) (ñì. ðèñ. 1.) è èìåþùåãî âåëè÷èíó hN � 1h1=4, ïîëó÷èì

k

" �
uj +1

N; 1 � uj
N; 1

�

•�
�

�
uj

N; 1 � uj � 1
N; 1

�

•�

#
1

•�
h1hN � 1

4
+

�
uj +1

N; 1 � uj
N; 1

�

•�
h1hN � 1

4

=

"

qlx � � lx uj +1
N; 1 + �

�
uj +1

N � 1;1 � uj +1
N; 1

�

hN � 1

#
h1

2

+

"

�

�
uj +1

N; 2 � uj +1
N; 1

�

h1
+ q0y � � 0y uj +1

N; 1

#
hN � 1

2
+

x NZ

x N � 1= 2

h1 =2Z

0

qv dydx:

Ñëåäóåò îòìåòèòü, ÷òî åñëè â ïðàâîé ÷àñòè óðàâíåíèÿ (7) çàìå íèòü èíäåêñ
âðåìåíè j + 1 íà j , òî ïîëó÷èì ÿâíóþ ñõåìó.
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Â õîäå ÷èñëåííîãî ðåøåíèÿ ïî ÿâíîé ðàçíîñòíîé ñõåìå [19, 20] çíà÷åíèÿ
uj +1

n;m âû÷èñëÿþòñÿ íåïîñðåäñòâåííî ïî çíà÷åíèÿì ïðåäûäóùèõ ñëîå â uj
n;m è

uj � 1
n;m . Ïîýòîìó îáùåå ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé, íåîáõîäèìî å ïðè ïå-

ðåõîäå ñî ñëîÿ íà ñëîé, ïðîïîðöèîíàëüíî ÷èñëó N 2 óçëîâ ñåòêè íà îäíîì ñëîå.
Ïîñêîëüêó óñëîâèå óñòîé÷èâîñòè ÿâíîé ñõåìû äëÿ äàííîãî ñëó ÷àÿ •� � h2, äëÿ
ðàñ÷åòà äî ìîìåíòà âðåìåíè T 2 ÷èñëî ñëîåâ áóäåò èìåòü ïîðÿäîê N 2. Òàêèì
îáðàçîì, îáùåå ÷èñëî àðèôìåòè÷åñêèõ äåéñòâèé áóäåò ïðîïîð öèîíàëüíî N 4.
Åñëè âåñòè ðàñ÷åòû ïî íåÿâíîé (óñòîé÷èâîé) ñõåìå, òî ìîæíî á ðàòü øàãè •� è
h îäíîãî ïîðÿäêà, ò. å. •� � h. Íî â ýòîì ñëó÷àå íà êàæäîì ñëîå íåîáõîäèìî
ðåøàòü ñèñòåìóN 2 ëèíåéíûõ óðàâíåíèé. Äàæå ñ ó÷åòîì ðàçðåæåííîñòè ìàòðè-
öû ñèñòåìû äëÿ åå ðåøåíèÿ ìåòîäîì Ãàóññà ïîòðåáóåòñÿ ÷èñëî à ðèôìåòè÷åñêèõ
äåéñòâèé, ïðîïîðöèîíàëüíîå N 3. Ïîñêîëüêó ïðè ðàñ÷åòå äî ìîìåíòà T 2 íàäî
ñäåëàòüN øàãîâ ïî âðåìåíè, äëÿ ðåøåíèÿ âñåé çàäà÷è ïîòðåáóåòñÿ îêîëî N 4

äåéñòâèé. Òàêèì îáðàçîì, äëÿ äâóìåðíîé ïðîñòðàíñòâåííîé ç àäà÷è êàê ÿâíàÿ,
òàê è íåÿâíàÿ ñõåìû ïðèâîäÿò ê îäèíàêîâîìó îáúåìó âû÷èñëåíè é. Íà êàæäóþ
âû÷èñëåííóþ òî÷êó ïðè � = T 2 òðåáóåòñÿ îêîëî N 4 îïåðàöèé.

×òîáû ñîêðàòèòü ÷èñëî îïåðàöèé, ïîñòðîèì íåÿâíóþ ðàçíîñòí óþ ñõåìó ïî
ëîêàëüíî îäíîìåðíîìó ìåòîäó, êîòîðàÿ ÿâëÿåòñÿ áîëåå ýêîíî ìè÷íîé ïî ñðàâíå-
íèþ ñ óïîìÿíóòûìè ðàíåå ñõåìàìè.

Äëÿ íà÷àëà ââåäåì â ðàññìîòðåíèå âñïîìîãàòåëüíûé [21] (ïîë óöåëûé) ñëîé
� j +1 =2 = � j + •�

2 . Äëÿ ïðîñòîòû äàëåå áóäåò èñïîëüçîâàòüñÿ ðàâíîìåðíàÿ ñåòê à:
xn = ( n � 1)hx , ym = ( m � 1)hy . Òîãäà ðàçíîñòíàÿ ñõåìà (7) ïðè ðàâíîìåðíîé
ñåòêå íà ïîëóöåëîì ñëîå j + 1 =2 ïðèìåò âèä

k

�
uj +1 =2

n;m � 2uj
n;m + uj � 1=2

n;m
�

�
•�
2

� 2 +
uj +1 =2

n;m � uj
n;m

•�
2

= ƒ 1uj +1 =2
n;m + ƒ 2uj

n;m +
qv

2
; (8)

ãäå

ƒ 1un;m =
1

h2
x

(un +1 ;m � 2un;m + un � 1;m ); ƒ 2un;m =
1
h2

y
(un;m +1 � 2un;m + un;m � 1):

Çíà÷åíèÿ íà ñëîå j + 1 áóäóò âû÷èñëÿòüñÿ àíàëîãè÷íûì îáðàçîì ïî çíà÷å-
íèÿì, ïîëó÷åííûì íà j + 1 =2 ïîëóöåëîì ñëîå:

k

�
uj +1

n;m � 2uj +1 =2
n;m + uj

n;m

�

�
•�
2

� 2 +
uj +1

n;m � uj +1 =2
n;m

•�
2

= ƒ 1uj +1 =2
n;m + ƒ 2uj +1

n;m +
qv

2
: (9)

Âû÷èñëåíèå ðåøåíèÿ ðàçíîñòíîé ñõåìû (8), (9) îñóùåñòâëÿåò ñÿ â äâà ýòàïà. Íà
ïåðâîì âû÷èñëåíèå çíà÷åíèé un;m íà ïîëóöåëîì ñëîå � j +1 =2 âåäåòñÿ ïðîãîíêîé
â íàïðàâëåíèè îñè 0 x. Âòîðîé ýòàï � ïðîãîíêà íà ñëîå � j ïî îñè 0 y. Ïîýòîìó
ñõåìó íàçûâàþò ëîêàëüíî îäíîìåðíîé èëè ñõåìîé ïåðåìåííûõ íàïðàâëåíèé.

Âñåãî íà îäíîì ñëîå îñóùåñòâëÿåòñÿ 2 N ïðîãîíîê. Ñëåäîâàòåëüíî, ÷èñëî
àðèôìåòè÷åñêèõ îïåðàöèé íà îäíîì ñëîå ïðîïîðöèîíàëüíî N 2. Â èñïîëüçóåìîé
íåÿâíîé ñõåìå ìîæåì ïîëîæèòü •� = h è òîãäà äëÿ ðàñ÷åòà äî ìîìåíòà T 2 ïî
âðåìåíè íàäî ñäåëàòü N øàãîâ. Òàêèì îáðàçîì, òðóäîåìêîñòü ðåøåíèÿ âñåé
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çàäà÷è îöåíèâàåòñÿ ÷èñëîì, èìåþùèì ïîðÿäîê N 3, ÷òî áîëåå ÷åì íà ïîðÿäîê
ëó÷øå ïî ñðàâíåíèþ ñ âûøåîïèñàííûìè ñõåìàìè.

Èç-çà íàëè÷èÿ ãðàíè÷íûõ óñëîâèé (7) îáëàñòü ñåòî÷íîé ôóíêö èè uj
n;m ðàç-

áèâàåòñÿ íà 9 ïåðå÷èñëåííûõ íèæå ó÷àñòêîâ. Ýòî ñâÿçàíî ñ òåì , ÷òî â ëîêàëüíî
îäíîìåðíîì ìåòîäå ïðè âû÷èñëåíèè ñåòî÷íîé ôóíêöèè uj +1 =2

n;m íà ïåðâîì ïîëó-
øàãå â ïðîãîíêå âäîëü îñè 0 x ó÷àñòâóþò ïîìèìî uj

n;m ñîñåäíèå ïî y çíà÷åíèÿ
uj

n;m � 1, uj
n;m +1 . Íà âòîðîì ïîëóøàãå ïðîèçâîäèòñÿ ïðîãîíêà âäîëü îñè 0 y. Ïðè

ýòîì îáëàñòü ñåòî÷íîé ôóíêöèè áóäåò òî÷íî òàê æå ðàçáèâàòüñ ÿ íà 9 òàêèõ æå
ó÷àñòêîâ.

Ëîêàëüíî îäíîìåðíàÿ ñõåìà íà ïðîñòðàíñòâåííîé ñåòêå, ðàâí îìåðíîé ïî
êàæäîé èç êîîðäèíàò x, y, èìååò âèä

uj +1 =2
n +1 ;m �

�
h2

x

�

�
k

•� 2 +
1

•�

�
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�
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x

�

�
qv

2
�

k
•� 2 uj � 1=2

n;m

�
= 0

äëÿ âíóòðåííåé òî÷êè ( n = 2 ; : : : ; N � 1, m = 2 ; : : : ; M � 1);

�
�

1 + � lx
hx

�
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1
2
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x

�

�
k

•� 2 +
1

•�

��
uj +1 =2
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1
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h2
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h2
y

uj
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�
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1
2

h2
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h2
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uj
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1
2

h2
x

�

�
qv

2
�

k
•� 2 uj � 1=2

N;m

�
= 0

äëÿ òî÷êè íà ñòîðîíå ïðÿìîóãîëüíèêà (íàïðèìåð, n = N , m = 2 ; : : : ; M � 1);
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h2
x

h2
y

� � 0y
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x

�
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�
uj

N; 1

+
1
2

h2
x

�

�
qv
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�

k
•� 2 uj � 1=2

N; 1

�
+ qlx

hx

�
+ q0y

h2
x

�
1
hy

= 0

äëÿ óãëîâîé òî÷êè (íàïðèìåð, n = N , m = 1).
Â êà÷åñòâå ïðèìåðà ïðèâîäèì ðàñ÷åòû òåìïåðàòóðíûõ ïîëåé íà ðèñ. 2�4,

ãäå ïîêàçàí ïðîöåññ îñòûâàíèÿ ýëåêòðè÷åñêîé äóãè â îäíîé èç ìàòåìàòè÷åñêèõ
ìîäåëåé [22].

3. Ïîñòàíîâêà òðåõìåðíîé çàäà÷è

Ïåðåéäåì òåïåðü ê ðàññìîòðåíèþ îñåñèììåòðè÷åñêîé òðåõìåð íîé ìàòåìà-
òè÷åñêîé ìîäåëè ñ äîáàâëåíèåì àêñèàëüíîé êîîðäèíàòû z, ò. å. ñ ó÷åòîì ãàçîäè-
íàìèêè äóãîâîãî ðàçðÿäà, è ïðèâåäåì ïîñòàíîâêó ñìåøàííîé ê ðàåâîé çàäà÷è,
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Ðèñ. 2. Ðàñïðåäåëåíèå òåìïåðàòóðû â íà÷àëüíûé ìîìåíò âðåìå íè � = T 1

Ðèñ. 3. Ðàñïðåäåëåíèå òåìïåðàòóðû Ðèñ. 4. Ðàñïðåäåëåíèå òå ìïåðàòóðû

â ìîìåíò âðåìåíè � = 0 â ìîìåíò âðåìåíè � = T 2

ÿâëÿþùåéñÿ ìîäèôèêàöèåé çàäà÷è Ðàãàëëåðà [23], ãäå ïàðàáî ëè÷åñêîå óðàâíå-
íèå ýíåðãèè çàìåíåíî íà äâà óðàâíåíèÿ (10):

Íàéòè ïîëÿ òåìïåðàòóðû è ñêîðîñòè ñèñòåìû

k
@q
@t

+ q = � �
@T
@r

;
@�
@t

+
@
@z

(�v z ) +
1
r

@
@r

(r�v r ) = 0 ;

�
@vz
@t

+ �v z
@vz
@z

+ �v r
@vz
@r

= �
@p
@z

+
1
r

@
@r

(�r
@vz
@r

);

�c p(
@T
@t

+ vz
@T
@z

+ vr
@T
@r

) = vz
@p
@z

�
1
r

@
@r

(rq);

(10)
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óäîâëåòâîðÿþùèå íà÷àëüíî-êðàåâûì óñëîâèÿì

T jt =0 = ' 1(r ); T jr =1 = 0 ; 3;
@T
@r

�
�
�
�
r =0

= 0;

@T
@z

�
�
�
�
z=0

= 0; qjt =0 = � �
@T
@r

�
�
�
�
t =0

= ' 0
1(r );

qjr =0 = 0; vz jt =0 = vz jr =1 =
�

2p0

�
ln

�
p
p0

�� 0;5

;

vz jz=0 = 0; vr jt =0 = 0; vr jr =0 = 0 :

(11)

Ñèñòåìà óðàâíåíèé ãàçîäèíàìèêè, ïðèìåíÿåìàÿ â ðàáîòàõ Ðàã àëëåðà [23],
ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñèñòåìû (10) ïðè k = 0. Çäåñü ïðåíåáðåãàåòñÿ àê-
ñèàëüíûìè òåïëîïðîâîäíîñòüþ è âÿçêîñòüþ. Èìïóëüñ ïðåäïîë àãàåòñÿ íå çàâè-
ñÿùèì îò ðàäèàëüíîé êîîðäèíàòû. Ýôôåêòû òóðáóëåíòíîãî ïåð åíîñà âêëþ-
÷àþòñÿ â êîýôôèöèåíòû ðàäèàëüíûõ òåïëîïðîâîäíîñòè è âÿçêî ñòè. Âëèÿíèå
ãåîìåòðèè ðàçðÿäíîé òðóáêè îòðàæåíî â ñèñòåìå óðàâíåíèé (1 0) ïîñðåäñòâîì
÷ëåíà ñ ïðîäîëüíûì èìïóëüñîì p(z), äëÿ êîòîðîãî õîðîøåé àïïðîêñèìàöèåé
â ìîìåíò âðåìåíè, áëèçêèé ê ìîìåíòó ïðåðûâàíèÿ òîêà, ÿâëÿåò ñÿ ïðîäîëüíîå
ðàñïðåäåëåíèå äàâëåíèÿ ãàçà.

Äëÿ ðåøåíèÿ ïîñòàâëåííûõ êðàåâûõ çàäà÷ äëÿ ýòèõ ñèñòåì áûë ñ îñòàâëåí
è îòëàæåí êîìïëåêñ ïðîãðàìì íà ÿçûêå ïðîãðàììèðîâàíèÿ Ôîðò ðàí äëÿ PC
ñ ïîìîùüþ ìåòîäà èçîòåðì [4]. Â òðåõìåðíîì ïðîñòðàíñòâå áûë è ââåäåíû ðà-
äèàëüíàÿ è àêñèàëüíàÿ äèñêðåòèçàöèè è äèôôåðåíöèàëüíàÿ ôî ðìà óðàâíåíèé
ñèñòåìû áûëà ïðåîáðàçîâàíà ê èçîòåðìàì.

Äèñêðåòèçàöèÿ îñíîâàíà íà ñëåäóþùèõ ôóíäàìåíòàëüíûõ ñâîé ñòâàõ ýòîé
ãèïåðáîëè÷åñêîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñ òíûõ ïðîèçâîä-
íûõ: ñîñåäíèå çîíû, ðàñïîëîæåííûå íèæå ïî òå÷åíèþ ïîòîêà, ì îãóò áûòü ðàñ-
ñ÷èòàíû çîíà çà çîíîé, íà÷èíàÿ ñ òî÷êè ñòàãíàöèè, ãäå ñèñòåì à âåäåò ñåáÿ êàê
äóãà öèëèíäðè÷åñêîé ôîðìû è ýâîëþöèîíèðóåò íåçàâèñèìî îò î áëàñòåé, íà-
õîäÿùèõñÿ íèæå ïî òå÷åíèþ. Äëÿ êàæäîãî èíòåðâàëà âðåìåíè ðà ññ÷èòûâàåì
âñå çîíû â îñåâîì íàïðàâëåíèè, ÷òîáû òàêæå âêëþ÷èòü â ìîäåëü òîêîíåñóùèå
ôàçû (ñèëüíîòî÷íóþ äóãó è áåñòîêîâûé ðåæèì). Ýòîò ðàñ÷åò íå îáõîäèì äëÿ
âû÷èñëåíèÿ â êàæäûé äàííûé ìîìåíò ïîëíîãî ñîïðîòèâëåíèÿ äó ãè. Ñðåäíèå
çíà÷åíèÿ ïî çîíå îïðåäåëÿþòñÿ êàê ñðåäíåàðèôìåòè÷åñêèå çí à÷åíèÿ ïî äâóì
ñîñåäíèì èçîòåðìàì, ñëóæàùèì ãðàíèöàìè çîíû.

Ðàñïðåäåëåíèå àêñèàëüíîãî äàâëåíèÿ îïðåäåëÿåòñÿ ãåîìåòð èåé íàãðåòîãî
ãàçà è èçíà÷àëüíî çàäàííîé ðàçíèöåé â äàâëåíèè, êîòîðàÿ çàò åì ìåíÿåòñÿ â
ðàñ÷åòå. Â äàííîé ðàáîòå èçó÷àåòñÿ òîëüêî ñëó÷àé ñâîáîäíî î ñòûâàþùåãî øíó-
ðà ýëåêòðè÷åñêîãî ðàçðÿäà, ò. å.Q(T) = 0, à â ýòîì ðåæèìå ìîæíî ïðåíåáðå÷ü
èçëó÷àòåëüíûì ïåðåíîñîì ýíåðãèè. Êðîìå íà÷àëüíîãî ïðîôèë ÿ òåìïåðàòóðû
íåîáõîäèìî çàäàòü íà÷àëüíîå ïîëå ñêîðîñòåé, äëÿ êîòîðîãî õ îðîøóþ àïïðîê-
ñèìàöèþ ìîæíî ïîëó÷èòü â àäèàáàòè÷åñêîì ïðèáëèæåíèè (11). Ñåòêà èçîòåðì
âûáèðàëàñü ñëåäóþùèì îáðàçîì: ñàìàÿ äàëüíÿÿ îò öåíòðà èçîò åðìà ðàâíà òåì-
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ïåðàòóðå õîëîäíîãî ãàçà, ò. å. 300 � Ê, íà÷àëüíîå ïðèðàùåíèå � 300 � Ê, íà÷àëüíîå
÷èñëî èçîòåðì ðàâíî 25. Ïîñëå óìåíüøåíèÿ ÷èñëà èçîòåðì â äâà ðàçà ìåæäó
ñòàðûìè èçîòåðìàìè ïðîâîäÿòñÿ íîâûå [4, 5].

Çàêëþ÷åíèå

1. Ïî ïðèâåäåííûì ðàçíîñòíûì ñõåìàì ïðîâîäèòñÿ ÷èñëåííûé ð àñ÷åò íà
ÿçûêàõ Ôîðòðàí è Ñ++ ñ ãëàäêèìè êîýôôèöèåíòàìè k è qv ñ âûâîäîì ïîëåé
òåìïåðàòóð â ðàçëè÷íûå ìîìåíòû âðåìåíè, âèä êîòîðûõ ãîâîðè ò îá óñòîé÷èâî-
ñòè ïðèìåíåííûõ ðàçíîñòíûõ ñõåì.

2. Â ðàáîòàõ [19, 20] ÷èñëåííûé ðàñ÷åò ïðåäëàãàëîñü ïðîâîäè òü ïî îáû÷-
íûì ÿâíîé è íåÿâíîé ñõåìàì, êîòîðûå ïî÷òè íà ïîðÿäîê ìåíåå ýê îíîìè÷íû, ÷åì
ïðåäëîæåííàÿ çäåñü ëîêàëüíî îäíîìåðíàÿ ñõåìà. Êðîìå òîãî, â íèõ èñïîëüçó-
þòñÿ êðàåâûå óñëîâèÿ ïåðâîãî ðîäà.

3. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäí ûõ (10),
(11) ÿâëÿåòñÿ îäíèì èç ýòàïîâ îáîáùåíèÿ êëàññè÷åñêèõ óðàâí åíèé Íàâüå �
Ñòîêñà íà ïóòè ê áîëåå îáùèì óðàâíåíèÿì Áåðíåòòà, âûòåêàþùè ì èç ìîëå-
êóëÿðíî-êèíåòè÷åñêîé òåîðèè ãàçîâ [24].
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Abstract: Creation of new technological processes based on the use of high-intensity
energy �uxes makes it necessary to take into account the �nal rate of heat propagation
when determining the temperature state. This account can be realized with the help
of the hyperbolic heat equation obtained by A. V. Lykov in the framework of nonequi-
librium phenomenological thermodynamics as a consequence of the generalization of
the Fourier law for �ows and the heat balance equation. In the previous works by
V. N. Khankhasaev, the process of switching o� the electric a rc in a spiral gas �ow was
simulated using this equation. In this paper, a mathematica l model of this process is
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of disconnection and replacement of the strictly hyperboli c heat conduction equation
by a hyperbolic-parabolic equation. For the resulting mixe d heat conduction equation,
a number of boundary value problems in the Fortran and Matcad software environments
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ÂÍÈÌÀÍÈÞ ÀÂÒÎÐÎÂ

1. Ê ïóáëèêàöèè â æóðíàëå ¾Ìàòåìàòè÷åñêèå çàìåòêè ÑÂÔÓ¿ ïðè íèìà-
þòñÿ ñòàòüè, ñîäåðæàùèå íîâûå ðåçóëüòàòû â îáëàñòè ìàòåìàò èêè, ìåõàíèêè è
èíôîðìàòèêè. Ñòàòüè, îïóáëèêîâàííûå ðàíåå, à òàêæå íàïðàâ ëåííûå â äðóãèå
èçäàíèÿ, ðåäàêöèåé íå ðàññìàòðèâàþòñÿ. Ðåäàêöèîííûé ñîâå ò âïðàâå âîçäåð-
æàòüñÿ îò ïðèíÿòèÿ ñòàòüè ê ðàññìîòðåíèþ, åñëè îíà íå ñîîòâå òñòâóåò ïðîôèëþ
æóðíàëà.

2. Íàïðàâëÿÿ ñòàòüþ â ðåäàêöèþ æóðíàëà, àâòîð (ñîàâòîðû) íà áåçâîç-
ìåçäíîé îñíîâå ïåðåäàåò(þò) èçäàòåëþ íà ñðîê äåéñòâèÿ àâòî ðñêîãî ïðàâà ïî
äåéñòâóþùåìó çàêîíîäàòåëüñòâó ÐÔ èñêëþ÷èòåëüíîå ïðàâî íà èñïîëüçîâàíèå
ñòàòüè èëè îòäåëüíîé åå ÷àñòè (â ñëó÷àå ïðèíÿòèÿ ñòàòüè ê îïóáëèêîâàíèþ) íà
òåððèòîðèè âñåõ ãîñóäàðñòâ, ãäå àâòîðñêèå ïðàâà â ñèëó ìåæäóíàðîäíûõ äîãî-
âîðîâ Ðîññèéñêîé Ôåäåðàöèè ÿâëÿþòñÿ îõðàíÿåìûìè, â òîì ÷èñ ëå ñëåäóþùèå
ïðàâà: íà âîñïðîèçâåäåíèå, íà ðàñïðîñòðàíåíèå, íà ïóáëè÷í ûé ïîêàç, íà äîâå-
äåíèå äî âñåîáùåãî ñâåäåíèÿ, íà ïåðåâîä íà èíîñòðàííûå ÿçûê è (è èñêëþ÷è-
òåëüíîå ïðàâî íà èñïîëüçîâàíèå ïåðåâåäåííîãî ïðîèçâåäåíè ÿ âûøåóêàçàííûìè
ñïîñîáàìè), íà ïðåäîñòàâëåíèå âñåõ âûøåïåðå÷èñëåííûõ ïðà â äðóãèì ëèöàì.
Îäíîâðåìåííî ñî ñòàòüåé àâòîð (ñîàâòîðû) íàïðàâëÿåò â ðåäà êöèþ ïîäïèñàí-
íûé ëèöåíçèîííûé äîãîâîð íà ïðàâî èñïîëüçîâàíèÿ íàó÷íîãî ï ðîèçâåäåíèÿ â
æóðíàëå. Îáðàçåö äîãîâîðà âûñûëàåòñÿ àâòîðàì ïî ýëåêòðîíí îé ïî÷òå âìåñòå
ñ ñîîáùåíèåì î ïðèíÿòèè ñòàòüè ê ïå÷àòè.

3. Äëÿ ðàññìîòðåíèÿ ñòàòüè íà ïðåäìåò åå ïóáëèêàöèè â æóðíàë å â ðå-
äàêöèþ ïðåäñòàâëÿþòñÿ òåêñò ñòàòüè îáúåìîì íå áîëåå 1,5 àâò îðñêèõ ëèñòîâ
(18 ñòðàíèö æóðíàëüíîãî òåêñòà), íàïèñàííîé íà ðóññêîì èëè , ïî ñîãëàñîâàíèþ
ñ ðåäàêöèåé, íà àíãëèéñêîì ÿçûêå, à òàêæå ñîïðîâîäèòåëüíîå ïèñüìî, â êîòî-
ðîì ñîîáùàåòñÿ, ÷òî ñòàòüÿ íàïðàâëÿåòñÿ èìåííî â æóðíàë ¾Ìà òåìàòè÷åñêèå
çàìåòêè ÑÂÔÓ¿, è èíôîðìàöèÿ îá àâòîðå (êîëëåêòèâå àâòîðîâ) ñ óêàçàíèåì
ôàìèëèè, èìåíè è îò÷åñòâà, ïîëíîãî ïî÷òîâîãî àäðåñà äëÿ ïåð åïèñêè, ìåñòà
ðàáîòû, ïîäðîáíîãî ñëóæåáíîãî àäðåñà, àäðåñà ýëåêòðîííîé ïî÷òû è íîìåðà
òåëåôîíà. Ñòàòüè îáúåìîì áîëåå 1,5 àâòîðñêèõ ëèñòîâ, êàê ïð àâèëî, íå ðàñ-
ñìàòðèâàþòñÿ è ìîãóò áûòü ïðèíÿòû ê ðàññìîòðåíèþ è îïóáëèêî âàíû ëèøü ïî
ñïåöèàëüíîìó ðåøåíèþ ðåäàêöèîííîãî ñîâåòà.

4. Ñòàòüÿ äîëæíà áûòü ïîäãîòîâëåíà ñ èñïîëüçîâàíèåì òåêñòî âîãî ðåäàê-
òîðà LaTeX è ïðåäñòàâëåíà â âèäå ôàéëîâ ôîðìàòîâ pdf è tex.

5. Â íà÷àëå ñòàòüè óêàçûâàåòñÿ èíäåêñ ÓÄÊ è/èëè MSC. Ñòàòüÿ ñîïðî-
âîæäàåòñÿ àííîòàöèåé îáúåìîì íå ìåíåå 100 ñëîâ, æåëàòåëüíî áåç ôîðìóë, è
ñïèñêîì êëþ÷åâûõ ñëîâ. Àííîòàöèÿ è ñïèñîê äîëæíû áûòü ïðåäñ òàâëåíû íà
ðóññêîì è àíãëèéñêîì ÿçûêàõ.

6. Ñïèñîê ëèòåðàòóðû ïå÷àòàåòñÿ â êîíöå òåêñòà. Ññûëêè íà ëèòåðàòóðó
â òåêñòå íóìåðóþòñÿ â ïîðÿäêå èõ ïîÿâëåíèÿ è äàþòñÿ â êâàäðàò íûõ ñêîáêàõ.
Ññûëêè íà íåîïóáëèêîâàííûå ðàáîòû íåæåëàòåëüíû. Îôîðìëåí èå ëèòåðàòóðû
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äîëæíî ñîîòâåòñòâîâàòü òðåáîâàíèÿì ñòàíäàðòîâ (ïðèìåðû á èáëèîãðàôè÷åñêèõ
îïèñàíèé ñì. â ïîñëåäíèõ íîìåðàõ æóðíàëà).

7. Èçäàíèå îñóùåñòâëÿåò ðåöåíçèðîâàíèå âñåõ ïîñòóïàþùèõ â ðåäàêöèþ
ìàòåðèàëîâ, ñîîòâåòñòâóþùèõ åå òåìàòèêå, ñ öåëüþ èõ ýêñïåðòíîé îöåíêè. Âñå
ðåöåíçåíòû ÿâëÿþòñÿ ïðèçíàííûìè ñïåöèàëèñòàìè ïî òåìàòèê å ðåöåíçèðóåìûõ
ìàòåðèàëîâ è èìåþò â òå÷åíèå ïîñëåäíèõ 3 ëåò ïóáëèêàöèè ïî òå ìàòèêå ðåöåí-
çèðóåìîé ñòàòüè. Ðåöåíçèè õðàíÿòñÿ â ðåäàêöèè èçäàíèÿ â òå÷åíèå 5 ëåò.

8. Ïðèíÿòàÿ ê ðàññìîòðåíèþ ñòàòüÿ íàïðàâëÿåòñÿ íà àíîíèìíî å ðåöåíçè-
ðîâàíèå. Íà îñíîâàíèè ðåöåíçèè ðåäñîâåò ïðèíèìàåò ðåøåíèå î âîçìîæíîñòè
ïóáëèêàöèè ñòàòüè, êîòîðîå ñîîáùàåòñÿ àâòîðó. Àâòîð âïðàâ å ñîîáùèòü ñâîè
çàìå÷àíèÿ è âîçðàæåíèÿ ê ðåöåíçèè. Ïîâòîðíîå ðåøåíèå ðåäñî âåòà ïî ñòàòüå
ÿâëÿåòñÿ îêîí÷àòåëüíûì.

9. Ðåäàêöèÿ èçäàíèÿ íàïðàâëÿåò àâòîðàì ïðåäñòàâëåííûõ ìàò åðèàëîâ êî-
ïèè ðåöåíçèé èëè ìîòèâèðîâàííûé îòêàç, à òàêæå îáÿçóåòñÿ íà ïðàâëÿòü êîïèè
ðåöåíçèé â Ìèíèñòåðñòâî íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèé ñêîé Ôåäåðàöèè
ïðè ïîñòóïëåíèè â ðåäàêöèþ èçäàíèÿ ñîîòâåòñòâóþùåãî çàïðî ñà.

10. Ïîñëå ðåäàêöèîííîé ïîäãîòîâêè íåïîñðåäñòâåííî ïåðåä ï óáëèêàöèåé
àâòîðó âûñûëàåòñÿ êîððåêòóðà. Ïî âîçìîæíîñòè â íàèáîëåå êî ðîòêèå ñðîêè
íåîáõîäèìî åå ïðî÷åñòü, âíåñòè èñïðàâëåíèÿ (ïðàâêà ïðîòèâ àâòîðñêîãî îðèãè-
íàëà íåæåëàòåëüíà) è íàïðàâèòü â ðåäàêöèþ. Ñòàòüÿ âûõîäèò â ñâåò òîëüêî
ïîñëå ïîëó÷åíèÿ îò àâòîðà (êîëëåêòèâà àâòîðîâ) àâòîðñêîé ê îððåêòóðû, ïîä-
ïèñàííîé àâòîðîì (âñåìè ñîàâòîðàìè) â ïå÷àòü.

11. Â ñîîòâåòñòâèè ñ ìåæäóíàðîäíûìè çàêîíàìè îá àâòîðñêîì ï ðàâå Ðå-
äàêöèÿ óâåäîìëÿåò àâòîðîâ æóðíàëà îá èõ îòâåòñòâåííîñòè çà ïîëó÷åíèå èìè â
ñëó÷àå íåîáõîäèìîñòè ïèñüìåííîãî ðàçðåøåíèÿ íà èñïîëüçîâ àíèå îõðàíÿåìûõ
àâòîðñêèì ïðàâîì ìàòåðèàëîâ, òàêèõ, êàê öèòàòû, âîñïðîèçâ åäåíèå äàííûõ, èë-
ëþñòðàöèé è ëþáûõ èíûõ ìàòåðèàëîâ, êîòîðûå ìîãóò áûòü èñïîë üçîâàíû â èõ
ïóáëèêàöèÿõ, à òàêæå î òîì, ÷òî âûòåêàþùàÿ îòñþäà îòâåòñòâå ííîñòü çà íà-
ðóøåíèå òàêèõ àâòîðñêèõ ïðàâ ëåæèò íà àâòîðàõ. Ïëàòà çà îïóá ëèêîâàíèå ñ
àâòîðîâ èëè ó÷ðåæäåíèé, ãäå ðàáîòàþò àâòîðû, íå âçèìàåòñÿ, è îïóáëèêîâàííûå
ñòàòüè íå îïëà÷èâàþòñÿ.

12. Ïðàâà àâòîðîâ íà èñïîëüçîâàíèå ìàòåðèàëîâ ñòàòåé è ïåðå âîäîâ ñòàòåé
èç æóðíàëà ¾Ìàòåìàòè÷åñêèå çàìåòêè ÑÂÔÓ¿ â èíûõ ïóáëèêàöèÿ õ îïðåäåëÿ-
þòñÿ îáùèìè ìåæäóíàðîäíûìè è ðîññèéñêèìè çàêîíàìè îá àâòîð ñêèõ ïðàâàõ.


